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Page 177, vol. 49, line 12, for ct, rend vt, 


» v T » 17, forO<xr<et, rend Oc z«vt,. 


The formula on page 872, vol. 50, line 28 should read :— 


N?=4 sin ġ(e +34 y) sin 1( —a-E-84- y) 
sin 1(&— 3 4- y) sin 1(a 4-3 — y). 
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I. A Method for Increasing the Working Range of an 
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[Plate I.] 


W ITH all types of oscillograph which employ a mecha- 


nical moving system as the medium between the 
quantity to be studied (which actuates the instrument) and 
the record, a great disadvantage arises from the fact that the 
usefulness of the instrument is limited by the frequency range 
over which accurate results are obtainable. The extent of 
this range depends upon (1) the tvpe of oscillation to be 
studied, (2) the maximum error permissible, (3) the natural 
frequency and damping of the instrument. When the oscil- 
lograph (which, for the present purpose, is supposed to be a 
simple mechanical oscillatory system, having only one fre- 


* . . n . 
quency of vibration, pn and capable of being made to 


execute forced oscillations by the quantity to be examined) 
is adjusted so that the system is just aperiodic (i. e. damping 
factor kz 2n), thus rendering free oscillation of the system 
impossible, it can be shown that the amplitude scale (i. e. the 
amplitude of oscillation per unit force) diminishes as the fro- 
quency increases. If the natural periodicity of the instru- 
ment —n, and the amplitude scale for a steady deflexion = 100, 
then for an oscillation of periodicity of 01n the amplitude 
scale will be 99:3, and for a periodicity of 0:21, 96:0, thus 
* Communicated by Prof, E. Taylor Jones, D.Sc. 
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introducing errors of 0'7 per cent. and 4'0 per cent. re- 
spectively. As the frequency still further rises, the error 
increases, until, at the natural frequency of the instrument, 
it is as large as 50 per cent. Evidently, then, if the nature 
of the curve makes it desirable for all frequencies to be 
recorded with uniform amplitude scales, the range of fre- 
quencies over which accurate results are obtainable is very 
small, being, as before mentioned, from 0 to O0'1n for errors 
not exceeding 0:7 per cent., and from 0 to O-2n for a 4: 0 per 
cent. error. With certain curves, however (i.e. pure sine 
waves with or without slight damping), the error is of 
no account, provided that the amplitude scale for that par- 
ticular frequency is known. 

The difficulty of obtaining true records at high frequencies 
is evident when it is realized that the frequency of the instru- 
ment must be from five to ten times that of the most rapid 
oscillation to be recorded, and that the natural frequency of 
most mechanical oscillographs rarely exceeds about 10,000 
vibrations per second, 

It was thought that some means might be found for com- 
pensating the instrument, by reducing the amplitude scale 
for the lower frequencies, aud increusing it for the higher, 
so that the amplitude scale would tend to vary less with the 
frequency than in the uncompensated instrument, thus 
enabling the frequency range to be increased. This might 
be done by subjecting the instrument. to only a fraction of 
the quantity to be examined, and making this fraction a 
function of the frequency which would be large at high 
frequencies and small at low frequencies. The form of 
function required to secure compensation can best be deter- 
mined by mathematical analysis. Some indication of the 
best way of applying the method in practice will also be 
made evident by this treatment of the problem, 


7 heory 
The equation of motion of the system is 


: p +n?7 = F, 


where = displacement, k=damping factor, n= periodicity 
(undamped), and F =force actually applied to the instrument, 
per unit of inertia. This may be written as 


(D'-£D +n?) = F 


2 


where D stands for the operator 7 
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F will, in general, be a periodic function, or a combina- 
tion of such functions (i. e. a Fourier series) such as 


F = s F ne os met 
i cos 


For the present purpose, however, it will be assumed that F 
is only a single undamped oscillation. In this case the 
equation becomes 


(D? -- £D 4- »*)z = Fysin pt, 


the solution of which is 


=. A -5t n(A/ w- + 3B PFosinpt o 
iube x C774 «) D +D +n?’ 


The first term (the complementary function) is aperiodic, 
provided that & is not less than 2n, for which reason k is 
always made equal to or greater than 2n in an instrument of 
this kind. In any ease, the first term tends to zero as t 
increases. We are then left with a solution, 


2 I’) sin pt 
~ D?4+kD+4n?? 
which, on expansion, becomes 


F, sin ( pt—¢) 


"M py y 
where ce a. 
This shows that the amplitude scale 
" EM 
V (ni —p?)? + hp? 


is a function of the frequency, and that the phase of the 
record lags behind that ot the force by an angle 


a F} 

= tan^!-———. 
Pc GP) 
The problem is, therefore, to make (1) the amplitude scale 
constant, or as nearly constant as possible, so that the ampli- 
tude of the record is a true scale representation of the 
magnitude of the force at all frequencies, and (2) to make 
the phase angle as nearly equal to zero as possible, «o that the 
various components of the force are recorded in correct phase 


B2 
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relation to one another. This can be done in the following 
way. So far we have supposed that the instrument is sub- 
jected to the whole of the applied force. Suppose, now, that 
some link is introduced between the force and the instrument 
(e.g. a shunt resistance, potentiometer, or volt-box, etc.) 
which will tap off a fraction of the force and apply it to the 
instrument. It is conceivable that the link could be so con- 
structed that the magnitude of the fraction would depend 
upon the frequency, and that the relative phases of the force 
and its fraction could be changed. Let this fraction be p. 
Then, if the foree to be examined (to which the link is sub- 
mitted) is equal to A, the fraction which will be passed on 
to the oscillograph will be pA. Replacing F by pA in the 
expression for x, we get 
pA 
= DED n? 


What is required for perfect compensation is that the expres- 
sion for z should be of the form x=oaA, where ø isa constant. 
Hence, by comparing the two expressions, we see that 
pA 
DHD + 7 


= oÀ 


Since ø is a constant, and A a function of p, no matter 
what form, it is evident that the fraction p must be equal 
to the operator o(D?+kD+n*), The properties of such an 
operator may be made evident by supposing that A is a 
single undamped oscillation, 


A = Agsin pt. 
Hence 
pA = pAysin pt = o(D?+kD +n?) Ag sin pt, 


which on expanding becomes 
pA =a V(n?—p?)? + Ey Ay sin (pt +9), 
where kp 


tan $ = TIEN 


This represents the force F applied to the instrument, so 
that we now have 


F^ gy op) +k Asin] (pt-$)—9] 
~ D+ kD +e N(= p) + £s? 
= o Ag sin pt. 
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From this it will be seen that z, the displacement, is a 
true scale representation of the force at all frequencies, and, 
further, that the record is in phase with the force, showing 
that proper compensation has been obtained. This may be 
explained by saying that the link multiplies the ampli- 


tude by V(n?—p*)? Ep! and advances the phase by an 
angle 4, while the oscillograph divides the amplitude 
by VQG?3—p!y-- kp and retards the phase by 4$, thus 
giving a constant amplitude scale and zero phase change 
for all frequencies. l 

It is not necessary that A should always be of the form 
Aysin pt for compensation to take place. For, by substi- 
tuting pA for F, we get 


"INANE: MEE ae 

“= (D?+kD+n*)  (DÜREDGG) 
|. oA(D?+kD +n?) — A 
= (Di+kD+n2) 009 


showing that compensation is independent of the form of A. 
The assumption that A=A,sinpé was made in order that it 
might be ascertained what properties the link should possess, 
and so give some indication as to its practical form, 


Method of Applying Compensation. 


As a specific example, suppose we have an electrostatic 
oscillograph of small capacity, and satisfying the equation 


(D?+4D+7n*)c¢ = F 


(F in this case being the potential applied to the instru- 
ment), and we require to compensate it. The amplitude z 
is given by 
_ F 
?=Di+kD +n? 


We require it to be of the form c=cB, where E = the voltage 
to be examined. To make this so, F must be of the form 


F = (D?+4D+4+7n°)E. 


The problem is then to find a means of tapping off this 
fraction of the voltage. 
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Suppose we have a cireuit as shown in fig. 1, consisting of 
an inductance L, a resistance R, and a condenser C, all in 


Fig. 1. 


series. Let the potential applied to the ends of the circuit 
be F, and the displaced charge at any moment q, so that 


the current= dq or Dg. Then 


dt 
F =(LD'+RD+ C). 
C/* 
Suppose, now, that L, R, and C be so chosen that 
1 — $392. 
pom k, and rage 
then 
eT ee TR 1 
F =(D'+ I D+ ro)gh or F = (D?+iD+n')gL 
Fig. 2. 


(a) 


Let there be a difference of potential E between the two 
terminals A and B (fig. 2 (a)), which potential itis required to 
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examine. Under ordinary circumstances the oscillograph O 
would be connected as shown. Instead of doing this, ed 
ever, let the instrument be connected as shown in fig. 2 (b). 
The terminals A and B are connected by an inductance L, 
a resistance R, a condenser C, and the apparatus Z (shown 
by a black square), all iu series, while the oscillograph is 
connected across L, RH, and C. The nature of the apparatus Z 
has to be such that the displacement charge q in the circuit 
is rendered proportional only to the voltage E (i. e. 6E), 
and is not a function of p other than a periodic function of 
the same form as E. 

The instrument is now submitted to the back E. M.F. of 
the combination L, R, and C. Denoting this by F, we get 


e F _ (D?+kD427) Qh _ 
c= (paw) (ODay ts 


From this it will be seen that, if the apparatus Z keeps the 
displacement charge in the circuit proportional only to E, 
compensation is provided, for x is now proportional to E, no 
matter what frequency is dealt with. 

The next step is to investigate the nature of the required 
apparatus Z, which, generally, we may consider to have 
inductance Ly, resistance R,, and capacity C, Writing 
down the expression for g, we get 


E 


Q EE L————————————————————————————————— 
(Lp De 5) +(LiD?+R,D +) 
Bearing in mind the fact that L, R, and C have already 
been determined, and that the presence of the operator D 
indicates a function of p in the solution, it is evident that it 
is impossible, by means of such a system, to make g inde- 
pendent of p, but that an approximation to it can be obtained 
if L, and R, are both zero and €, very small. When 
m and R,=0, 

E 

LD’+RD+ (c re 5) 
C Ci 

This indicates that apparatus Z should be a condenser. In 
practice, however, it has been found necessary to include 
in the circuit a resistance lij, as the whole system must be 
rendered aperiodic from an electrical point of view, which is 
done by suitably adjusting the value of H;. The inclusion 


Q 
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of this resistance, however, makes q more dependent upon p 
than it otherwise would be. 

The form of compensation given by this arrangement may 
be seen by writing down the equations for the system : 


E 
i | LD*- (RH R)D^ (6 rE) 


9 


F- (LD*-- RD. c)? 


(LD?+RD+ G)E 


pa "MAECEN eS NONE eS 
f Lbt+(R+R)D+ (G+ =)} 


9 


| 1 
2 > 
F (LD +RD+G)E 


m (D? 4- KD +x?) 


T 


1 ] L 
2 NUS EH 
f LD +(R+R)D+(G4+G)f 


1 
X (D? 4- kD +n?)° 


As it has been arranged that p= k, and that T =n?, 
we get 


or, putting 


to correspond with & and x’, 

E 
Qd ————— a ann a NT 

(UD? 4 (EH A)D 4+ G2 + ”)} 
The oscillograph therefore behaves as if it had a periodicity 
n24 n? instead of n, and a damping factor k+ kı instead 

l 3 m I 

of k. We have virtually increased the natural frequency of 
the system, thus giving the instrument a greater working 

range of frequencies for compound oscillations. 
This may be made clearer by the aid of a graph. 
Assuming the instrument to be just aperiodic (k— 24) and 


Scale 


Amplitude 
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not compensated, the amplitude scale varies with the fre- 
quency as shown by curve (a), fig. 3. Now make n;?z24n!, 
so that N, the virtual natural frequency, = Vn? + 24n?= 5n, 
and make k,=8n, so that K, the virtual damping factor, 
=10n=5k. This may be done by making C,=32,C and 
R,=4R; L, R, and C having been previously adjusted so 


that 
R =k and 1l = n’. 
L LC 
Fig. 3. 
T0919 c 
—_ P TU 4% Error! 
90 At p*O2n At p*n, 
80 id 
70 
50 (a) Uncompensated Curve (K*2n). 
(b) Compensated Curve (Range increased 5 times). 
50 (c) "e " With same zero. 
Amplitude as curve (a). 
40 
30 
29 
iO 4% Error 
(b) at p*n.i 
C 
0 :5n 


Periddicity -P 
The amplitude scale will now be the same as that of an 
oscillograph of periodicity = 5n and damping factor = 10n, 
and will be represented by curve (b), fig. 3. It will be 
observed that the slope of this latter curve is much more 
gentle than that of the former, although the amplitude scale 
for a steady deflexion is much less (2. e. in (a) the steady 


deflexion for unit applied potential is ET while in curve (b) 
the corresponding deflexion is 


1 1 


Rtn? o 250?! 


_aratioof 25: 1). Curve (c) shows the compensated curve (/) 
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magnified 25 times so as to have the same zero amplitude 
scale as curve (a) the uncompensatel one. lt will be 
observed that curve (a) fails much more rapidly than 
curves (b) or (c). A 4 per cent. error, for example, would 
be involved within the range p=0 to p 0'2u for curve (a), 
while the range in which the same error would be incurred 
in curves (b) and (c) is from 0 to n, or from 0 to 02N. The 
working range, in this case, has therefore been increased five 
times. The sensitiveness, however, has been decreased 
twenty-five times. Hence, provided the decrease in sensitive- 
ness can be overcome by some means (e. g. valve amplification 
of the voltage), it is clearly an advantage to compensate the 
system. 

So far nothing has been said about the error introduced 
by ignoring the “ph: ise change for the various frequencies ; 
it may be shown, however, that the phase lig is also compen- 
sated in a similar manner. For example, in the uncom- 
pensated system, the phase lag at p=O2n is tan^10741067 
or 22°37’. In the compensated instrument this lag would 
only occur at a frequency of p=n (or p—02N), showing 
that the working range has in this case been increased five 
times. 


Evperimental Test of the Theory. 

In order to test the above theory, an oscillograph is 
required whieh (1) is electrostatie, (2) is very sensitive, so 
as to enable reasonable amplitudes to be obtained with large 
compensations, and (3) satisfies the equation 


F = (D? - £D t r)a. 


Fortunately it is not necessary that it should also have a 
high natural frequeney, as tor the present purpose it is only 
required to show that a low natural frequency can be virtually 
raised by compensation. As most electrostatic oscillographs 
are insensitive at low voltages, it was decided to construct 
an artificial electrostatic oscillograph by using a current 
oscillograph in conjunction with a valve. 

In fig. 4, O represents a current oscillograph, inserted in 
the plate circuit of an amplifying valve. This oscillograph 
is supposed to be sonsitive enough to respond to the small 
changes in the plate current of the valve (of the order of a 
few milliamperes) caused by any variation of the potential 
of the grid. In this way a current oscillograph may be made 
to record potential variations. Two conditions must, how- 
ever, be observed to obtain true results. (1) The voltage 
applied to the grid must be such that the plate current in 
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the valve is always represented by the straight portion of its 
characteristic curve (i. e. to the right of the point a in fig. 5), 
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and (2) the grid current must always be zero. Hence it 
will be observed that the only voltages that can be applied 
to the grid must lie between zero and the value corre- 
sponding to that just above where the plate current curve 
begins to bend—z.e. from P to O (fig. 5). These are all 
negative values. The mean working position will be at Q, 
half-way between P and O. Calling PQ (2 QO) v, we see 
that, by superimposing a steady voltage of —v on the grid 
by means of the grid battery GB (fig. 4), any voltage oscil- 
lation whose peak value does not exceed v will be passed on 
by the valve and transformed into a similar current oscilla- 
tion, without distortion, which will be recorded by the current 
oscillograph. Asthe grid current is kept at zero, the “input” 
side of the valve (i. e. the grid and filament terminals) will 
represent the terminals of a perfectly electrostatic instrument 
of small capacity—at any rate, so far as concerns any appa- 
ratus to which the grid is connected. The sensitiveness of 
the system will depend upon (1) the slope of the plate 
current curve, aud (2) the sensitiveness of the oscillo- 
graph O. 

A very convenient, though not ideal, oscillograph was 
constructed from a Brown’s * A" type telephone earpiece*. 
This was of resistance 4000 ohms, and had a vibrating steel 
reed attached to a conical diaphragm as an armature. The 
diaphragm was removed, and to the free end of the reed a 
thin sheet-brass extension was attached, bent as shown in 
fig. 6. Between this and a fixed brass plate, a small mirror 
about 1 mm. square was clamped, the surfaces of both the 
extension and the plate being covered with thin slips of cork 
where the mirror was held. Tis constituted an optical lever 
which magnified the movement of the free end of the reed. 
As the distance between the reed and the magnet can be 
adjusted by means of a screw in this type of telephone, the 
sensitiveness could be conveniently varied. To supply the 
necessary damping, a thick brass bridge was attached to 
the magnet, just under tie extension of the reed. Through 
the centre of this a screw passed, carrying at its upper end a 
small platform parallel to the extension, and between these 
two surfaces some viscous liquid was introduced (see fig. 6). 
It was found necessary to bend the extension back upon 
itself to prevent the liquid from creeping on to the reed and 
into the space between the reed and the pole-pieces. The 
whole was mounted in a universal joint to facilitate the 
centering of the light-spot. 


* The writer is indebted to Mr. W. E. Williams, B.Sc., for this 
suggestion. 
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A beam of light from a pinhole, upon which the crater of 
an arc lamp was focussed, fell on the mirror and, after 
reflexion, on to a revolving concave mirror, which caused the 
light-spot to move in a horizontal direction across a photo- 

raphic plate or a ground-glass screen placed at the distance 
for correct focus. The oscillograph was so arranged that 
when working it deflected the beam in a vertical direction. 
By means of a mirror attached to the prong of a tuning-fork 
placed near the oscillograph a second spot was made to fall 
on the screen, just under the first, thus giving a time-scale 
independent of the velocity of the light-spots across the 
plate. 


Fig. 6. 
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«- Extension Arm 
«- Damping Fluid 


[ 


OT 4:3 


« Bridge. 


The valve employed was a Marconi L.S.3, as used for 
gas amplification. In all cases the filament voltage was 
cept at 4°6 volts and the plate voltage at 188. It was found 
impracticable to use the ordinary power-mains for the 
H.T. supply, owing to the presence of a commutator ripple 
which appeared in the oscillograms. Accordingly four 
ordinary 60-volt high-tension batteries connected in series 
were employed, and were found to be quite satisfactory. 
A milliammeter was inserted in the plate circuit, and a 
sensitive table galvanometer, G, was connected in series 
with the grid to indicate the presence of any grid current. 
It was found that the inclusion of this galvanometer did 
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not interfere with the working of the apparatus to any 
observable extent. 

The first operation was to standardize the valve and oscil- 
lograph. A characteristic curve for the valve was taken in 
the usual manner, by applying various voltages to the grid 
and recording the corresponding values of the plate current. 
This was done with all the apparatus in position. The curve 
obtained is shown in fig. 5. Thecurve was taken again after 
the experiments were concluded, to see if it had altered in the 
meantime, but it was found not to have changed. From this 
curve the available voltage range that could be applied to the 
valve was determined. ‘This extended from just above the 
lower bend marked z to just short of zero, giving a working 
range in this case of about 24 volts. The mean potential was 
therefore — 12 volts. This indicated the voltage of the grid 
battery required, which was then inserted in the circuit. 

In order to adjust the oscillograph, the light-spot was 
allowed to fall on the screen (the revolving mirror being 
kept stationary) and the adjusting serew altered until, on 
changing the potential of the grid from zero to — 24 volts 
(thus moving it through its maximum working range), the 
spot travelled through as great a distance on the screen as 
possible. This ensured the maximum sensitiveness. To test 
whether or not the amplitude was a linear function of the 
grid voltage, the grid was subjected to alternating voltages 
(frequency about 50 cycles per second, by means of a 
potentiometer, and the amplitude of vibration of the spot 
observed for different voltages. The voltage was measured 
by means of an electrostatic voltmeter. It was found that 
the displacement of the spot on the screen was not quite 
symmetrical with respect to its zero position. This was to 
be expected, since a vibrating reed, acted upon on one side 
only by a magnetic field, was not a symmetrical arrange- 
ment. If, however, the magnet was not brought too close 
to the reed (i. e. if the system was not made quite as sensi- 
tive as it might have been), it was found that, although the 
amplitude was unsymmetrical with regard to the zero 

osition, it was in all cases proportional to the voltage 
applied to the grid within the limits of experimental 
error. Whena suitable position for the magnet had been 
found, it was left set in that position during the whole of 
the subsequent experiments. 

The natural frequency of vibration of the reed must he 
known. This was ascertained in two ways: (1) from the 
peak of the resonance curve, and (2) by photographing 
the free oscillations of the reed and measuring the curve. 
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The first method was approximate only, and served as a 
check on the second. The amplitude of oscillation was 
observed while an alternating voltage from an oscillating 
valve was applied to the grid of the amplifying valve. The 
frequency of oscillation was raised, and the value found 
which corresponded to the maximum amplitude of vibration of 
the spot. This was the resonant frequency of the reed with- 
out damping. In the second method a switch actuated by 
the turn-table of the revolving mirror was arranged suddenly 
to alter the grid potential at the moment when the spot 
passed across ‘the photographie plate. This caused the reed 
to vibrate in its own frequency, and from the oscillogram 
obtained the natural frequency was determined. 

It was necessary to render the system aperiodic. This 
was done by introducing some viscous fluid between the 
platform and the extension (sce fig. 6). Various fluids were 
tried—vaseline, castor oil, petroleum, syrup, and a mixture 
of vaseline and petroleum. "The syrup was found to be tlie 
most suitable to work with. It was necessary, however, as 
aiready explained, to bend the extension back upon itself so 
as to form a trap for the syrup, to prevent it from creeping. 
Bv altering the distance between the platform and the 
extension tlie degree of damping could be varied. 

The mirror was set revolving and the shape of the curve 
on the screen was observed (the switch worked by the mirror 
turn-table as before changing the grid potential suddenly at 
the moment when the spot passed. across the screen), while 
the damping was varied. With a little care it was found 
possible to adjust the damping so that there was no trace of 
free oscillations present. The damping was kept at the 
minimum value necessary for this so as to ensure operating 
as near as possible to the curve corresponding to k= 2n. 
(Later on, on examining the resonance curve, it was found 
that & had to be much greater than 2^ to ensure aperiodicity 
for this particular instrument.) When the system was 
aperiodie, the shape of the curve for a sudden change of 
voltage approximated fairly well to its theoretical value, 
although the self-inductance of the windings of the magnet 
caused a slight lag. The lag, no doubt owing to the high 
resistance of the "plate circuit of the valve, was, however, 
less than was expected. 

The system being made aperiodic, an attempt was made 
to ascertain whether the resonance curve contormed to the 
theoretical shape of the curve corresponding to £— 2n. This 
was done by subjecting the grid to alternating voltages of 
various frequencies supplied by either an alternator or an 
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oscillating valve and measuring the amplitude of oscillation 
of the spot. For frequencies below 100 per second the 
alternator was used, and above that frequency the valve. 
In most cases the full voltage was found to be too much for 
the grid of the amplifying valve, whose working range, as 
has already been shown, was limited (0 to —24 volts) by 
the shape of its characteristic curve. A known fraction 
of the voltage was therefore tapped off by means of a divided 
megohm. Fig. 7 shows the connexions of the apparatus. 
The amplitude for steady voltage was found by replacing 
the alternator by the power-mains and taking readings for 
equal positive and negative values of potential. 


Fig. 7. 
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On drawing the resonance curves, it was observed (1) that 
the damping was much greater than that given by k=2n, 
and (2) that a ‘“ hump” appeared in the curve at a frequency 
of about 700-800, although the system was supposed to be 
aperiodic, After a careful examination of the apparatus it 
was found that several portions of the telephone were con- 
structed of rather thin material which might possibly have 
vibrated. Accordingly the whole was dismantled, and 
packing pieces of thick brass inserted where considered 
necessary. After reassembling, the preliminary operations 
of determining the natural frequency and making the system 
aperiodic had to be repeated. When the new resonance 
curve was plotted, it was found to be free from “humps,” 
but the damping was still greater than expected. On calcu- 
lating the values of the damping at various frequencies, by 
inserting in the formula the values of the amplitude scale 
read from the graph, it was found that the damping was not 
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Amplitude Scale. 
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constant, but diminished as the frequency of the applied 
force increased. This was found to be so in all cases. 
Although the results were repeated with several damping 
liquids, and with various adjustments, it was found impos- 
sible to obtain a uniformly damped resonance curve, the 
only conclusion to be drawn from such a result being that 
the ordinary law of viscosity does not hold under the con- 
ditions obtaining in the experiment. For this reason it was 
decided to assume that the damping was constant over a short 
range, and to attempt to compensate for this range only, the 
average value of the damping factor over the range being 
taken as tie value to be inserted in the formula for the 
determination of R. Fig. 8 (a) shows the resonance curve 


Fig. 8. 


t 

90 Hs e l 

' 

80 i 

À 

' 

70 

6 

' 

60 s : 

( 

| 

50 

: (a) i 

4C (a) Uncompensated Curve. 

(5) Compensated Curve. o : 

2 (C) Theoretical Shape of (b). 1 

30 = 

1 

20 

| 

10 A 

" Periodicity -p on n 

0 100 200 300 400 500 600 700 : 
Frequency (Cycles /sec) 725 


dealt with in a particular case. The damping was taken as 
being equal to 6:60n. For effecting the compensation, an 
inductance, two condensers, and two resistances were required, 
The inductance in this case was part of the secondary 
winding of a small induction coil from which the core and 
primary coil had been removed. Tt had a resistance of 
1756 ohms and an inductance of 1:150 henry, as moasured 
by Rayleigh's method. It was necessary to connect this in 
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series with a condenser, C (see fig. 9), of such a capacity 
that the two formed an oscillatory circuit of the same fre- 
quency as the reed, viz. 7250. From the formula 


we find 


C= 


1 1 
AvELO 4c? x 725? x 1'150 


= 0°04191 mfd. 


Accordingly condenser C was adjusted to this value. 


Fig. 9. 


The total resistance in this part of the circuit (L, R, and 
C) across which the valve was to be connected had now to 


be adjusted so that A = k. From this, taking k as equal 


to 6:60» (the value at the mean position in the range for 
which the instrument was to be compensated), R was found 
to be 34,570 ohms. This value included the resistance of 
the inductance (viz. 1756 ohms), so that an additional resis- 
tance of 32,814 ohms was required. 

It then remained to adjust C; and R,. In most of the 
experiments performed, and also in this particular case, it 
was endeavoured to increase the working range five times, 
as was done in the theoretical example for which the curves 
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shown in fig. 3 were drawn. That is, C, had to be made equal 


to n or 0001746 mfd. Condenser C, consisted of a large 


air dielectric variable condenser having a maximum capacity 
of 00025 mfd. This was calibrated, and the capacity was 
set to the required value, due allowance being made for the 
zero error. Lastly, R, had to be so adjusted that the whole 
electrical system was aperiodic. The condition for this was 
that 


EU K =2N or R4R,- l10nL, 


from which R+ R, 252,390 ohms. R being equal to 34,570 
ohms, R, was 17,820 ohms. 

This arrangement, when connected up, constituted the 
required link for effecting compensation. Theoretically 
the oscillograph should now have behaved as if it had a 
natural frequency of five times its normal value. On 
attempting to obtain a resonance curve, however, it was 
found that several complications were introduced which pre- 
vented the full compensation aimed at from being realized, 
although sufficient evidence was obtained from the results to 
support the truth of the theory. In all cases the complica- 
tions were traced to the valve system, and not to the link. 
Firstlv, the. valve system, owing to leakage to earth from 
the grid wd the cap of the valve etc., was not perfectly 
electrostatie ; and, secondly, it was found practically impos- 
sible, when the system was compensated, to ensure that the 
valve was always operated only on the straight part of 
the characteristic curve between the lower bend and zero. 
It will be observed (fig. 9) that, when the system was com- 
pensated, the grid of the valve was connected to a point 
between the itwo condensers, so that it was insulated from 
earth on the positive side of the grid battery GB. Conse- 
quently the latter, owing to the leakage to earth from the 
grid side of the battery (which, of course, tended to maintain 
the grid at zero potential), could not keep the grid at the 
required mean potential of —12 volts. When an alternating 
potential was applied to the ends of the link, a fraction of it 
was passed on to the grid. Suppose that the first halt-cycle 
was in the positive direction. This tended to raise the 
potential of the grid above its previous value of zero, thus 
giving rise toa grid current. This current prevented the 
grid from becoming charged to as high a positive potential 
as would have been the case had there been no grid current, 
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In the negative half-cycle the grid current was zero, so that 
the grid became charged to its full negative value. The 
mean potential of the grid over the cycle was therefore 
slightly negative. During succeeding cycles the mean 
value gradually became more negative until it attained a 
steady value, ‘at which value it remained as long as the 
oscillations were maintained. When, however, these ceased, 
the leakage caused the grid potential to rise to zero once 
more. This phenomenon is a well-known one, and is made 
use of in every modern wireless receiver employi ing a valve 
detector. In the above system, condenser (' fünctioned as 
the “ grid condenser," and the leakage across the valve cap 
as the “grid leak." It should be observed that the grid 
current only flowed while the potential of the grid was 
actually changing. When the latter was steady the grid 
current was zero. 

An oscillogram illustrating this phenomenon was obtained 
by photographing the curve traced by the spot at the moment 
when an alternator (frequency 780° 0) was suddenly connected 
to the link. This curve is shown in fig. 11 (Pl. I.). In this 
case the change in the mean value of the grid potential was 
sufħcient to carry the working range bey ond the bend in the 
characteristic curve. The mean value of the plate current 
before connexion was &1 milliamps, and after connexion 
1:4. On reference to fig. 5 it will be observed that this 
new value was in the region of the lower bend. If fig. 11 
be examined it will be observed that the first few oscillations 
were recorded with a greater amplitude than those recorded 
when the grid had taken up its new mean potential. This 
was accounted for by the movement of the operating range 
on to the curved portion of the valve characteristic curve, 
so that a given change of grid potential produced a smaller 
change in the plate current than when operating on the 
steep straight portion. This effect will be referred to later. 
The presence of the small oscillation on the left may be 
explained by the fact that when the system was compensated 
the grid was not connected to earth, Lut to a point between 
the two condensers which served as a “floating neutral.” 
Any slight capacity effect between condenser C, and the 
alternator, or leakage across the switeh terminals, thus 
altered tlie potential of this neutral and also of the rid. 
Theoretically there should have been no oscillation recorded 
in this section of the curve. 

The resonance curve (fiz. 8 (D)) was obtained in a similar 
manner to the method employed when the instrument was 
uncompensated (i. e. measuring the amplitude of oscillation 
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for voltages at various frequencies). In this case, however, 
greater care had to be taken owing to the complications 
involved. Before taking each reading it was necessarv to 
observe whether the mean value of the plate current had 
fallen below the value corresponding to — 12 volts (viz. 4°16 
milliamps), and, if so, to raise it slightly by diminishing the 
voltage applied to the link. In some cases, however, espe- 
cially” at frequencies above about 300, it was impossible to 
obtain satisfactory readings if the applied voltage was too 
low, so that the mean value of the plate current fell below the 
value corresponding to —12 volts. In these cases, as was 
expected, the amplitude scale was much less than its theoretical 
value. 

It should be observed that, with this arrangement, it w: 
impossible to obtain the amplitude for a steady E T in 
the manner employed for the uncompensated instrument 
(viz., by applying a steady potential to the link) owing to 
the grid eurrent rendering the positive value equal to zero. 
Accordingly, its theoretical value was calculated from the 
values of the condensers C and C4, and the steady deflexion 
obtained when uncompensated. The value so obtained was 
used for reducing the readings at other frequencies to the 
same scale as for the uncompensated curve. 

The compensated curve is shown in fig. 8(/) drawn so as 
to have the same theoretical zero amplitude scale as curve (a). 
The dotted curve (c) is the curve that should have been ob- 
tained in this case if the compensation had been perfect. It 
will be observed that curve (b) is flat for a range extending 
from a frequency of about 60 to about 200. Over this range, 
then, the compensation is perfect. Any compound oscilla- 
tion composed of frequencies between 60 and 200 would 
therefore be correctly recorded by the instrument. If 
curve (a) be examined it will be observed that the ampli- 
tude scale varies considerably over this range (viz., from 54 
to 61). Nearer the zero, however, curve (b) dips down. 
This is due to two causes, both of which are peculiar to this 
apparatus. (1) The damping in the instrument, as has 
already been explained, is not constant. For low fre- 
quencies, it is found that the damping is very much greater 
thin. for high ones—a fault no doubt due to the method 
emploved for applying the damping. When the system was 
compensated, R was c: aleulated from the value of the d: amping 
factor at the centre of the desired range. Hence, at low 
frequencies, R was less than the value necessary to ensure 
full compensation, so that the system was under-compensated. 
(2) The combined effect of “grid condenser rectification " 
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and the leakage to earth is much more marked at low fre- 
quencies than at high ones, owing to tlie fact that tbe time 
between two cycles (during which leakage tends to restore 
the grid to zero potential) is greater. This results in the 
oscilations of the grid potential not reaching: their full 
value. Hence, the variation in plate current is less than it 
should have been. Both these effects would tend to lower 
the amplitude scale, and so help to explain the dip near 
zero. 

Above a frequency of about 200, curve (Ùb) falls as the 
frequency increases. This is due, as has already been ex- 
plained, to the change in the mean value of the grid potential 
being sufficiently great to move the working range to the 
bend of the characteristic curve. 

The curve shown in fig. 8 (b) is a typical one. In all 
cases, the dip near zero and the fall in amplitude at high 
frequencies were observed. If the damping of the instru- 
ment had been uniform, no doubt tlie compensated curve 
would have approximated much better to curve (c) than it 
does. In any case, if curve (J) be compared with curve (a), 
fiv. 3, which is the best obtainable in any uncompensated 
instrument, it will be observed that it is a great improvement 
even on this, aud the improvement on curve (a) fig. 8, the 
best obtainable with this particular instrument, is very 
marked. "The range over which a 4 per cent. error is 
incurred in curve (b) is from 47 to 250, which, taking the 
natural frequency as 7250, is 0282. In curve (a) fig. 8, 
the range for this error is from 0 to L£5, or 0'02 n, while in 
curve (a) fig. 3, the best obtainable uncompensated curve, the 
extent of the range is only 072 n. 

To illustrate the effect of compensation on the appearance 
of oscillograms, the curves shown in figs. 12 and 13 (PI. L), 
were taken. Two alternators were connected in series, and 
arranged so as to give approximately the same R.M.S. 
voltage. One gave a frequency of 52 per second, and the 
other about 250. The resulting * mixture” of alternating 
E.M.F.s was then analysed by the instrument, firstly com- 
pensated, and secondly, uncompensated. No change was 
made in the circuits or alternators ete. during the experi- 
ment except to introduce the compensating link. As the 
whole time of the experiment was only about six minutes, 
the machines can be assumed to have been running steadily. 
Fig. 12 (Pl. I.) shows tbe curve as recorded by the un- 
compensated instrument, and fig. 13, by the compensated 
system. In the latter curve, it will be observed that the 
amplitudes of the two components are much more nearly 
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equal than in the former, thus showing the great advantage 
obtained by compensating the system. 

These curves have no particular significance beyond illus- 
trating * compensation." The two frequencies (viz., 52 and 
250) were employed so as to be at the extreme ends of the 
compensated range. As one is about five times the other, 
the curve appears as if it were composed ef a fundamental 
frequeney of 52 with a superimposed fifth harinonic of about 
the same ainplitude. The relative phases of the two com- 
ponents are not constant owing to the fact that one frequency 
is not an exact multiple of the other. While the curves serve 
as an excellent example of amplitude compensation, for ob- 
vious reasons they give no indication of any phase com- 
pensation. It is found, however, that the phase lag is 
compensated in a similar manner to the amplitude. By 
photographing the oscillogram of an inductor alternator 
having a frequeney of LOO, and a pronounced third har- 
monic, it was found that the relative phases of the 
fundamenta] and the harmonic were very different in the 
two curves. 

From the above, it is clear that, in spite of the difficulties 
of working with this apparatus, an oscillograph can be com- 
pensated for amplitude and phase, and that its usefulness is 
thereby increased. The low frequencies employed in the 
experiments, it should be observed, were only a matter of 
convenience for testing the theory, as the compensation 
should apply equally well to instruments having higher 
frequencies of vibration. The valve, which was necessary 
with this type of oscillograph, also introduced several dith- 
culties that prevented the desired results from being fully 
realized. From the results obtained, however, the conclusion 
can fairly be drawn that if a perfectly electrostatic oscillo- 
graph of small capacity, large sensitiveness, and uniform 
damping could be obtained, it would be possible considerably 
to increase its working range by this method of compen- 
sation. Apparently the only source of trouble in the 
experiments was the valve portion of the apparatus, The 
link gave rise to none. 

[ue experiments are interesting from another point of 
view. The oscillograph consisted of a telephone receiver, 
and the frequencies employed lay within the range of human 
audibility. For perfect reproduction of sound the amplitude 
of vibration of the diaphragm should be independent of the 
frequency of vibration, so as to produce sounds of intensities 
proportional only to the current passing through the coils of 
the magnet. Possibly, therefore, compensation of the kind 
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contemplated here might be applied with advantage to ordi- 
nary telephone receivers and loud speakers to improve the 
reproduction of the sound. No experimental work, however, 
was undertaken in this direction, this being put forward 


simply as a suggestion. 


Application to Current Oscillographs. 


So far, potential oscillographs only have been dealt with. 
It may be shown theoretically, however, that a current oscil- 
lograph can also be compensated, although such an instrument 
could only be used if the impedance of the circuit in 
which it is inserted were large compared with the impedance 
of the system including the oscillograph and the compensating 
link. | 
In this case, as only a fraction of the current is to be 
supplied to the oscillograph, the link will have to be some 
form of a shunt. By an analysis similar to the one used in 
the case of the potential oscillograph, it may be shown that 
the required circuit is as shown in fig. 10. The terminals A 


Fig. 10. 


rgo 


and D, instead of being connected to the oscillograph, are 
connected by two circuits in parallel—one containing the 
oscillograph O, the resistance R,, and the condenser C}, and 
the other an inductance J, a resistance R, and a condenser C. 
The eurrent oscillograph is supposed to have no appreciable 


inductance or resistance, and to conform to the equation 
(D? 4 £D E02?) = Ai, 


where A is a constant, and z the current flowing through the 
instrument. Denoting the main current by I, the branch 
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currents by à; and 44, and the back E.M.F. due to the im- 
pedance of the system by E, we get : 


(Ri+ Gp)^ = (LD+R+ Gp)? Bene 


or 1 
20 (Rbg) | 
aaee TS 
(LD?+RD + :) 
Now, 
[ Lb?+(R+4R,)D+ (6 *c)] 
anne = -: 1 , 


[= i+, = —--- ti, 


(LD'+RD+ c) 


Whence 
(LD?+RD+ i) 
i= pee 
Since 
"- AQ 
iis (D? + £D +)’ 
we get 
1 
2 
(Lb +RD+ 5) Al 


"c Cau T NE E 
[L+ R+ RD (5 c] EE 
cto 


R ; 
n’, and 7 = k, and denoting 


"e ; H 
As belore, making = 
TORIS © LC L 
^ed 


l 
ro by nj, and by kı, we get 


LC, L 
«—— [Ux (ErFE)Do Q3 943] ^ (D? + kD +n’) 
AI 


7 [DFU RDF G6]: 


The form of this expression is the same as that obtained 
in the case of a potential oscillograph. The main current I 
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would therefore be recorded bv the oscillograph O in the 
same way as if the terminals À and B had been connected 
to an oscillograph having a periodicity of Vn? +n’, and 
damping factor k+4,, so that the oscillograph would be 
compensated in a similar manner to the potential oscillo- 
graph. A difficulty arises, however, in the practical appli- 
cation of this, for it has been assumed that the oscillograph O 
has no appreciable resistance or inductance. While this is 
usually so for the oscillograph itself, in the compensated 


system which replaces the oscillograph the impedance is not 
negligible. 


Conclusion. 


The application of this method of i increasing the working 


rauge of an oscillograph is not confined to electrical instru- 
ments, as no assumption as to the nature of the applied force 

was made in the theory. It should be equally adaptable to 
any variety of oscillograph (e. g., one used for recording 
sound waves, ete.), provided that a suitable type of link can 
be found. The type of link naturally depends upon the 
function of the particular instrument, and its composition 
and constants would have to be determined in each case by 
a mathematieal analvsis similar to the one shown for the 
potential oscillograph. It is hoped, however, that the two 
cases dealt with (2. e., potential and current oseillographs) 
and the account of the experimental test carried out in the 
one case, will serve as an interesting introduction to a method 
for increasing the usefulness of oscillographs, and similar 
instruments, the operation of which depends upon forced 
oscillations. 


The experimental work in connexion with the above was 
carried out in the physical laboratories of the University 
College of North Wales, nm and the writer desires to 
express his obligation to Dr. Taylor Jones for the interest 


taken by him in “the work, and for suggestions and advice in 
carrving it out. 
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II. The Efect of a Magnetic Field on the Electrical Resistance 
of Liquid Metais and Alloys. By E. J. WirLiAMs, M.Sc. 
(Wales), lately University Research Student, University 
College of Swansea * 

HE work that has been done on the effect of a magnetic 

field on the electrical resistance of liquid metals and 

alloys is briefly reviewed by L. L. Campbell t, and the 
following is a quotation from the section concerned :-— 

* Drude and Nernst 1 (1891) observed that the resistance 
of mercury in a field of 8000 gauss increased about *2 per 
cent., whilst that of molten bismuth at 290° C. increased by 
4 per cent. The same year Des Coudres $ called attention 
to the fact that the apparent increase might be attiibuted to 
heating of the metal by the current. The work of Berndt | 
(1: 007) seemed to confirm the contention of Des Coudres. 
He found that the smaller the tube the less the increase 
of resistance. In fields from 1000 to 3000 gauss tle 
increase of resistance was not more than :00004 per cent. 
for mercury and *004 per cent. for molten bismuth. Rossi] 
(1911) measured the resistance of mercury and of mercury- 
bismuth amalgams in tubes of from :5 mm. to *7 mm. 
diameter, in fields from 3350 to 4450 gauss. In both 
mercury and the amalgam the change of resistance was 
found to increase with the field, the diameter of the tube, 
and the concentration of the amalgam. The above subject 
would seem to deserve further investigation." 

Besides the investigations mentioned here, an extensive 
series of experiments has been carried out by T. J. Jonos ** 
and they are described elsewhere. 

Drude und Nernst, and Berndt regarded the effects ob- 
served as being due to “ electrodynamie " action, and they 
maintained that there was no true resistance change in 
liquid metals. Des Coudres regarded the effect as being 
probably due to heating of the metal by the electric 
current. On the other band, Patterson Tf (1902) seemed 
to regard it as a true effect, since he applied to his experi- 
mental results a formula developed by Sir J. J. Thomson 
for a true effect. 

* Communicated by Piof. E. J. Evans, D.Sc., Univ. Coll. of Swansea. 

t ‘Galvanomagnetic and Thermoelectrie Etlects" (1923). 

1 Drude & Nernst, Wied. Ann. xlii. (1891). 

$ Des Coudres, Verh. D. Phys. xxiii. (1907). 

|| G. Berndt. Ann. d. Phys. xxii. (1907). 

q R. kossi, Nuov. Ctm. (6) ii. (1911). 

** T. J. Jones, infra, p. 46. 

Tt Patterson, Phil. Mag. iii. p. 643 (1902). 
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Recently W. M. Nielson * (1924), who applied a great 


pressure to the mercury contained in a fine capillary tube in 
order to eliminate spurious effects caused by mechanical 


motion of the mercury, has shown that 2 for a field of 
16,000 gauss is less than *0003 per cent. The upper limits 
to x for mercury found by Berndt and Nielson do not, 


however, warrant the general conclusion that metals and 
alloys in the liquid state exhibit no true magneto-resistance 
effect. In the first place, these upper limits to the effect in 
mercury are not appreciably smaller than the actual effect 
observed in certain solid metals, such as platinum. More- 
over, the galvanomagnetic effects for solid mercury are 
abnor mally small in comparison with those exhibited by 
other metals. Fenninger t has found, for instance, that 
the Hall coefficient for solid mercury is less than 00001, 
which limit is four times smaller than the Hall coefficient 
for tin (which, of all other metals, possesses the smallest 
eoefficient), and twenty times smaller than the Hall co- 
efficient for platinum f. 

It is proposed in this paper, first, to discuss theoretically 
the effect of a magnetic field upon the resistance of liquid 
conductors, and then to examine the experimental results in 
the light of the theory developed. It will be shown that 
there is evidence for the existence of a true resistance 
change in certain liquid metals and alloys, and moreover it 
will be found that the “ spurious" effect is itself of con- 
siderable interest. 


"Theoretical Discussion. 


It is assumed that the change of resistance of a column of 
liquid metal, due to the action of a magnetic field, can only 
arise from the following two etlects :— 


(1) A change of resistivity of the metal. 

(2) A change of resistance consequent upon the 
expenditure of energy required to maintain hydro- 
dynamic currents set up in the liquid by the 
action of the magnetic field upon the electric 
current, 


* Nielson, Phys. Rev. p. 302 (Feb. 192+). 

t Fenninger, Phil. Mag. xxvii. pp. 109-112 (Jan. 1914). 

{ The values taken for tin and platinum are those at room temperatures, 
but aa the Hall coetticient decreases with temperature this only strengthens 
the argument, 
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The first takes account of a possible true effect, and the 
increase of resistance, ôr, due to it bears to the original 
resistance r a ratio which is independent of the size and 
shape of the column. It can, therefore, be represented by 
Ar, where A is independent of the dimensions of the 
column. 

The second effect will now be considered in detail. In 
the first place it can be shown that, under the action of 
the magnetic field, the liquid metal will in general not 
remain in equilibrium. Let a, 8, y be the components of 
the magnetic field H, and I,, I,, I, the components of the 
electric current I, at a point x, y, z in the liquid. Then 
from Ampére's law the force, P, per unit volume acting 
upon the liquid at x, y, = has the components X —ylI,— 58I;, 
Y=2J,-—yl1,, Z=8l,—al,. If the liquid is to remain at 
rest, the force P must be derivable from a single-valued 
potential-function. That will be the case provided the 
following relations hold at all points in the liquid : 


OX OY _ oY òZ Si OZ ðX 0 (1) 
Oy Oe ^" Of Oy ° Oe OQ: ^ 
Since the magnetic field and electric current are quite 
independent, these relations will in general not be satisfied, 
and the liquid will consequently be set in motion. 

In this connexion it should be mentioned that it is possible 
to have cases in which the equilibrium conditions are satisfied. 
The simplest and most practical case is that in which the 
magnetic field and electric current are constant in magnitude 
ò -I2 
Òr òy ò: 
= 0). An experiment under these conditions was carried out 
by T. Jones* in his investigation of the effect of the shape 
and position of the current leads, and his observations are 
in accordance with these calculations. He found that as 
the leads were pushed nearer together from a position in 
which the mercury, contained between them in a cylindrical 
glass tube, extended outside the magnetic field, to a position 
in which the mercury was entirely in a uniform field, the 
resistance change decreased to a hundredth of its first value, 
The leads did not completely fill the tube so that the electric 
current was not absolutely uniform, and this probably 
accounted for the small change still present in tlie second 
position. Jones used tubes of diameter of the order of 


* Loc. cit, 


and direction throughout the liquid (when 
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‘5 cm., and in such cases, as we shall see later, the real 
effect 5,7 is negligible. l l 

In discussing the increase of resistance due to the motion 
of the liquid, it is necessary to consider a general case since 
the experiments which have been carried out are not confined 
to straight cylindrical columns. In some cases bent tubes 
have been used, and in others leads extending into the 
liquid in the field, and not filling the tube. 

Let the electric current enter the liquid metal from the 
surfaces L, the liquid being bounded elsewhere b the insu- 
lating surfaces S, there being no free surface of the liquid * 

ee fig. 1). 

s g D Fig. 1. 


S. ibit yg —-— a =. 


Let ¿ be the total current traversing the liquid, I be 
the resultant current per unit area at the point x, y, c, 
and H be the resultant field at x, y, z. The force acting 
upon the liquid per unit volume at the point æ, y, z is 
then equal to the vector product of H and I (VHI). 
There is no need to take into account the forces acting 
upon the liquid initially and under the action of which 
the liquid was in equilibrium, as it can be shown that 
they have no effect upon the motion produced. Let p be 
the increase of pressure at (x, y, z) at time ¢ after the 
application of the field and current. Then the differential 
equations of motion of the liquid are : 


du B op "Ozu ou | Qiu 
oq = Xt "(32+ 3952) 


"TOC ; ; dv dw 
with similar equations for P and P and 
( 


Qu. Qv dw u 


- —0,. . .equations (2 
set 3j 8: q (2) 


This is satisfied to all intents and purposes in all actual cases, any 


free surface, which there may be, being far from the affected portion of 
the liquid. 
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u, v, w being the components of velocity of the liquid at 
(z, y, =), p the density of the liquid, and 7 its viscosity. 
These equations, together with the boundary conditions, 
determine the motion produced. The motion will not 
necessarily reach an absolutely steady state, in which 
the velocity at a point is the same at all instants. Such 
a state is not reached in the case of a liquid in turbulent 
motion. The motion will, however, reach a state in which 
the velocity at any point, when averaged over a sufficiently 
large interval of time, is independent of the time. If this 
velocity be denoted by 4&, then the mean work done by 
the force ** HI” per unit volume, per unit time, at (x, y, z) 
will be equal to the component of 4 parallel to VHI x VHI, 
i.e. SuVHI, S denoting scalar product. The mean tota] 
work done per unit time is therefore us SaV HIdX, where 
= represents the space occupied by the liquid. This is 
equal to the mean rate of dissipation of energy due to 
the motion, and if we denote it by F, and the corresponding 
increase of resistance by ôr, we evidently have 


POE = F = f {{,SeVHId3, 


| F lee, 
or or =z = p | fjas VHI. goo d (3) 


i” 


In order to obtain the exact value of F *, it is necessary 
in the first place to determine ŭ—i. e., to solve equations (2). 
This would be most difficult, and probably impossible. How- 
ever, much information can be obtained concerning F by 
means of the method of dimensions. As we have seen, 
F=) }\ \zSuV HI dZ, so that it depends only upon those 
quantities which affect à, HI, and X. The quantities which 
can affect 4 are the independent variables, other than time 
(of which č, by its definition, is independent), contained 
in the differential equations (2), and the corresponding 
boundary conditions, It follows that F can depend only 
on HI, n, p, and È. 

In most experiments concerned with this problem, the 
magnetic field is constant over a certain area and then 
falls off comparatively quickly, No use will be made of 
this fact here, but it will be assumed that the values of H at 


* [t has been found as a result of approximate calculations in certain 
cases (E. J. Williams, Thesis for M.Sc., Wales, 1924) that the increase of 
resistance, consequent upon the effect under consideration, is of the sume 
order as that of the increase actually observed in those cases. 


32 Mr. E. J. Williams: Effect of a Magnetic Field on 


any two points always bear the same ratio to one another * 
The maximum value, denoted by A, will be taken as the 
standard value. Then the value of H at any point can 
be expressed in the form hx (fuhction of coordinates of 
the point and geometry of the field). 

When the liquid is in motion in the magnetic field, 
induced e.m.f.s are set up. These will produce extra 
electric currents, which will be superimposed upon the 
primarv current. These induced currents are, however, 
probably negligible compared with tle primary current ; 
for they bear to the latter a ratio which is of. the same order 
as the ratio of the induced back e.m.f. to the primary 
forward e.m.f., which is in turn equal to the ratio of the 
increase of resistance, ôr, to the initial resistance r. The 
latter ratio is generally much less than ‘01, and it therefore 
follows that the iuduced currents are very small compared 
with the original current, and they will be nevlected. 

The distribution of the current is then governed by the 
differential equations divI=0, rotl=0, and the boundary 
conditions, which involve the total current i trave ersing the 
liquid, the ratio ojo’ of the resistivity of the liquid to 
that of the leads, and the geometry of the boundary. It 
follows that | can be expressed in the form : 


I = ix (function of e/o!) 
x (function of x, y, z and geometry of boundary), 
and the product HL in the form : 
HI=hix (function of c/c) 
x (function of z, y, z, geometry of boundary and 
geometry of magnetic field). 


h and i therefore always appear together as the product 
Force 
Length’ 


i.e. MT^?. The dimensions of the viscosity, 9, are 


ML-!T-!, of the density, p, ML-3, whilst = is of no 


“hi The dimensions of “hi”? are those of 


/ 


dimensions. Geometrically similar systems are considered ; 


* The magnetic field is generally furnished by an electromagnet with 
an iron core, The assumption made would be absolutely correct if the 
permeability u of the iron did not vary with the magnetizing force. The 
permeability a measures the refractive index of the lines of force at 
the surface of the iron, and as it is always very large (of the order 
of 1000) the lines leave the surface almost normally, and the possible 
variation in p alters but little the angle which the lines make with the 
surface on emergence. As a result, the geometry of the field outside 
remains practically constant. 
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the similarity applying to the variation of the magnetic 
field as well as the boundary of the liquid. The 
dependency upon the configuration of the system is thus 
nominally reduced to dependency upon its scale, which 
will be denoted by “ s," and is of the dimensions of length. 


The dimensions of F are those of d i.e. ML?T-3; 
and the expression for F, which can only involve Ai, n, p, 8, 
and zu must be of these dimensions also *, <A general ex- 


pression satisfying this dimensional relation is 


Ei o) *(2 ) 


where F and $ are any functions whatever, and B a 
numerical constant. "Therefore, from equation (3) 


"TE (E) (5) o... (D 


and the total increase » resistance is given by 


ôr = r+ ôr =A. r+B E (a) JE )c (5) 


The application of (5) to particular cases will now be 
considered. 


Case in which the motion of the liquid is steady. 


The motion of a liquid is said to be steady when the 
velocity at any point is the same at all instants. The 
viscosity of a liquid tends to bring about steady motion, 
whilst the momentum of the motion has the opposite effect. 
For these reasons, sinall linear dimensions and small 
velocities are favourable to steady motion. ‘The experiments 
which are pre-eminently included in the case of steady 
motion are, therefore, those in which the magnetic field, 
the electric current traversing the liquid, and the dimensions 
of the column of liquid, are small. 

The differential equations governing the steady motion of 

du dv dw 


a liquid are obtained from (2) by putting i di up 


It can then be shown that the velocity at any point is 


* The dimensions attributed to the various quantities are those which 
they possess in the differentia] equations. 


Phil. Mag. S. 6. Vol. 50. No. 295. July 1925. D 
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proportional to ** A?" and is always in the same direction. 
It follows that 
SuVHI « Wi, 


hei? 
Pia Ô r A= Oo —..- ah, 
2 78 d 


But from (4), TRA = 
à,r prd CARIA 


n? 
s; ji hi " — constant, 


so that T 
is c R 
04" = B Um . d (2) , à è . è " (6) 
!/ 


2 
"i apenas dem Art P (2). (6a 


Berndt *, using a capillary tube of diameter 0:29 mm., 
containing liquid mercury, failed to observe a change of 
resistance on the application of a field of 3000 gauss, and 
from the degree of aecuracy attainable in his experiments, 
concluded that the change, 1f present, was less than *00004 
per cent. This result sets an upper limit to A=4x 1077, 
for a field of 3000 gauss, tlie second term in (6a) being 
essentially positive. Incidentally, with a tube of diameter 
0:37 mm., Berndt observed a change of 50 x 107*», i. e. more 
than 12 times the change in the tube of diameter 0:29 mm. 


Ka s O ds ; WM 
This increase in. — is attributed to the second term in (6 a), 
LÀ 7 


t e. to the hydrodynamic effect. The large increase in 8,7 
was probably due not only to the difference in the diameters 
of the tubes, but chiefly to the conditions obtaining with the 
tube of 0:20 mm. diameter being nearer the equilibrium 
conditions. 


n e ôr 
W. M. Nielson f (1924) has shown that = for mercury 


for a field of 16,000 gauss is less than 3x 1078 which 
corresponds to an upper limit to A=1x10-7, for a field 
of 3000 gauss 1. 

Reference might here be made to the methods adopted in 
order to eliminate or rather to minimize the spurious effect, 
In the theory presented here, the spurious effect is repre- 
sented by 6,7. It is seen to be directly proportional to the 

* Loe, cit. t Loc. cit. 


f In making this reduction, it is assumed that the true resistance 
increase is proportional to (field)? 
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linear dimensions of the system (equation 6), which is in 
accordance with the result obtained by various observers, 
that the spurious effect can be diminished by using tubes of 
finer bore. In addition, however, to using a fine bore tube, 
Nielson applied a pressure of about 10 atmospheres to the 
mercury. The effect of such a pressure on the viscosity is 
small, so that the diminution of ôr effected by this means 
was inappreciable. The ideal method seems to be one 
which ensures that the current and field are uniform 
throughout the liquid, when, as already shown, the liquid 
will not be set in motion and therefore 9,72 0. 

Having obtained from the experiments of Derndt and 
Nielson an upper limit to A, we shall consider the results 
obtained by Rossi*, who used fields of from 3350 to 
4450 gauss. With a field of 3350 gauss he observed an 
increase of resistance of 27 x 1077r, in a capillary tube of 
diameter 0:7 mm. containing mercury. The value of A 
for this field (from Nielson’s results) is less than 1 x 10-7, 
so that at least 97 per cent. of the increase observed by 
Hossi with pure mercury was due to motion of the mercury, 
and is represented by 6.7. 

In the case of steady motion the expression for 6,7 is 
independent of the current “i” (equation 6). Rossi does 
not mention any dependence of dr upon the current tra- 
versing the mercury, and consequently we may assume that 
the motion in his experiments was steady and equation (6) 
ought therefore to apply. According to this equation òr is 
proportional to the square of the field, and an analysis of 
Rossi's results as given in Table I. shows that this is the 
case, 

TABLE I. 
| | 
| 


| 
| | Tube of diameter=0:7 mm. ' Tube of diameter- 05 mm. | 


| Magnetic m : LENIN 


Field. 


i | 
D e x LO". | or x10. ux 1014, | 
YS EEG ae | 
3350 69 61 51 | 5i | 
3610 78 59 66 A 
3930 92 60 77 B5 
4190 104 59 86 i | 
4490 123 62 104 x | 
| 


36 Mr. E. J. Williams: Efect of a Magnetic Field on 


Rossi also investigated the effect of a magnetic field upon 
the resistance of liquid bismuth amalgams. If no true 
effect was present in these cases also, the values of ôr for 
the amalgams would also be given by * 


2 
or = Or = us 


This equation applies to geometrically similar systems, and 
in all probability holds in the case of all experiments carried 
out with the same tube. The experimental results obtained 
with a capillary tube of diameter 0°5 mm. are given in 
Table II. The values of ôr calculated on the assumption that 
it entirely consists of the hydrodynamic effect are also given t. 
In making the calculations, the viscosity of dilute bismuth 
amalgams is taken to incresse at the rate of 1 per cent. for 
the addition of 1 per cent. of bismuth by weight to the 
mercury f. 

It is seen from this table that there is a more or less 
consistent increase of ôr with the concentration of bismuth. 
In fact, the mean percentage increases due to the addition 
of *5 per cent. and 1 per cent. are 10 and 19 respectively, 
whilst for the saturated bismuth amalgam the increase in dr 
is 66 per cent. The calculated increase of resistance, êr, 
due to the motion of the liquid, however, decreases upon 
the addition of bismuth, and in order to account for the 
experimental results it is necessary to assume the existence 
of a true resistance change in bismuth amalgams. The 
magnitude of this true effect is given by 


Òr = ór— jr, 


and its values for the various concentrations and fields are 
given in Table II. The irregular variation of êr with the 
field is probably due to experimental error. Since ôr 


NE ; 
represents a true effect, I should be independent of the 


shape and dimensions of the column of amalgam experi- 
mented upon, so that its value for the 0:7 mm. tube should 
be the same as that for the 0'5 mm. tube. Rossi only used 
a saturated bismuth amalgam, in addition to mercury, in 
the 0*7 mm. tube, and a comparison of the results for this 

* In Rossi's experiments the leads are sufficiently far removed from 
the field so as not to introduce any complications, and consequently the 


term ¢ (2) is a constant and can be included in B. 


t The constant B is calculated from the value of ôr for pure mercury. 
f This is the result of an approximate determination by the writer. 
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TABLE II. 


Increase of Resistance, ôr. 


Or eee 
| 


S > Amalgam containing ‘5 % Bi. Amalgam containing 1 % Bi. | Amalgam saturated at 12° C. 
(gauss). | Mercury 
dida (GE tein Pre P0. Tum fis prepa et a toate), a al 
3350 57 61 57 4 70 56 14 81 56 25 
3640 66 75 66 9 83 65 18 | 115 64 51 
3930 77 86 17 9 95 76 19 | 133 79 o7 
4190 86 91 86 5 102 85 17 156 84 72 
4450 104 116 103 13 118 103 15 169 10L . 68 
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amalgam shows that the mean value of a is 32 x 10-7 for 


the 0'7 mm. tube and 321x10-7 for the 0'5 mm. tube. 
However, we must not lay too much stress on this ex- 
periment, because there is some irregularity amongst the 
separate values. 

If the percentage of bismuth is denoted by p, the mean 


value of ES. due to a field of about 4000 gauss is 


1:0x 1078, and this can be taken to be the estimated true 
resistince change in bismuth amalgams. It is of the same 
order as that observed in solid metals. 

The results obtained for a saturated bismuth amalgam 
at 1909 C. seem to indicate that the true effect is much 
less at this temperature than at room-temperature. This 
decrease with temperature is also a general characteristic 
of the true resistance changes observed in solids. Exact 
caleulutions cannot be made owing to the lack of data 
concerning the viscosity of saturated bismuth amalgams at 
this temperature . 

There is also a certain amount of evidence of a true 
resistance change in the work of Berndt. Since he used 
tubes of smaller diameter than those used by Rossi, it can 
be assumed that the motion was steady in his experiments, 
and therefore that equation (64) is ap plicable to his results. 
It was found that the measure of resistance, 67, in molten 
bismuth decreased from 1/230 per cent. to 1/400 per cent. on 
heating the metal from 420° C. to 500° O. The viscosity de- 
creases with the temperature, so that ôr increases on heating 
from 420? to 500°. It therefore follows that the bulk of the 
1/230 per cent. increase observed at 420° C. is a true effect, 
which decreases with the temperature. 

The existence or non-existence of a true magneto- 
resistance effect of magnitude comparable with that 
observed in solids in the case of liquids is of importance 
to the theory of electrical conductivity. According to 
some theories the effect should not be exhibited by liquid 
metals, as they are non-crystalline *. Thus should the 
eyidenes: which has been presented liek. for the existence 
of a trae effect in bismuth amalgams and molten bismuth 
be substantiated, these theories would probably have to be 
abandoned or at any rate considerably modified. 


* From evidence provided by work on the vapour pressures and con- 
ductivities of amalgams, the added metal in all probability exists in the 
monatomic state, and therefore an essentially non-crystalline state, 
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Case in which the motion of the liquid is not steady. 


Drude and Nernst * (1891) and independently Jones T 
(1924) found that, in their experiments, the increase of 
resistance òr was dependent upon the current **7" traversing 
the liquid. The order of magnitude of ôr in these cases 
is such that the increase is entirely to be ascribed to the 
hydrodynamic effect, which is represented by r. Now 
in the general expression for ôr, given in equation (4), 

2 
‘2 only appears in the term Ais) It was found in 

] 1239 

discussing the first case that if the motion is steady 


> 


sio) is constant. The dependency of êr upon the 


current must therefore be attributed to the production of 
turbulent motion in the liquid. This supposition, and its 
various other theoretical consequences, will now be con- 
sidered. 

It is well known that, even in the case of rectilinear 
motion of liquids, the motion becomes turbulent, if the 
velocitv or other quantities concerned reach certain critical 
values, The type of motion with which we are concerned 
here is that of a liquid in an enclosed space, and is of 
necessity “curvilinear.” — The curvature of the stream-lines 
makes the motion much more susceptible to turbulence than 
rectilinear motion. In support of this statement, the results 
of certain experiments due to Gibson and Grindley f may he 


: ved : 
mentioned. They found that the value of =, where tv, is 
y 


the critical velocity, and d and v the diameter of the pipe 
and kinematic viscosity of the liquid respectively, in the 
case of motion through a pipe of diameter *32 cm., wound 
round a drum of diameter 30 cm., was 180. The value of 
the same quantity in tlie case of motion through a straight 
pipe is about 2000. The average curvature of 18 em. 
radius imposed upon the motion in consequence of tle 
curvature of the pipe, therefore, inereases the tendency, 
for turbulence about 15 times. The radius of curvature of 
the stream-lines, in the motion under consideration here, 
is of the order of a millimetre. It is impossible to make 
exact caleulations of the velocity, ete.; but as the result of 
an approximate estimate it has been found that the con- 
ditions are such as to make the supposition of turbulence 


* Loc. ctt. t Loc. cit. 
t Gibson & Grindley, Proc. Rey. Soc. A, lxxx. (1903). 
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quite admissible, especially if due allowance be made for 
the curvature effect *. 

In the case of steady motion the velocity at a given point 
remains constant in direction, and its magnitude varies 
directly as the first power of the external forces. We 
shall assume that in the case of turbulent motion the 
average velocity & is, similarly, constant in direction, but 
that its magnitude varies as (external forces)”, y being «1. 
Then (using equations (3) and (4)), 


gr = = = z Sff SuVHIAS az. (hit. hi e its. i713. 


o» ^s n? go. 
oor = n CAROL 
E A È\= zr 
i Ji) b f 


Therefore the increase of resistance, êr, which, as already 
shown, is entirely represented by ôr, is given by 


ôr = By BLU e). » « (7) 


ü-y m7, pi-y "\o 


But 


In those experiments in which the leads extend into the 
part of the liquid in the field the geometry of the system 


is complicated, and also 169 has to be taken into account. 


In such cases formula (7) cannot be simplified. How- 
ever, it can be simplified for cases of straight cylindrical 
columns with the leads far removed from the field. In 


the first place, ¢() is a constant and can be included in 


the constant B. The geometrical configuration of the tube 
is determined entirely by its diameter d. We shall suppose 
that the magnetic field is produced by an electromagnet 
having circular pole-pieces of diameter D, at a distance 
apart t, and that the tube passes symmetrically between the 
pole-pieces as shown in fig. 2. 

The quantities which affect the geometry of the magnetic 
field in the neighbourhood of the tube ere t, D, and the 
permeability w; and in order to maintain geometrical 
similarity of the whole system, d/t, D;t, and u must be 
kept constant. For reasons already given, the effect of 

* An approximate calculation based on certain assumptions is given 
in an Appendix to the paper. 
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a possible variation in p can be neglected. The motion 
produced in the liquid arises from the variation of HI, 
and as the variation of the field is practically confined 
to the ends À and A' the motion will be mostly produced 
there. The extension of this motion from the ends into 
the middle of AA’ can be neglected, since in all actual 
cases the distance D is large compared with the diameter d 
of the tube. It follows that ôr is independent of D. The 
only quantity which need be taken into account is therefore 
dit, and s! in equation (7) can be replaced bv d’. F(d/t). 


Fig. 2. 
N 
— REESE 
— A t d A a 
| 
S 


For small variations of d/t, F(d/t) can be replaced by (d/t)§, 
and it can be shown further that 0<@<1. Formula (7) 


then reduces to 
hl ty , 484» 
or Deae es ur ye voa cw X6) 


An advantage of this case over the more general case 
represented by (7) is that there are two additional quantities, 
d and t, with respect to which the variation of òr can be 
investigated. 

Jones* has found that formula (7a) represents the variation 
of ôr with respect to all the quantities concerned, and that 
formula (7) represents the results of experiments in the 
more complicated cases with current leads in the field and 
with bent tubes; the value of y in all cases is, to within 
experimental error, 0:59. Moreover, in several minor 
respects, Jones finds his observations to be in accordance 
with the theory. 

ôr, represented by formule (7) and (Ta), is proportional 
toi. Drude and Nernst observed a variation of ór with 
the current, the observed 8r for mercury decreasing from 
:271 per cent. for 4—':086 ampere to *159 per cent. for 
1-318 amperes. The corresponding value of y is 0°59, 
which is the same as the value found by Jones. 


* Loe. cit. 
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The validity of formule (7) and (7a) substantiates the 
theory in general, and in particular justifies the supposition 
that the motion in the experiments concerned is turbulent. 
Certain inferences concerning the nature of this turbulent 
motion will now be made. 

In deducing formula (7) it was supposed that the 
average velocitv, à, at a given point remains constant in 
direction as the external forces are varied proportionately : 
in other words, that the average stream-lines maintain 
a constant shape. If this is not so, then the dissipation F, 


=|| \ \ Sž VHIZJX, is affected in so far as the angle between 


à and VHI changes. This effect would certainly be depen- 
dent upon the actual configuration of the stream-lines, 
and as a result the value of ? y would be different for 
cases in. which the shape of the boundary of the liquid 
and the distribution of the external forces are different. 
However, as has been already stated, y has the same value 
in all cases, including those with current leads in or com- 
pletely out of the fiel. l, and. with the liquid contained in 
straight or bent tubes. It can theretore be concluded that 
in the turbulent motion of a liquid in an enclosed space, 

maintained by the action of external volume forces, the 
average stream-lines maintain a constant shape *, and the 
m: nenitude of the average velocity, 4, at any point varies as 
(the external forces) "*. 

We can caleulate from this law of the variation of the 
velocity the dependency of the resistance to the motion on 
the velocity. The average resistance to the turbulent motion 
of the liquid ean be resolved intoa system of shears, in which 
the shearing force, 5, at any point is t: angential to the av erage 
stream-line through that point. Since the stream-lines 
remain unaltered in shape, when the external forces are 
varied proportionately at all points, it follows that the 
geometry of the system of shears remains unaltered also. 
Conseyuently, since the shears balance the accelerating 


* In this respect they resemble the stream-lines of steady motion, 
Tlowever, it is more or less a matter for conjecture whether the actual 
shape of the former is the same as that of the stream-lines of the steady 
motion of a liquid produced in the same enclosure by a similar system 
of forces. If that is the case, then there is a quantity in turbulent 
motion corresponding to viscosity in steady metion, In the present 
case the expression for such a quantity would be K , 8/72, 877, p.n, 
K being a numerical constant depending upon the geometry of the 
system, & the velocity at some standard pomt, and s a measure of 
the scale of the system. 
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effect of the external forces, the shear at any point must 
vary directly as the external forces. Now the velocities 
are proportional to (external sorces) so that the shearing 


forces are proportional to wada. ie. (velocity)? 
In other words, the “ resistance” to the motion is pro- 
portional to (velocity)!7, Osborne Reynolds investigated 
the turbulent flow of water through straight pipes, and 
found that the resistance to the motion was proportional 
to (velocity) ?. The motion in Reynolds’ experiments 
differs considerably from that which we have been con- 
sidering here. The average stream-lines in the former are 
straight, whilst in the latter they have a radius of curvature 
of the order of a millimetre; also the liquid used by 
Reynolds was water, whilst in (iese electrical experiments 
the liquid generally used has been mercury. ln spite of 
these differences, the laws of variation of resistance with 
velocity are almost identical in tlie two cases. 


Summary. 


The change in the electrical resistance of a liquid 
conductor due to the action of a magnetic field is attributed 
to the sum of (1) a true resistance change, (2) a change 
consequent upon energy expeuded in maintaining hydro- 
dynamic currents which are shown to be produced in the 
liquid conductor. An expression for the latter is obtained 
by means of dimensional analysis. 

According to the theory thus developed there is E 
in tlie experimental results of Rossi, for the existence of : 
true resistance change in bismuth amalgams. An an: lU 
of the results shows that a 1 per cent. bismuth amalgam 
gives a true increase of resistance of ‘QOO10 per cent. in a 
field of 4000 gauss. Further evidence of a true effect in 
liquid. metals is furnished by Berndt’s work on molten 
bismuth, and in this case the estimated true ch: ange at 420° 
is of the order of *002 per cent. for a field of 3000 gauss. 

In other cases the hydrodynamic etfect certainly pre- 
dominates, and, in most cases, a true change, if present at all, 
is negligible. 

The variation of 6» with the current traversing the liquid 
metal conductor, an effect which has been observed in eertain 

ases, is explained by supposing that the motion of the 
liquid in these cases is turbulent. The other theoretical 
consequences of this supposition are fully substantiated 
by the experimental work of T. Jones. From the nature of 
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Jones’s results it is shown that in the turbulent motion 
of liqaids in an enclosed space due to the action of external 
volume forces, the average stream-lines maintain a constant 
shape as these forces are varied proportionately at all points. 
In this respect the average stream-lines of turbulent motion 
resemble the stream-lines in steady motion. The resistance 
to the motion is in all cases proportional to (velocity)!”, 
and this is in agreement with the law of resistance in 
turbulent motion, which has been obtained as the result of 
experiments under very different conditions. 


In conclusion, I wish to thank Professor E. J. Evans for 
his valuable criticism and advice in connexion with this 
paper. 


APPENDIX. 


That the velocity acquired under the laws of stream-line 
motion is greater than than the critical velocity, can be 
deduced on certain assumptions. ‘The calculation, however, 
only gives the order of magnitude of the velocity. 


Fig. 3. 


Field = h Field ^ O 


~ 
~- — 


Let TT be a portion of the tube containing mercury, and 
AD the region where the magnetic field falls off, decreasing 
from its maximum value at A to a small fraction of that 
value at B. The volume force HI [which for the sake 
of argument is supposed to act upwards] is thus a constant 
“hI” to the left of A, and zero to the right of B. This 
distribution of volume force produces motion of the liquid 
somewhat as shown by the arrows in the diagram. In 
the part CD of the circuit the liquid is acted upon by a 
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volume force id approximately parallel to the direction 


of the motion, whilst the force parallel to the motion 
elsewhere is small in comparison and will be neglected. 
We shall assume the average velocity to be equal to that 
which would be produced in a straight tube of diameter d/2 
and of length l equal to that of the circuit marked by the 
arrows, due to the action of a pressure difference between 
h.1.4x CD. hig d imately. Thi 
a" - = zd? x 9 approximate y. 11S 
velocity can be obtained by means of Poiseuille’s law, 


2hid (5 


the ends = 


2 
D i) —8i, where 7 is the viscosity 
of the liquid. The distance AB in the experiments con- 
cerned was about l1 cm., and l can be taken to be equal 
to 2+d. The average velocity that would be produced 
in the case of mercury contained in a tube of diameter 
d=0°5 em. with a current of 0°5 amp. and a field of 
1000 gauss is equal to about 3 cm. per second. The 
values of the various quantities given above were about 
the smallest used by Jones in his experiments, so that the 
case considered is one in which turbulence was least likely. 
We shall take the velocity necessary to produce turbulence 
to be tbat required in the case of motion through a tube 
of diameter d/2, the axial line of the tube being a circle of 
diameter d. The value in this case is probably higher than 
in the actual case since uniformity of shape tends to maintain 
steady motion. 

The value of the critical velocity v, in the case of motion 
through a curved tube of diameter “a,” whose axis is a 
circle of diameter ** b," can be shown to be given by 


2000v 
v, = doa 
a (2) 


where v is the kinematic viscosity of the liquid and the 


and is equal to 


cm, per sec., 


value of = for a straight tube is taken to he 2000. In 
the case under consideration, a=d/2, b=d, and d=0°5 em., 
netaat v, = 2000»/-25(1 4- (5) ]. 

The value of this quantity when the liquid is mercury is 


given approximately by IFAS) cm. per sec. 
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From the value of the critical velocity for straight tubes 
it follows that /(0)—0, and from Gibson and Grindley? S 
result it follows that JC 01)214. These values indicate 
that f('5) is probably a large quantity, and therefore that 
v, is a small fraction of 10 cm. per second. The calculated 
velocity is 3 em. per second, and is therefore according 
^to the discussion above sufficiently large to produce 
turbulence. 


III. The Electrical Resistance of Mercury in Maanetic Fields. 
By T. J. Joses, M.Sc.( Wales), Research Student, University 
College, Swansea". 


INTRODUCTION. 


"HE influence of a magnetic field on the electrical resist- 
ance of mercury has been examined by a number of 
investigators. These have studied the effect observed wheu 
the direction of the current in the merc ury is perpendicular 
to the magnetic field, and it is this transverse effect that will 
be considered in the present paper. 

Drude and Nernst f. (1891) observed a small increase of 
resistance in a column of mercury placed in a transverse 
magnetic field. The change of resistance increased with 
the field, and for a field of eight kilogauss amounted to 
0:2 per cent. 

Patterson f (1902) obtained an increase of 0:03 per cent. 
in the resistance of a column of mercury for a field of 
twenty-five kilogauss. 

Berndt § (1907) noticed that the finer the column of 
mercury used, the smaller the increase of resistance for a 
given field; and in a column of diameter 0°29 mm, and 
a field of three kilogauss the resistance change was only 
0:00005 per cent. His work led him to conclude that the 
observed changes of resistance were to be attributed to what 
he described as “ electrodynamic actions," and that if there 
were true magneto-resistance effects in mercury they must 
be exceedingly small compared with those in solid metals. 

Berndt’s conclusions were supported by the subsequent 


work of Rossi || (1911) and of Nielson (1924), both of 


* Communicated by Prof. E. J. Evans, D.Sc. 

+ Drude and Nernst, Wied. Ann. p. 568 (1891). 
[ Patterson, Phil. Mag. ili. P- 643 (1902). 

§ Berndt, Ann. d. Phys. xxiii. p. 932 (1907). 

| Rossi, Nuov. Cimento, ii. p. 337 (1911). 

qj Nielson, Phys. Rev. F ebruary 1924. 
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whom worked on the resistance effects in fine columns, 
Nielson’s investigations showed that the true effect (if any) 
in mercury must have a value less than 0:0003 per cent. for 
a field of sixteen kilogauss. 

The above is a brief summary of the more important work 
done in connexion with the phenomenon of the increase of 
resistance in mercury due to a magnetic field. 

Although it may be said with some certainty, from a 
consideration of the above works, that the magneto- 
resistance effect observed in mercury is not a true effect 
such as is exhibited by solid metals, the nature of the 
effect seemed to be obscure. In the research described 
below, therefore, an attempt was made to throw light on 
the nature of the phenomenon by studying the magneto- 
resistance effects in fairly wide columns of mercury. 

Added interest was given to the work by the development, 
during its course, of a theoretical investigation * of the 
magneto-resistance effects in liquid metals. 


Tug EXPERIMENTAL ARRANGEMENT. 


The magnetie fields used in the experiments were obtained 
with a powerful electromagnet having pole-pieces 8 cm. in 
diameter, and the fields were measured with a Grassot Flux- 
meter and exploring coils. With a current of 10 amperes 
the magnet gave a field of about 10 kilogauss when the 
poles were placed one centimetre apart, and this value of 
the field was the largest used in the work. 


Fig. 1. 


Two forms of glass tubes were used to contain the 
mercury—bent tubes as in fig. 1 and straight tubes as in 


* By E. J. Williams, suprà, p. 27. 
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fig. 2,—the internal diameters varying from 3 to 7 mm. 
In the figures the circles represent the poles of the magnet, 
and, neglecting the stray field outside the poles, tbe mag- 
netic fields act upon the portions of the mercury columns 
within the circles. The bent tubes enabled a longer column 
to be placed in the field than in the case of the straight 
tubes. Hence, if the magneto-resistance effect arose from 
a change of resistance throughout the column exposed to 
the field (as is the case with solid metals), then the change 
of resistance for a given field should be greater in the bent 
tube than in a straight tube of equal diameter. 


Fig. 2. 


oe 


The current leads into the mercury were of thick platinum 
wire, and the arrangement of these leads in the tubes is 
shown in figs. 1 and 2. It will be noticed that in the bent 
tubes the leads are in the magnetic field ; but no correction 
was necessary for any resistance change which might occur 
in the leads due to the field, as platinum shows very small 
magneto-resistance effects. 

In order to regulate the temperature of the mercury, 
a water-bath was "nt first used to contain the tubes ; but 
later it was found that the bath could be dispensed. with 
without introducing any errors into the work. 

The resistance of each mercury column was low (of the 
order 107? ohm) and was measured by means of a Kelvin 
bridge. The bridge enabled a resistance change of a 
millionth of an olim (i.e about 0:01 per cent. of the 
resistance of a mercury column) to be measured for all 
the columns. 

In measuring the change of resistance for a viven field, 
the following procedure was adopted : (a) the bridge was 
balanced for. no field, (b) the magnet was excited and the 
bridge rebalanced, (c) the field was cut off and the bridge 
again balanced. When the reading obtained in (c) agreed 
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with that obtaiued in (a) the change of resistance given 
by (b) was recorded. 

À complete observation occupied but a few seconds ; and 
by the above procedure any possible errors in the measure- 
ment of the resistance changes due to thermoelectric and 
Joule heating effects were avoided. 

It will be noticed that in this work (for reasons that will 
be apparent later) it is the actual change of resistance, òR, 
that is measured and discussed, and not the relative change 


as is usually the case in work on solid metals. 


6 
R 
EXPERIMENTAL RESULTS. 


Preliminary experiments showed that the magneto- 
resistance effect in a column of mercury depended upon 
the strength of the magnetic field, the strength of the 
current flowing in the mercury, the diameter of the mercury 
column, the temperature of the mercury, and upon the 
distance apart of the poles of the magnet (the magnetic 
intensity along the axis of the gap between the poles being 
kept constant). 

It was noticed that when the current leads into the 
mercury were in the magnetic field (e.g., as in fig. 1), 
a change in the position or shape of the leads had a marked 
effect on the magnitude of the resistauce change. 

The following were other phenomena observed. When 
balancing the bridge with the mercury resistance in the 
field, it was necessary to allow the bridge current to flow 
for a few seconds prior to closing the galvanometer circuit, 
as the resistance change occupied this interval of time in 
attaining its full value for that particular field. This “lag ” 
elfect was found to be due to some cause in the mercury 
itself and not to any inductive actions in the apparatus. 
It was also found that even when the “lag” effect was 
allowed for, the resistance of the mercury column when in 
the field was not constant but fluctuated very slightly—this 
fluctuation being manifested by a slight but continual motion 
of the spot of light about the zero of the galvanometer scale. 
The greater the change of resistance due to tho field, the 
greater were these fluctuations. However, the magnitude 
of the fluctuations was always less than 1 per cent. of the 
corresponding change of resistance. 

The following experiments were made to obtain, if possible, 
a relation between ÒR and the various factors upon which it 


depends. 


Phil. Mag. S. 6. Vol. 50. No. 295. July 1925. E 
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1. The Variation of ÒR with the Field. 


The variation of the resistance change with the field was 
investigated for fields ranging from 2 to 10 kilogauss and 
the experiments were extended to both types of tubes already 
described, these having diameters between 3 and 7 mm. 
Certain definite currents between 0:5 and 5 amperes were 
passed through the mercury column, and the variations of 
ÒR with the field for these currents were recorded. 

The change of resistance continued to increase with the 
field and, up to the highest fields employed, showed no 
tendency to reach a constant value. It was also found that, 
within the above limits of the magnetic field, of the current 
in the mercury, and of the diameter of the mercury column, 
the relation between the resistance change and the field 


could be represented (within the limits of experimental 
error) by tlie relation 


elt « H's, 


The results obtained in a typical case—-that of a straight 
tube of diameter 5 mm.—are collected in Table I., where the 
first column gives the various fields in gauss, while the other 
columns give the corresponding resistance changes for the 
specified currents. 


TABLE I. 
Field in èR (ohms) x 105 for currente ranging from 
Gau:s. 5 to 0'5 amps. 

H. 50. 40. 30. 25. 20 L5. l0. 7. 5. 
2,000 ...... 5 7 8 9 10 1 15 18 235 
4,209 ...... 18 21 21 30 94 40 50 55 64 
7,000 ...... 55 63 69 75 82 91 110 127 148 
8,000 ...... 67 74 83 89 98 111 130 153 176 
8,500 ...... Tl 82 92 98 107 120 145 168 193 
8,900 ...... 82 88 98 105 116 130 154 181 207 
9,100 ...... 85 95 104 111 123 137 164 191 219 
9,600 ...... 98 99 112 122 133 149 178 207 236 

10,000 ...... 98 108 120 129 142 159 188 218 248 


Fig. 3 shows graphically the result of plotting (for certain . 
vaues of the current in the mercury) the changes of resist- 
ance against the field raised to the power 1°58. Similar 
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curves were obtained for all the tubes, thus indicating that 
the relation between ôR and H'*? is linear. 


Fig. 3. 


9. The Relation between 8R and the Current in 
the Mercury. 


The same experiments as were made in determining the 
relation between the resistance change and the field, for 
certain definite currents in the mercury, also sufficed to 
give the relation between the resistance change and the 
current. 

It was found that the resistance change for a given field 
was greater the smaller the current in tlie mercury—the 
relation between 6R and the current being given (within 
the limits of error) by the equation 


ÒR ax 2740, 


This relation holds within the range of field, current, &c., 
already given. 
Table I. gives (for the tube mentioned above) the resistance 
changes for different oe between 5 and 0°5 amperes ; 
2 
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and in fig. 4 the relation between ôR and the current raised 
to the power (minus ‘40) is shown graphically. Similar 
curves were obtained for all the tubes. 

In connexion with this “ current " effect, it is interesting 
to note that Drude* and Nernst also observed that the 
change of resistance depended upon the current. Only two 
values of ôR for two different currents are given in their 
paper, but these values fit in with the above relation. 


As it is improbable that ôR should continue to increase 
as the current decreases, experiments are being made to 
investigate (among other things) the relation between 6R 
and the current for small currents. The results already 
obtained show that for currents of 1/10 ampere, or less, 
the relation between êR and : is not that given above, 
but that ôR varies inversely as i raised to a power less 
than — 0'40 and which is smaller the smaller 7. It is there- 
fore possible that for very small currents the resistance 
change would be independent of the current in the mercury. 


* Loc. cit. 
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3. The Relation between ÒR and the Diameter 
of the Column. 


In studying the dependence of ôR on the diameter of the 
mereury column, the resistance changes in tubes of different 
diameters under identical experimental conditions were 
compared. When the current leads into the mercury were 
in the magnetic field (as in the bent tubes) the position of 
the leads affected the resistance change to a considerable 
extent, and hence made it impossible to compare the values 
of èR for different tubes. This, together with the fact that 
the resistance changes in the bent tubes were found to be of 
about the same magnitude as those in straight tubes, caused 
the bent type of tube to be discarded. 

The change of resistance, in straight tubes of different 
diameters and for a definite field and current in the mercury, 
are collected in Table Il. There is a good agreement in 
the values of the ratios st indicating that the resistance 


change is:proportional to the diameter of the column. 


TABLE II. 
CR (x10*). Diameter (4). cR, d ( X10"). 
93 0°68 cm. 144 
93 O64 ,, 145 
74 O51 ,, 145 
61 042 ,, 145 
55 O38 ,, 145 
4o 0:31 ,, 145 


4. The Relation between ÒR and the Distance apart 
of the Poles of the Magnet, 


By varying the current in the magnet, the intensity of 
the field along the axis of the gap between the poles could 
be kept constant while the distance apart of the poles was 
yaried. Keeping the intensity constant, in this way, it was 
found that for tubes. with leads in the field only a slight 
decrease occurred in 6h when the poles were moved to a 
greater distance apart. However, when the leads were out 
of the influence of the field the distance apart of the poles 
had a marked effect upon the magnitude of the resistance 
change. The relation between òR and the distance b 
between the poles, for a constant field along the axis of 
the gap and for a constant current in the mereury, was 
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found to be given within the error of experiment by 
1 
ôR « pa’ 


Table III. shows the resistance changes in a long straight 
tube fora magnetic field of 10 kilogauss along the axis i of 
the gap, the distance apart of the poles being varied. 


TABLE III. 
eR (X10*). b (mm.). [R xo) x 10°. 
93 12 251:6 
97 1 2588 
100 10 2570 
105 9 258-4 
110 8 253:0 
116 7 2576 


It would be well here to point out that the theory of the 
magneto-resistance effect in mercury, which is discussed later, 
gives an interpretation of this dependence of ôR on the 
distance apart of the poles. According to the theory 1/b-* is 
a measure of the rate of dying away of the field outside the 
poles of the magnet ; and it can be shown theoretically that 
the greater this rate of decav of the field the greater 1s the 
change of resistance for a given field along the axis of the 
gap between the poles of the magnet. 


9. The Dependence of ŠR upon the Position and Shape 


of the Leads when these were in the Field. 


In the experiments in which the current leads into the 
mercury were in the magnetic field (e.g., fig. 1) it was 
noticed that altering the position or shape of the leads had 
a marked effect on the m: ignitude of the resistance change. 

This “lead” effect was investigated in the following 
manner. A short tube (diameter 6° ^4 mm.) was filled with 
mercury and the platinum wire leads adjusted so that a 
column of mercury one centimetre long lay between the 
points of the leads. The tube was iion placed in a field 
of 10 kilogauss and the change of resistance observed was 
35 x 107? lup 

A long tube of similar diameter was then filled with 
mercury and the wire leads placed in the tube so as to be 
out of the influence of the field. As the diameter of the 
magnet poles was eight centimetres, a column of mercury 
eight centimetres long lay in the magnetic field. The change 
oi. resistance for the same field and current as before was 
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now only 10x 1075 ohm—a change much smaller than in 
the short column. These results show that the magneto- 
resistance changes are independent of the resistance of the 
column of mercury in the field. They also explain why it 
is the change of resistance, ÒR, and not the relative change, 
T , that is considered in this work. 

Again, when in the short tube mentioned above, thick 
copper leads which filled the tube were substituted for the 
wire leads, and the resistance change measured for a column 
of mercury one centimetre long, it was found that the 
change of resistance (for the same field and current as before) 
was only 3x10 $ ohm—i.e., less than l per cent. of that 
obt ined under similar conditions but with wire point leads. 

This result, together with those preceding, seem to indicate 
that the resistance changes are probably due to some effects 
occurring in the mercury "at those portions where the current 
enters or leaves the mercury : 2. e., at the leads if they are in 
the field, or, if the leads are not in the field, in those portions 
of the mercury column near the edges of the poles. 


The Dependence of ÒR on the Temperature. 


Experiments were made to determine the effect produced 
on ÒR by increasing the temperature of the mercury. A long 
glass tube containing mercury was placed in. a copper bath, 
which in its turn was fixed between the poles of the magnet. 
The bath was beated by gas flames from underneath | and 
contained first water at tle room temperature (17° C.), 
then boiling water (100° C.), and finally boiling glycerine 
(2909 C.). The resistance changes at these three tempera- 
tures (for given fields and current) were measured, and are 
collected in Table IV. The last two columns show that 


TABLE IV. 
eR[x10"] éR[X10°] eR[x10'] Rat 1009. CR at 290? 
at 179°C. at 1009 C. at 290? C. “ER at 17? êR at 179? 
17 18 19 1:059 ]:120 
52 55 o3 1:060 1:115 
Tt 78 83 1*054 1:112 
94 99 106 1:053 1:128 
114 120 129 1:053 1:132 


on raising the temperature from 17? C. to 100? C. the 
resistance change increased by about 5:6 per cont., while 
on heating from 17? C. to 290? C. there was an increase 
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of 12-5 percent. However, allowance must be made for the 
increase in ôR due to the increase produced by heating in 
the diameter of the glass tube. This change of diameter 
amounted to about 0-4 per cent. on heating from room 
temperature to that of the boiling glycerine, so that, since 
ÒR is proportional to the diameter of the column, the effect 
of heating from 17° C. to 2909 C. is to increase 6R by 
12:1 per cent., while from 17? C. to 100? C. dk increases 
by 5°5 per cent. 


T. The Efect of the addition of Cadmium to the 
Mercury. 


The effect on 6R of adding cadmium to the mereury was 
examined for a 3 per cent. cadmium amalgam. The results 
for this amalgam, together with those for mercury under 
similar conditions, are collected in Table V. It is seen 
that the resistance changes in the amalgam are slightly 
smaller than those in tlie mercury—the ” difference being 
about 1 per cent. [The change in the resistance of the 
mercury due to the addition of ‘the cadmium is an increase 
of abont 20 per cent.] 


TABLE V. 


mir ey, rire E 
90 x 107° 30 x 108 1-00 
yr T (t .99 
100 |, 100 ,, 99 
12 ,, 120". y “99 
126 4 125. ;, 99 


Discussion OF RESULTS. 


The experiments described above show that within certain 
limits the mavneto-resistance change at a given temperature 
in a straight column of mer cury with the eurrent leads out 
of the inffuence of tlie field is given by 


Hed 
ôR « URIE 
where H, d, i, and b are respectively the field along the axis 
of the pole gap, the diameter of the column, the current in the 
column, and the distance apart of the poles of the magnet. 
The experiments also show that the effect in mercury is of a 
different nature from those exhibited by solid metals ; for in 
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the former the resistance change fora given field is inde- 
Pendent of the resistance in the field and is dependent on ` 
the current in the mercury, whereas in solid metals the 
resistance change is proportional to the resistance in the 
eld and is independent of the current in the conductor. 

A theoretical investigation of the magneto-resistance effect 
IN liquid metals has been made by Kk. J. Williams. The 
Increase of resistance of a column of mercury (or any other 
liquid meta!) when in a magnetic field is attributed to the 
expenditure of energy by the electric current in maintaining 
mass-motion of the mercury in certain portions of the 
column, this motion being developed by the electrodynainic 
action of the magnetic field on the mercury carrying the 
Current, 

The motion of the mercury is developed at those portions 
of the column in the field where the magnetic field is not 
uniform or where the current-density is not constant. Thus 
in those tubes in which the leads are in the field, the current- 
density in the mereury about the leads is not constant so that 
the motion of the mercury takes place mainlv about the 
leads, In the tubes with leads out of the field the motion 
is mainly produced in those portions of the column wliere 
the current enters and leaves the field— i. e., at the boundaries 
of the pole-pieces, for at these points the field varies rapidly. 

This view of the locality of the motion, and hence of the 
cause of the resistance change, is consistent with the con- 
clusion arrived at in the experiments that the cause of the 
change of resistance is not distributed uniformly throughout 
the column exposed to the field. f 

he motion of the mercury was experimentally demon- 
strated by placing one of the current leads so as to just 
o the free surface of a mercury column in the magnetic 
ue E current-density near the surface of the mercury 

» Nsiderably, and a vigorous motion of the mercury 
was observed. 

p for the theory was also provided by the results 
PD in the experiments dealing with the effect on eK 

. - "ape of the leads. With thick leads approximately 
filling the tube—a condition which ensured nearly uniform 
current-(]o, Pee. S ] arv—tl rh : Ar y m lly 
dae. ity in the mercury—there was practically no 
leen change when the mercury was in a uniform field. 
possib hi that. was observed may be accounted for by 
the field 8 sight non-uniformity of the current-density or of 

The E lag " effect described in the preliminary experi- 
ments is explained as being due to the resistance change 
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not reaching its full value until the motion of the mercury 
reaches its full value ; and this might take an appreciable 
time in consequence of the mass of the mercury. 

T wo different theoretical relations for the resistance change 
were obtained by Williams, one relation being based on the 
assumption that the motion of the mercury was steady, while 
tlie other followed from assuming the motion to be turbulent. 

On the assumption that the motion of the mercury was 
turbulent, the following relation was obtained for the cliange 
of resistance in a straight column having the leads out of the 
influence of the field: 


14y 484 
oR « Hity det 


il-Y gv-1p!-v(8 


In this relation H, d, i, and b have the same significance 
as before, while 7 and p ure respectively the viscosity and 
density of the mercury. |. and y are numerical constants 
whose values cannot be determined theoretically—although 
it is shown that 8 lies between 0 and 1. 

If 8 and y be given the values *41 and 1:59 respectively, 
the above relation becomes 


1:59 
SR a H - 


pil bln =p 41? 


which agrees well with the relation obtained experimentally 
when the temperature (and hence y and p) is constant. 

In order to test the theoretical relation with respect to the 
dependence of ôR upon the viscosity and density of the 
mercury, it is necessary to vary these quantities. This can 
be done either by : altering the temperature of the mercury 
or (if it be assumed that the magneto-resistance effect in the 
amalgam is still maiuly due to ‘the motion of the liquid) by 
dissolving cadmium in the mercury. It should be noted, 
however, that only small variations of 7 and p can be inde, 
and it is difficult to test accurately the relation between ôR 
and these quantities. 

In the experiments on the variation of 6R with tempera- 
ture there was an increase in 6R of about 12:1 per cent. 
when the mereury was heated from 17? C. to 290° C., 
while from 17? C. to 100? C. ôR increased by 575 per cent. 
From known data * on the density and viscosity of mercury 
at different temperatures, the theoretical change in êR due 
to a rise of temperature can be calculated from the formula. 
It is found that ÒR should increase by 5:5 per cent. from 
17° C. to 100? C., and by 11'9 per cent. from 17° C. to 


* Kaye and Laby's Tables. 


Resistance of Mercury in Magnetic Fields. 59 


290° C. These calculated results agree within the limits 
of experimental error with the observed results. 

The change in ôR produced by a change in the tempera- 
ture of the mercury can therefore be accounted for by the 
variation of the density and viscosity of mercury with 
temperature. 

In the experiments with the cadmium amalgam the 
viscosity and density of the amalgam are different from 
those of mercury. The theoretical change to be expected 
in 6H, on the assumption that the change is to be accounted 
for by the alteration of y and p, can be calculated as data 
on the viscosity and EE of a 3 per cent. cadmium 
amalgam are available * 

The required data are :— 


n for 3 per cent. amalgam = 1:06 7 for pure mercury. 
p for 3 per cent. amalgam = ‘98 p for pure mercury. 


From these values the theoretical change in ôR is 0:5 per 
cent.—a result which is not inconsistent with that obtained 
in the experiment. 

The theoretical relation is thus seen to be in good agree- 
ment with the results of experiment. 


SUMMARY. 


1. The experiments have shown :— 

(a) That for magnetic fields varying from 2 to 10 kilo- 
gauss, the m: ierneto-resistance ch: ange in a straight 
column of mercury of diameter about 05 em. 
when the current in the column lies between 
9 and 0:5 amperes, Is given by 


SR x bod H5: d 


MEUA 340 741? 
where H, d, i, and b are respectively the field, 
the diuineter of the column, tlie current in the 
column, and the distance apart of the poles of 
the magnet. 

(b) That the change of resistance is independent of the 
resistance in | tlie field. 

(c) That the resistance change increases with rise in 
temperature of the mercury. 

(d) That under the conditions prevailing in the experi- 
ments (wide tubes and comparatively large fields 
and currents) the magneto-resistance effect in 
mercury is mainly, if not. entirelv, of a different 

nature from those exhibited by sad metals, 


* Vide p. 1043, vol. iv. Mellor’s ‘Treatise on Chemistry.’ 
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2. The results of the experiments have been examined 
from the point of view of a theory which attributes the 
magneto-resistance effects in mercury to the development, 
under the combined action of the magnetic field and the 
current, of mass-motion of the mercury in certain portions 
of the column. This theory has been found to explain all 
the observed phenomena and to give for the resistance 
change a relation which is in good agreement with that 
obtained in the experiments. 


In conclusion, I wish to thank Professor E. J. Evans, 
D.Sc., and Mr. W. Morris Jones, M.A., for their most 
raluable help and advice in connexion with everything in 
the present paper. 

Further, this Research was made possible by the award 
of a grant by the Education Committee of the Glamorgan 
County Council. 


IV. On the Electric Capacity of Ccrtain Solids of Revolution. 
By D. M. Wuixcg, M. A. (Owon.), D.Sc. (Lond.), Lecturer 
at Lady Margaret Hall, Oxford *. 


Introduction. 


fi hea problems associated with a conducting solid of revo- 

lution when it is freely charged with electricity have 
at present been solved in a few cases only. Beyond the 
spheroids, few surfaces of revolution have been treated 
except those which are equipotentials for prescribed sets of 
electric charges lying entirely within them. In these cases, 
the set of charges may be replaced by a Green's equivalent 
stratum in the well-known manner, and the equipotential 
surface in question may be taken as a conductor carrying 
the equivalent stratum as a free surface distribution of elec- 
tricity. The equipotentials associated with further, more 
complicated, sets of charges may also be investigated and 
the distribution on tho resulting equipotentials may then be 
deduced. 

It, however, it is desired to solve the problems associated 
with a giren surface represented by v=0 in the transforma- 
tion of cylindrical coordinates 


stip =x(ut+iv), 
z being the axis of figure, it is necessary to satisfy Laplace's 


* Communicated by the Author. 
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equation, which in such cases takes the form 


i o pu ou. 
du? du * dv? dv 
throughout the space between the conductor and the sphere 


at infinity. 
Now in the case of the spheroid we have 


= 0, 


z = (a-raj) cos u, 
p = (a—aj)sin u, 
given by v=0 in the transformation 
z+ip = aetti 4 a eie) 
and it results that 


ldp_ 
p du 


= — cot u 


and is independent of v, and 


ldp ^ ae™™”+ae 


— e == 
=e 


pdv ae "—a,e* 


and is independent of u. Solutions of Laplace's equation 


follow, of the form 
$(u) yr (c), 


where $(u) d (v) satisfy the subsidiary equations 
(d/d? — cot u d/du—m) (wu) =Q, 


d? ae~*+aye" d 
(35 ae-* —a,& dv +m) yC) = A 


But this method of approach to the problem by means of 
the separation of variables comes to an abrupt end with the 
spheroid. In general the surface of revolution is represented 
by the zero v-level in the transformation * 


z+ ip = getlutie) + ae - Yer iv) 4 detta — 2i(u +10) T" 


(with certain restrictions on the parameters (a,, an)), and we 
therefore have the equation in the form 


d? V dV d?V dV 
qa tha tae te gy, =% 


* Vide a forthcoming paper by the present writer, “Some Boundary 
Problems of Mathematical Physics,” Proc. London Math. Soe. 
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_ [ae7? cos u— aye" cos («1 —w) — 2a, cos (a, —2u) — ... | 

i [ae-"sin w+ ae sin (a; —u)- ...] i 

[ae-°sin u — aye" sin (a, —u)— 2a, sin (ag—2u) ...] 
[ae7" sinu + ae sin (a4 —u) + ...] 


Q=- 


and the possibility of the separation of variables u and v has 
obviously entirely disappeared in all the cases beyond the 
spheroid, where it is not the case that 


9 


d = a3... = 0. 


We therefore have to contemplate in these cases solutions in 
mixed functions, of type dica: 


Progress in determining such functions associated with the 
various solids of revolution, which present themselves in 
orderly array as different choices of the parameters (an, a) 
are made, will evidently be increasingly difficult as the co- 
efficients P and Q become more and more complicated. For 
this reason we select for consideration on this occasion the 
surfaces which form the zero v-level in the transformation 
ztip = a(t + keitin] QO<h<d. 
These surfaces have as their generating curves the simple 
closed nodeless epicyclics of retrograde type, 
x = a(cos u + k cos 2u) 
0c k-—i 
y = a(sinu — k sin 2u), 
which range from the circle for k=0 to the three-cusped 
hypocycloid for k=4, the restriction, k < 4, being evidently 
Fig. 1. 


k=0 
necessary in order that the curves shall not have intersecting 
branches. 


Capacity of Certain Solids of Revolution. 


Fig. 2. 


k= 43 


Fig. 4. 
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We are able to obtain an expression for the potential 
when these conductors are maintained at potential unity 
in the form 


V= fo(t, e”) t kji(u, e") T Eu, e*) + ..., 


and as many of the functions f, as are required can be calcu- 
lated. The capacity of the conductor can also be obtained 


in the form 
C = afido + TM + TUN Tus J 


For practical purposes it will, in general, be sufficient to use 
the approximation given in this paper, namely 


C = a(1—-06857 k?—-:00559 &*), 


an approximation which is correct to at least 1 in 64, terms 
in &$ alone being neglected. 


The problem under consideration in this paper is the 
potential of the solid of revolution given by 


= a(cos u + k cos 2u) 
ETE 


. p = a(sin u— k sin 2u) 


when it is freely charged to potential unity. 
The generating curve is a closed nodeless epicyclic of 
retrograde type, sometimes also called a hypotrochoid. 
Consider the transformation 


ztip = a(e'™+khe-), 


with 
w = ut. 
The surface of the solid is given by v=0 and the sphere at 
infinity by v= —æ. Now the potential V must be equal to 
unity on v=0 and must vanish at v=—o. Further, for 
values of v intermediate between zero and — œ, V must be 
without singularities and satisfy Laplace's equation V?V —0. 
Laplace’s equation in the variables z and p becomes 


d dV d dV 


du? du Pde do ae, 
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which may be written 


2 
(e^? sin u — ke?” sin 2u) ( sal ind 


dui T qu) 


+ (e7* cos u — 2 ke?" cos 2u) 1 


— (e7? sin u + 2ke?' sin au = 0, 
aedu du d? dv 


2 
= ie E i, sin 2u +2 cosu) (Sy + 2). 


sinud 


or 


Using the coordinates w and 7 given by 
p = cosu, 
7 = e, 


as will from time to time be convenient, we have the equation 
in the form 
d a—p A dV Ld 
dy Eg dy um 
d dV d ,dV 
MEDI RUMP CNET LU a Oh odd 
=k (27 du p (1— p’) qu tA Y ) 


In terms of 7, the surface of the conductor is given by n=1 
and the sphere at infinity by 7=0. 
Introducing operators given by 
2d ni 7 
on UN UN 
E = mM E w(1—p) = 425p 142 
dp dy dn" dn’ 


the equation for V may be written in the form 
D.V=kE.V. 


Now the degenerate case k=0 represents the sphere and the 
equation for V then reduces to 


D.V=0. 
Phil. Mag. 8. 6. Vol. 50. No. 295. July 1925. Ir 
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This equation has the solutions 
X Pip) (as! a7?) 


and, in particular, solutions evanescent on the sphere at 
infinity are given by 


5 anP alpn tt. 
0 


Now, in this degenerate case, we have 
V=Pmn=n 


when the sphere is freely charged to potential unity. The 
general case under consideration in this paper may evidently 
therefore be treated by assuming for V the form 


V = faiu, n) + kA (Mm, n) t Pfs(p, m) t ... 


Jole, n) = m. 
By allowing only positive powers of ņ in the various func- 
tions f,, we at once ensure that V shall be evanescent at 
infinity. 
The form assumed for V will be satisfactory, so far as the 
satisfying of Laplace's equation is concerned, provided that 
D. fi = EsTa 
and if we are able in addition to select for the functions f, 
functions which vanish on 7=1, the conditions of the pro- 
blem are satisfied, the restriction, to positive powers of 7 
onlv, having already ensured that V is evanescent at 
infinity. 
We consider first the equation for fj, namely 
D.f = E. fo = ntb}. 


A particular integral is given by 


3 P, (s) n‘, 
and the complementary function—which is evidently shared 
by all the f, functions—is 
Xa,P,(u)g"*!. 


Thus a solution which vanishes on 7=1 is obtained in the 
form 


with 


filu, m) = } Piu) (*— 0). 
We therefore have 


V =n +3 kP: (u) (t —m), 
terms in &? being neglected. 
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The equation for f, in the same way is given by 
D fi = 5 B(Pi(n*—n")), 
and it will be worth while to consider at once the effect of 
the operator E on products of P, functions and powers of n 


We have 
E. P. (u)g* = age f ii 


= 259 | (iude p —pn(n+1)P, + ps(s +2)P, } 


(s+2)P, \ 


= 27'** f nP,-1- nP,—pn(n+1)P,+ us(s-- 2)P, | 
= ?n’t3 i nPa-i+ (s—n)(s+n+2)uP, 


= 27 i nP, 4 2n4-1 [n +1) Poi 
+nP,-1] ] 
wf n(s—n+ 1)(stn+1)Py_-1 
+ (n+1)(s—n) (s-- n + 2) Pay 


2 
— 2n4-1 


Now consider the effect of the operator D on a similar 
produet. We have 


D.P,(u)n* = [c(e—1) —v(v + 1)] Pop? 
-—(cctv(c—v—1)P,u. 
Thus if f(u, n) is of the form 


hs n) e b, e Palun, 
it follows that 


D. fru, 7) = E à e 9) 
ug ae 2(n(s—n+1)(stnt+1)Pr_i 
+(n+1)(s—n)(s+n4+2)Pi43}, 


and we have at once a particular integral for f,4: in the 
form 


m 


n-1 


we caf te n(s—n+1)(s+n+4+1) 
X. 2n l^ EI (s—n+3)(stu+2) 
(n+1)(s—n)(s+n+2) P 
(s—n4 l)sctn-cd) _ 
With the help of the uU I function we then 
2 


n+l 
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obtain a solution which vanishes on n=1 in the form 
2 n(s—n+1)(stn+1), 45, 
pel Gont 0:20:23) V TT) 
n+1)(s—n)(stn+2 
+ ( E A i 2) ( yr—pmy. . 
These results make it possible to write down the various 
functions fa one at a time. The types of terms which occur 
in the functions fy, f, ... are as follows :— 
hole, n) = ao) Po, 
fitu, 9) = Py Gaunt + 0), 
fai, n) = Polan + asm + a9) + Palbom’ + sban? + aban), 
f(u, n) = Pi(yoagn? + sagn? + gn + 037 + oan’) 
+ P3(,0b3n"? aban? + eban? + aban), 
fl, n) = Polan? + nan + gaan? + ;840 sam + 1249) 
+P.(...)+P,(...). 


The surface density of electrification, o, at any point u 
on the conductor is given in the form 


oV i ds) | oV | ds 
Qv] du — gm | du | 
where ds is the element of arc of the generating curve, so 
that l 
(ds/du)? = a? (sin u +24 sin 2u)? + (cos u—2k cos 2u)?) 
= a?’ (1— 4k cos 3u + 4h"). 


fe+( p,n) = X 


Thus 
tno =— {02 (fun bete) lr: 


where cosu = p. 


To find the capacity of the conductor we have to obtain 
the total charge E on the conductor. Now as r— o, 


V — E[r. But 
pz “+ a? nk cos 3u + łani, 


so that 


a l 
r= P terms in 9$, 7°... 


Thus 
E/a = lt V/n 
7) --0 


= do Hidh? + jaukt + .... 
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Since the conductor is maintained at unit potential the 
capacity is given by E itself, so that 


C = aja, + a9 X? + jakt + yagh® + iss 


Since & ranges between unity and one-half, it will be 
sufficient for practical purposes to use the approximation 
C = aldo + ,a5À? 4- 1a, A*), 
which neglects terms in Á* and so gives an accuracy of at 
least lin 64. In the case of curves of cross-section which 
approximate more nearly to the sphere, the accuracy of this 
approximation will be considerably greater. 


To find the coefficients necessary for this evaluation we 
proceed as follows. We already have 


130 = l, 444 =, ga) = — 3. 


Then in view of the derivation of terms in each f, function 
from terms given in the preceding function fa-ı, we have 
the following relations :— 


I. 52, = i$ . 2 103, 
1% = fr . i a3; 
92, = $ . 2 6435 
144 = 4 à 2 403, 
5a, = 3 » $ ata; 
—104 = gly t4 + 4 + 104 + 504. 

II. i925 i ee 1i 72 +8 . 19 -5 Tha, 
sa =., 4 2 sath. 8 Ld she, 
eda = 2, $ Eq 
403 l . 3 01182 


HI. ;3,— $.244, 
5/19 = 2 ° 3 201. 


e 
oo 
a2 
| 
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Then after reduction we obtain the results 
14 = — 12/175 = —:06857, 
14/44, = — (16 x 563320) / (25 x 35? x 9 x 13 x 27) 
= —°09316 ; 
e 14, = — "00559. 


Thus C = a(1—:06857 k? — 00559 41), 


terms in A9 being neglected. 

It is further possible to solve the problem of these con- 
ductors in a uniform field of force, or any other electric 
field, by application of the type of analysis which has been 
developed in this paper. 


Sum mary. 


The problem associated with a conducting solid of revolu- 
tion when it is freely charged with electricity, which have 
at present been solved onlv for the spheroid and a few 
isolated cases, are diseussed in this paper for solids whose 
generating curves are certain closed nodeless epicyclics of 
retrograde tvpe with equation 


z= a(cos u + k cos 2u) 
0mt-i 
p = alsin u — k sin 2u), 


which range from the circle, for &—0, to the three-cusped 
hypocycloid, for £— 1. The potential when such a solid is 
freely charged is expressed in mired functions in the form 


V = feu, e) + hf (u, e") +k falu, e") ..., 
the coordinates u and v being specified hy the transformation 
| stip = a(e + ke-i") 
with m 
and the capacity of the conductor results in the form 
C = afia, t uas aur ...}. 
The approximation given in this paper, viz. 
C = 4[1—:05857 k? —:00559 k+}, 


is correct to at least 1 in 64. 
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V. On Transient Electric Phenomena in a Non-Inductive 
Circuit. By J. A. WinckEeN, B.Sc., Ph.D., Lecturer in 
Electrical Engineering at Armstrong College, Newcastle- 
upon- Tyne *. 


I! is known that the discussion of the electric phenomena 

in a so-called non-inductive circuit, containing capacity 
and resistance only, with rigorous exclusion of inductance, 
leads to the inconsistency of an instantaneous rise of current, 
from zero toa finite value, on closing the switch +, and it 
would thus appear that the observed transients can only be 
accounted for by the presence of a certain amount of induc- 
tance which, however small, appreciably affects the current 
and voltage for a very short time after closing or opening 
the circuit, though without any measurable influence under 
steady conditions, such as obtain in a system supplied with 
continuous current. Obviously, the influence of even a 
very smal] inductance becomes farther enhanced in the case 
of alternating currents, through the frequency-factor. 

Mathematically, the problem turns on the integration of 
the differential equation 


di, . l(. 
e = L >, "d 71 ? it e e . e 1 

Ta E en 
in the case of L being small. For the sake of physical inter- 
pretation, however, the magnitude of L must be compared 
with other quantities of the same dimensions. In the usual 
notation, we have, 


L, inductance — dimension [/] 
r, resistance — " [471] 
C, capacity — A [1538]: 


and the smallness of the inductance may thus be adequately 
expressed in terms of the numerical fraction L/r?C. 

We consider first the case of a constant impressed electro- 
motive force e, de/dt=0, and derive the equation 
d di 
EE + Tr —- 


L dt? dt 


£OA0..... (3 


* Communicated by the Author. 
+ Steinmetz, * Transient Electric Phenomena,’ p. 55, McGraw-Hill, 
1920. 
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the general solution of which can be written in the usual 
exponential form, 
i = Aet + Bet. 2. 2 2. . (3) 
a, and as being the roots of the quadratic 
La?+rat1/C=0. . . .. . (4) 


The potential difference at the condenser terminals is now 
obtained from (1), 
di 


€1 — e—=ri— L, (5) 


and the initial conditions, 
;|t-? = 


lo, 
die es dep s 6) 


determine the constants of integration, 
A= esam eaa o] a Jl ox i) 
= — {e—e—(r+a,L)io} / («1—2a)L.J 
As the fraction L/7?C decreases indefinitely, the root 
ay = (—rt V r! —AL/C)/2L 


assumes the indeterminate form 0/0, and the general solution 
ceases to have any meaning. Steinmetz gives special atten- 
tion to this case (l. c.), but, through a somewhat careless 
omission of small quantities, arrives at an expression, 


i = (lr)((e—-e)e"""9—(e—e —ri)e "* t}, . (8) 
which, on substitution in the left-hand side of equation (2), 


gives 
((L/rC)(e— e)e7 tE — (e — e — rig le 3 [rC, 


a quantity which is not negligible for all values of t unless 
both L/r?C and e—ey—rig are very small. The deductions 
obtained are therefore not to be trusted without a more 
careful scrutiny, and in this investigation a slightly different 
method has been adopted, leading to conclusions at variance 
with Steinmetz's results, especially for very small time- 
intervals. 

When L/r?C is a small number, squares of which may be 
neglected, the finite root of equation (4) is approached by 
taking 

a = —1/7C, 


a farther approximation being 
a = = 1/rC— L/C? ete. 
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We confine the discussion to the first approximation, and 
take 
i = wer, 


u being a function of t subject to 


du du 
Lyg + (r+ 2aL) 57 — 0; 


uwzAdch-À90.B, ........ (9) 


and so, , 
7 b= AdiirC-ribit + Bete, , www we (10) 


e; = e— (L[rC) Aere -rt (y —L/rC) Be“, (11) 
Writing n = L/r?C, the boundary conditions (6) give, 
A = {— (ee) /r+ (1—n)io}/(1— 2n), 
B = {(e—e9)/r—nio}/(1—2n), | 
and thus finally, neglecting higher powers of n, 
i= {(L+-n)io— 1428) (e e) [rette 
— (nis — (1+ 29 (e— &))/rye "^, (13) 


ej = e(1—6€7f7€) +y (e — e, —ri) (1-196570 —e7t70), ,.— (14) 


(12) 


If the circuit is initially dead, i920, e,=0, the values 
become : 
Hp (1 + 21) (e/v) (gore omg yere a.d (15) 


ey = e(1—67 tC)  me(el- otro — e-tre), , (16) 


For comparison, the curves representing the growth of 
current and potential on charging a condenser to 1000 volts 
are shown in figs. 1 and 2, for an initially dead circuit with 
the constants r=200 ohms,,C=10~-° farad, and L=4 x 107? 
henry, giving $— 0:01. 

Our equations (15) and (16) become 


pex (eMe ou. ub deu LE) 

e, = 1000(1—679)—107/5:1,. . . (18) 
whereas Steinmetz's formulæ would give 

i= 5 (e- 9094 — g- 00007), ew deck ow cA I9) 


e, = 1000 (1—67), . . . . . (80) 
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Dotted lines represent tlie results obtained from equations 
(19) and (20), while full lines connect values docu 
from (17) and (18). A portion of the potential curves is 
also shown in fig. 1 in order to bring out more clearly 
the different character of the two results during the first 
five hundred-thousandths of a second. 


Fig. 1. 
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The growth of current and potential in a non-inductive circuit. 
Fig. 2. 
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Seconds. 
The growth of potential in a non-inductive circuit. 


It is seen from these diagrams that, as far as the current- 
values are concerned, the more accurate formula (17) gives 
somewhat higher values—about 2 per cent.—than (19) 
except at the very beginning. The current rises rapidly, 
attaining to 90 per cent. of its final value within five 
hundred-thousandtlis of a second. 
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According to Steinmetz, the growth of potential is nearly 
linear for the first two-hundred thousandths of a second, but 
the more accurate formula (18) shows an entirely different 
mode of building up, the rise being very slow at first and then 
gradually increasing to a nearly constant slope from about 
the third hundred-thousandth of a second. The later por- 
tions of the two curves are nearly identical and in both cases 
the potential reaches 90 per cent. of its final value within 
five thousandths of a second. 

The more gradual rise in potential js worth noting, for 
various reasons. Theoretically, it is interesting to observe 
the continuity not only of e itself, but also of its gradient 
de[dt, at the transition point t=0. Practically, the results 
are important in connexion with the effect of a unidirectional 
surge, on an overhead transmission line, caused by a light- 
ning discharge suddenly raising tlie potential at one point of 
the line and giving rise to a single pulse of high voltage. 
The first portion of our potential curve in fig. 1 shows that 
the wave-tront of such an impulse is gradually rising and so 
arrives without shock, whereas Steinmetz's result implies an 
abrupt rise of the wave-front, a condition which evidently 
increases the danger considerably. 


VI. Reverberation Equations for Two Adjacent Rooms connected 
by an Incompletely Soundproof Partition, By A. H. Davis, 
D.Sc. (From the National Physical Laboratory" .) 


HE subject of this paper is closely related to a method 
of measuring the transmission of sound through a 
partition of a given material. In such a test the partition is 
built between two otherwise soundproof chambers. In one 
of the rooms, which is large and reverberant, an organ-pipe 
is sounded and after a time is suddenly stopped. Note is 
made of the length of time for which the residual sound is 
audible both in the source room and in that separated from 
it bv the test partition. 

W. C. Sabine f and P. E. Sabine f working on these lines 
have determined the difference in intensity in two such 
rooms when different thicknesses of various partitions were 
used. The present paper, on the basis of a reverberation 
hypothesis, investigates the manner in which the general 

* Communicated by the Author. 

t W. C. Sabine, ‘Collected Papers,’ p. 237 (1922). 

P. E. Sabine, Phys. Hev. xxi. p. 480 (1923). *Am. Architect, 
July 28, 1920; Sept. 28, 1921; July 4, 1923. 
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duration of audibility in the two rooms in such a test may 
depend upon the circumstances of the experiment and the 
transmission factor for the partition. 

The decay of sound in a single room has been considered 
by W. C. Sabine" and by Jüger T. More recently 
Eckhardt f has published a treatment due to Buckingham. 
In all cases it is recognized that a sound suffers some two or 
three hundred reflexions before it finally dies away, and in 
consequence, by random arrangement, the sound energy 
rapidly becomes uniformly distributed throughout the 
enclosure. Interference phenomena are ignored, and so 
results are valid only to the extent to which this is 
justifiable. 

Buckingham assumes that the sound energy is divided 
up into a large number of equal parts, and that in the 
steady state these energy units are uniformly distributed 
throughout the room, both with revard to position and 
direction of motion. Each is assumed to move with the 
velocity v of sound. He shows that if the intensity of 
sound in the room be 1 (i.e. I energy units per unit volume) 
the number reaching any element of boundary surface dS 
in unit time is led S.L. Of this energy a fraction will be 
absorbed or teansmitied and the remainder reflected back 
into the room. 

Using this result, we may readily derive differential 
equations governing the general intensity of sound in two 
adjacent rooms connected by an imperfectly soundproof 
partition when a source is sounded in one of them. 

Let W represent the area of the test partition; & the 
(unknown) fraction of incident energy which is transmitted 
through the partition on madene. V, V, the volumes of 
the source and test rooms respectively ; S, S; the respective 
total areas of exposed surface (including the partition area) ; 
a, a, the mean $ fractions of incident energy which are lost 
by the room at each reflexion through absor ption or through 
transmission elsewhere: E the euergy emission from the 
source in unit time. 

Then, on the basis of the above reverberation theory, 


* VW, C. Sabine, ‘Collected Papers,’ p. 3 (1922). 

T Jäger, Akad. Wiss. Wien, Ler, 120. p. 613 (1911). See ‘Science 
Abstracts,’ p. 17 (191 2) 

I Eckhardt, Frank. inst. J. 195. p. 799 (1923). 

§ Ifin the room there are surfaces S', 8", S’ ete. having respectively 
coefficients a’, a", a" ete., then aS mS aS" pa" RUE We may 
note here that for highly absorbent aurfaces or highly transmissive 
openings, with dimensions which are small compared with the wave- 
length of the sound, effective areas may differ somewhat from actual 
values OXIDE to diffraction effects (cf. P. E. Sabine, Phys. Rev. xix. 
p. 402, 1922 
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if the intensities in the two rooms be I and I, respectively, 
the diminution of energy in the source room due to its total 
surface S is $vaSI units per second; the energy received 
in the second room in unit time by transmission through 
the partition area W is 4rkWI; the energy transmitted 
back to the source room from the second room in unit 
tine is 4¢kWI,; the rate of diminution of energy in the 
second room is iva;S,l, Consequently, the following 
differential equations represent the energy growth in the 
rooms at any instant. 


Source Roon V - + E I-E- 2d I wok &-& XL 
dl, vau, = vkW c 
Second Room Yir qp I 1 L- xou uo) 


Conditien attained in steady state under constant emission E. 


From the above equations we find that when the con- 
ditions become steady (i. e., dJ/dt=O=dI1,/dt) the intensities 
have maximum values given by 


" 


lua EOS tv. . 9 e . ° . (3) 
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Emission stopped after steady state has been reached. 


If through prolonged use of the source E the intensity 
has reached the steady values given in (3) and (4), and if the 
gource is then suddenly stopped, the subsequent decay of 
sound (with E=0) is given by the following solutions 
of the differential equations (1) and (2), viz. :— 


Mn EP 
eaS aga, — CUD uA ] 
jd c Meer agi 
2 à, 
1 
e Ait — e| : 
L= Imar) M M » + (0) 
oe x | 


+ If (5) and (6) be written I=AInax and I = Ailimax respectively, 
then the solution of equations (1) and (2) corresponding to uniform 
sound emission beginning at zero time is 


I=JI max, (1 — A) and I; imas, (I — Aj). 
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where 


_ vas Dom de use 4p8W? 
m=a(y t ca M (vor v) * vv, © 


v (as as (P aSM Ak? W? 

mx coe d uut is 2 oo 
m= ty) +3 V7, ~vJ tw, 9 
These expressions give the general conditions under 
which reverberant sound dies away in the two rooms when 
the source is stopped. It remains to ascertain the con- 


ditions to be fulfilled in the design of the chambers in order 
that simpler relations may be obtained. 


Conditions for Simpler Formule. 


(i.) The expressions (7) and (8) defining A, and Ag, are 
much simplified if 4?W?/VV, be small compared with 
(aS[ V — a, SJ V43)*. 

Since, as we shall sce later, V should be larger than Vj, 
and a,8,/V, should be several times as great as aS/V, the 
above condition would be satisfied if, in addition, kW were 
sufficiently small compared with a,5,. 

With the condition fulfilled we have the great simpli- 
fication 


eC: 


M- ye od Wes ve oup ses (10) 


and equation (5) reduces to I= I4, 27^. 

Gii.) Within the brackets of (6) the term remaining in 
e~> rapidly becomes negligible compared with that in e7™! 
provided A, be several times as great as Ay, i.e. if the 
absorbing power per unit volume for the second chamber 
(a, 8,/V4) be sufficiently great compared with that (aS/V) for 
the source room. Even a moderate ratio of say 2 or 3 may 
he sufficient in suitable cases. To this end the second room 
should be smaller than the first (since area per unit volume 
is greater for small rooms) and its surface should be more 
absorbent. 

Possibly it is unnecessary to simplify further, but if A, be 
as much as fifty times as great as Ay, ice the coefficient of 
e^t within the brackets of (6) diflers from unity by only 
2 per cent., an amount which would not be perceptible in 
ordinary reverberation work. — The higher absorptive power 
necessary for this would be advantageous in damping any 
tendency for the room to act as a resonator. 
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Simplified Formule. 


With all the conditions fulfilled, the residual intensities in 
the rooms rapidly attain the values 


I = I mar. east ty: ° . ° . e. (11) 
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where | pes aS; 


Tiis = LW: . e >œ e œ (13) 


The quantity (Imax. /Ii max.) may be called the reduction 
factor for the partition, under the conditions considered. 

If now T and T, be respectively the times which elapse in 
the two rooms before the reverberant sound dies away from 
its initial maximum value to the threshold of audibility, we 
have 


I max e = caST/1V = I = Th e == panty dV. * á (14) 


min. aud. 


whence 


kW 4V 


a simple equation involving $. 


log (ie) = Gy (T7 T9» 2.0. (5) 


The factor t determining the rate of decay of the sound 
4V £ J 


can be obtained from a preliminary calibration of the room. 
For this the duration of reverberation would be determined 
first with a source of intensity E, and then with another of 
intensity nE : the difference in duration is the time taken for 
n-told decay of sound in the room, and is a measure of 
vaS/AV. 

The simplified formule given above will not generally 
apply to the case (presumably 4=1) of an uncovered 
aperture, owing to conditions which have been introduced in 
the analysis. However, on extrapolating a curve of experi- 
mental results to which the formule apply—say, for a 
series of diminishing thicknesses of porous non-resonant 
material—it is towards the value a,5,/W, that the reduction 
factor tends as the condition of an uncovered aperture is 
approached, and not towards unity as might be conjectured 
at first glance. It is interesting, therefore, that P. E. 
Sabine *, working with various musical notes, found a 
reduction factor of about 21 to be indicated on an average 
for zero thickness of felt. While he suggests that this 
result may be due to surface phenomena in transmission by 


* P. E. Sabine, ‘Am. Architect, Sept. 28, 109]. 
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felt, the above analysis indicates that, apart from such a 
cause, factors greater than unity may arise from the circum- 
stances of the experiment. 


Audibility at special points in the second room. 


ln some conditions the above equations for reverberant 
sound may not represent the sound actually heard at a given 
point in tle second room. For instance, if the room were 
very large and completely absorbent, there would be no 
general reverberation within it, but an ear situated close to 
the partition would detect transmitted sound. An estimate 
may be made of the intensity in this case. According to the 
above considerations, the energy transmitted in unit time 
through unit area of the partition would be 4kvI, which, in a 
simple progressive wave, corresponds to an intensity of 1&I 
energy units per unit volume. With the sound in the source 
room decaying exponentially according to equation (11), 
the intensity of the entrant sound just near the partition 
would be 


L-HI,,2790*,. . . . . (16) 


a quantity which differs from the reverberant sound of 
equation (12) in the ratio 4: W/a, S. 

Consequently, in some cireumstances, it may depend upon 
the position of the hearer whether (12) or (16) more nearly 
represents the audibility observed in the second room. 
However, if the chamber be suitably designed, both entrant 
and reverberant sound should die away at the same rate as 
that in the source room, and reduction factors obtained should 
bear a simple relation to k. The actual relation in a given 
case should be the subject of experiment. 


Summary. 

The subject of the paper is related to a method of 
measuring the transmission of sound through partitions. 
Equations have been derived for the decay of reverberant 
sound in each of two chambers connected by an incompletely 
soundproof partition, when a source in one of the chambers 
is suddenly stopped. While in general the relations are 
complicated, they are considerably simplified if the receiving 
chamber has adequate absorbing power compared with the 
transmitting power of the partition, aud if it is sufficiently 
less reverberant than the source room. 


March 1925. 
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VII. The Theory of the “ Schrot-effect." 
By Norman CAMPBELL, Sc.).* 


SUMMARY.—Attention is drawn to a general proposition relating the 
fluctuations in any fortuitous phenomenon and those in an instrument 
by which it is observed. Use of it would avoid the elaborate calculations 
upon which the study of the schrot effect has been bused hitherto, and 
enable the observations to be interpreted much more directly in terms of 
measurements. 

The results obtained by Hull and Williams with secondary emission 
are discussed ; it is shown that conclusions other than those that they 
draw are not excluded. 


l. YN the course of a study of the discontinuity of 

I photoelectric emission f, a general proposition was 
established which is valid in the study of discontinuous 
processes of any other kind, and, in particular, in the study 
of Schottky's f ** schrot ” effect, or the discontinuity of 
thermionic emission. It was ee that if «x? is the mean 
square deviation from the average of the number of events 
occurring in unit time ; if 


G27 (0) 5. 4. ewe 2. (D) 


gives the reading of an indicating instrument at time ¢ after 
the occurrence of one of thièso events at t=0, this event 


being followed by no others ; and if 0? is the mean square 
doviation of 0 from its mean, when the events are occurring 
in their normal fortuitous succession, then 


| Pid 2 «4 « ou M) 


The only limitations imposed upon the function f are that 
f(x ) should be zero, and that the effects of successive events 
on the instrument should be strictly additive. 

Fiirth § has, in effect, used this proposition to calculate 
the schrot effect, when the observing instrument is assumed 
to be an ideal damped harmonic oscillator attached to 


* Communicated by the Author. 

t N. R. Campbell, Proc. Camb. Phil. Soe. xv. pp. 117, 310, 513 
(1909-1910). 

t W. Schottky, Ann. d. Phys. lvii. p. 641 (1918). 

§ R. Furth, Phys. Zeit. xxiii. p. 354 (1922 
Phil. Mag. S. 6. Vol. 50. No. 295. July 1925. G 
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amplifiers givi ng the same amplification for all kinds of 
disturbances. He attempted no formal proof of it; and 
Fry *, in his discussion of all attempts to calculate the schrot 
effect, dismisses it summarily as based on a mere analogy. 
I would urge, on the contrary, that it is the only formula 
. yet offered which is based by unexceptionable logic on 
physical assumptions that can be disentangled from the 
argument and discussed separately. 

The most important of these assumptions is that the effects 
of isolated electrons on the observing system are strictly 
additive, even when their passages through it are separated 
by intervals comparable with its period. Fry insists on the 
importance of this assumption, and, indeed, it is almost 
obvious that no observing instrument can measure truly the 
schrot effect, which depends on the isolation of the electrons, 
unless it is true. And yet it might well be doubted ; it 
might be thought, for example, that when a single isolated 
electron passed through a system, there could be no quantity 
such as self-induction f. Schottky’ s treatment of the problem 
by means of Fourier analysis conceals the assumption ; it is 
very difficult to discover at what point of the argument it is 
introduced. It may be urged, therefore, that the only evidence 
in favour of the result that Schottky reached by exceedingly 
involved analysis is that it 1s the same as that reached by 
Fiirth, on the basis of (2), by the simplest algebra. 

2. Hull and Williams f object to Firth’s formula that it does 
not cover the case of their apparatus, because they find that the 
amplification is not entirely independent of the frequency of 
a harmonic disturbance. Their contention is, of course, true; 
but their method of avoiding the difficulty is open to grave 
objection. They revert to Schottky’ s Fourier analysis, but 
introduce an empirically determined amplification factor, 
varying with the frequency of the components. It is never 
satisfactory to introduce an empirical correction into a theory 
which does not show explicitly the need for it; there is 
always the danger of assuming in the theory propositions 
which are effectively denied in making the correction. This 
danger is present here. The variation of the amplification 
factor may well be due to a variation of the inductances and 
capacities with the frequency. But if the inductances and 

capacities in the amplifiers vary with the frequency, is it 
certain that those in the oscillating circuit, excited by the 


* T. C. Fry, Journ. Frank. Inst. excix. p. 203 (1925) 
t Cf. N. NR. "Campbell, * Modern Electrical Theory, = ed. p. 129, 
t A. W. Hull and N. H. Williams, Phys. Rev. xxv. p. 148 (1925). 
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thermionic discontinuities, are independent of the frequency, 
as the theory assumes? There is no doubt that their formula 
is very nearly right; the correction is small, and it must be 
in the right direction. But when they claim that their 
method might give a value for the electronic charge more 
accurate than that obtainable by any other method, they 
appear to forget that their greater experimental accuracy is 
set off by greater theoretical uncertainty. 

It may be worth while, therefore, to point out that all this 
difficult and obscure calculation could be avoided, ideally if 
not actually, by a direct experimental determination of 


7*(t) in (2). For this purpose, a known charge Qi, so 
0 


small that it lies within the additive range, is passed from 
cathode to anode of the thermionic tuke in a time short 
compared with the period of the oscillating circuit; the total 
charge Q, passing through the rectifier in consequence is 
measured. If the rectifier obeys accurately the “ square 
law,” 


a= Tat =| AV dis. 2. .*. . (3) 
0 a 


where I is the current through the rectifier associated with 
a voltage V across its terminals. Q should be proportional 
to Q,? ; if it proves to beso, and if we identify Ô in (2) 
with V, we shall have 

zu quo. QR te 

V3. d Va dt. e . e e e (4) 
But 7 

a? aye, e. . e e ° e. e (5) 


where iy is the mean thermionic current. Hence, if I is the 
mean current through the rectifier, 


] 2— lo Lae 2 . e ° 
I2aVi- Ps Qu (6) 
IQ 
or MEM . e. . e. [] e (7) 


If, as in Hull and Williams's experiments, the frequency 
of the oscillating circuit is of the order of one million, there 
would be great difficulty in securing the passage of Q, in 
a time short compared with the period ; but if low-trequeney 
circuits were used, there would be no difficulty. The problem 


G 2 
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of determining I can then be solved simply enough by taking 
a sufficient number of readings, if necessary by a recording 
instrument, and averaging them arithmetically. 


3. However, the experiment would hardly be worth the 
labour expended on it. It is unlikely that the accuracy of 
Millikan's determination of e could be approached ; and, on 
the other hand, the work of Hull and Williams and others 
has established that tlie quantities observed are measures of 
the thermionic fluctuations, although the unit of measurement 
may be slightly uncertain. The value of such experiments 
will probably lie now in comparative, and not absolute, 
measures of the schrot effect, such as those already made on 
the effect of the space-charge and of secondary emission. 

But it may not always be easy to interpret the results. 
Thus Hull and Williams, having shown that the fluctuations 
from their insulated plate are the sum of those due to the 
primary and secondary electrons, conclude that the emission 
of the secondaries is entirely ** independent ” of ths primaries. 
By this they seem to mean that the emission of a secondary 
must be entirely uncorrelated with that of the primary, and 
may occur at any instant after the incidence of the primary. 
.But that conclusion is not really established so far bv their 
experiments, There might be fluctuations even if the 
emission of the secondary was simultaneous with the 
incidence of the primary or always followed it at an interval 
short compared with the period of the oscillating circuit. 
For it is consonant with what is known of secondary emission 
to suppose that the number of secondaries emitted by the 
incidence of a single primary varies about a mean; the 
fluctuations of this number would produce a schrot effect. 

The problem is very similar to one discussed in connexion 
with photoelectric emission *. Let the mean number of 
secondaries emitted by one primary be w, and let 7 represent 
the variations of the number about this mean. Then if N is 
the mean number of primaries striking the plate per unit 
time, and & the variation of this number from the mean 
during a very short time 7, then the gain of electrons by the 
plate during 7 is 


(Nr+E)—(Nr+E\(wtn), . . . (8) 
and the value of 2* in (2) is given by 
,IN(0—ey-cvw4..... . (9 
è Campbell, loc. cit. p. 314. 
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Here it is assumed that the emission of the secondaries is 
simultaneous with the incidence of the primary ; if emission 
and incidence are independent in Hull and Williams’s sense, 
then in place of (8) we have 


(Nr+&)—(Nr+&)(w+7), . . . (10) 


£, and £, being independent with the same mean values, and 
in place of (9) = i 
L=N{1 +o tn} . .. . (11) 


In this calculation it is assumed that, within any interval 7, 
however short, a primary is as likely to be incident at any 
one instant as at any other. If the fluctuations of the 
primaries are partly suppressed by a space-charge, and 
electrons tend to follow each other at regular intervals, the 
argument breaks down. At the other extreme, when the 
intervals are perfectly regular, it is easy to show that in 
place of (9) we have 
CEN ue a Ge cx X12) 
and in place of (11) 


a—N(o-4pg). . . . . . (13) 


The intermediate case, which is that of Hull and Williams, 
when the regularity is partial, cannot be treated accurately 
without a precise knowledge of the form of regularity ; 
but it seems reasonable on all accounts to assume that if the 
regularity introduced by the space-charge is such az to reduce 
the fluctuations in the primaries in the ratio 8, then we 
shall have in place of (9) 


@=N{B1—o +7}, . . e. . (1) 
and in place of (11) 
w@=N{B+o%t+ny7}. ..... (15 


In Hull and Williams's experiments » was 1; their 
experimental result was 


=N B+}. 


If that result is general for all values of w—that is to say, 
for all ratios of primary to secondary current, and therefore 
for all energies of the primaries,—then their conclusion truly 
follows, and with it the conclusion that 77=0. But it is so 
surprising to find that, while there is complete temporal 
independence between emission and incidence, the number 
of secondaries emitted by each primary is not subject to 
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appreciable variations, that it is to be hoped that they will 
extend their observations over a wider range.  À single 
experiment, in which «— 1, cannot distinguish between (14) 
with 7? fortuituously equal to 1--8 and (15) with 7?=0; 
or, further, between either of these alternatives and some 
relation intermediate between (14) and (15) with some inter- 
mediate value 7?, corresponding to partial but not complete 
temporal independence. 


VIII. A Study of the Electrolytic Interrupter. By J. A. 
CROWTHER, Sc.D., F.Inst.P., Professor of Physics, Uni- 
versity College, Reading, and R. J. STEPHENSON, B.Sc.* 


[Plate II.] 


Introduction. 


f ns Wehnelt electrolytic interrupter is from a mechanical 

point of view one of the simplest interrupters for use 
with an induction coil, and still provides one of the most 
effective methods of producing continuous interruptions of 
really large currents. It consists essentially of a metal wire 
(usually platinum) projecting through a small hole in a non- 
conducting cylinder into an electrolytic solution. This 
* point," as it is called, serves as the anode; the cathode is 
a large plate of lead or some other indifferent metal dipping 
in the same solution. Sulphuric acid at its maximum 
conduetivity 1s the electrolyte usually employed, but similar 
effects are produced in other electrolytes, and ammonium 
phosphate is now often used as it does not evolve noxious 
fumes. If the current to be interrupted is very large, three 
or more points connected in parallel and dipping into the 
same vessel can be employed. 

The principal characteristics of the break in use are as 
follows:—(a) The interruptions of the current are very 
sharp. This is shown by introducing an oscillograph into 
the current circuit (see Pl. II. fig. 6a). The sharpness of 
the breaks is quite comparable with that of a mechanical 
interrupter. (b) The interruptions are very regular. The 
break when working normally emits a note, which, though 
hardly to be described as musical, is of very definite and 
perfectly recognizable pitch. The pitch of the note depends 
on the length of point exposed, on the supply voltage, and 


* Communicated by the Authors. 
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on the resistance and self-inductiou of the circuit, and in 
certain conditions is very sensitive to quite small changes 
in resistance and induction. (c) The point, when the break 
is working, is covered with a bluish glow. Examination 
with a revolving mirror showed that this glow was actually 
intermittent. In order to determine at what part of the 
current cycle this glow occurred, an image of the point was 
focussed upon a falling photographie plate upon which a 
current oscillograph in series with the b registered its 
deflexions. The resulting photograph (PI. IT. fig. 1) shows 
that the luminosity corresponds to the break in the current, 
and apparently takes place at the moment when the current 
is about to be re-made. The sharpness of the image of the 
point indicates that the flash is practically instantaneous. 
There is no perceptible drawing-out of the image, although 
the plate was falling with an average speed of 1 metre per 
second. (d) Finally, when two or more points are connected 
in parallel, interruption takes place simultaneously at all the 
points, and no particular care in adjustment is required to 
produce this effect. 

* The behaviour of the break is generally ascribed to the 
temporary formation of a non-conducting laver round the 
point by the collection of the gas bubbles which are produced 
there by the electrolvsis. It seemed to us, however, that 
some further phenomenon must be involved to account both 
for the extreme sharpness and the regularity of the inter- 
ruptions. Experiments were therefore made to investigate 
the action of the break in more detail. After a considerable 
number of oscillograms, both of the current through the 
break and of the potential difference across it, had been 
taken and examined, a clue to the action was finally dis- 
covered in the nature of the current-voltage curves for 
conduction through an unsymmetrical electrolytic cell, such 
as the Wehnelt break supplies. It will be convenient to 
discuss these curves before dealing with the oscillograms. 


Current-voltage Curves for conduction through an Electrolyte 
with a Point Anode. 


The apparatus employed was of the simplest. The wire 
forming the anode protruded through a hole in the bottom 
of a pyrex glass tube which was drawn down to fit it as 
closely as possible. This dipped into a beaker containing 
the electrolyte, and a plate of lead dipping in the same 
beaker formed the negative pole. This simple arrangement 
performed all the functions of a Wehnelt interrupter when 
the circuit included a suitable inductance. In the experi- 
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ments described in this section, however, as the effect of 
resistance only was to be investigated the circuit was non- 
inductive, the voltage being supplied by a large battery of 
accumulators. The current was measured by an ammeter in 
series with the break, and the voltage by a high-resistance 
voltmeter connected across its terminals. 


Fig. 2. 
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® Unstable Positions. 


Current. 


0 0 20 30 40 50 6 70 80 90 100 
Voltage. 


Current-voltage curve for eulphuric acid. 


Fig. 2 1s typical of the kind of results obtained. It was 
obtained using a platinum point 1:0 cm. in length and 
i mm. in diameter in dilute sulphuric acid of S.G. 1:20. 
It will be seen that the curve falls into three sections. 
In the first part of the curve we have the normal relation 
between current and voltage for an electrolytic conductor. 
The current begins to flow when the applied voltage exceeds 
the polarization E.M.F. and increases linearly with the 
voltage until the voltage across the break is 12:5 volts. 
The corresponding current in this particular instance was 
8*1 amperes, and this was the maximum current which could 
be passed through this particular system. If the voltage 
was increased beyond this point the average current, as 
measured by the ammeter, became smaller. At the same 
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time, both the voltmeter and ammeter began to show very 
considerable fluctuations, which made accurate readings 
impossible. This stage lasted until the applied voltage was 
rather more than 30 volts, when conditions again became 
steady, the current for a P.D. of 35 volts being 1:0 ampere. 
If the voltage was now still further increased, the current 
became progressively smaller and decreased almost linearly 
with increase in voltage. This is indicated by the straight 
line between 35 and 100 volts on the graph. It may be 
mentioned that the point was usually non-luminous through- 
out this range of voltages. 

A repetition of the experiments with the same electrolyte, 
but with different anode points, gave exactly similar graphs. 
It was found that for the same electrolyte the critical voltage 
at which the change in the graph occurred (12°5 volts in the 
case of sulphuric acid) remained the same. Thus doubling 
the length of the point or doubling its diameter gave in each 
ease a graph showing a discontinuity at exactly the same 
voltage. The corresponding current at this voltage, however, 
increased with the area of wire exposed,and was found to be 
directly proportional to it. Hence we may also express the 
results of these experiments by saying that the current 
ceased to be proportional to the P.D. when the current density 
at the n reached a value which was a constant for a given 
electrolyte. For sulphuric acid of the strength named, its 
value was about 45 amperes per sq. em. Reasons will be 
given later which suggest that the P.D. is the more funda- 
mental factor. 

Analogous results were obtained with a number of other 
electrolytes, including sodium hydrate, sodium chloride, 
sodium sulphate, hydriodic acid, and ammonium phosphate. 
The critical voltage differed with the electrolyte. For sodium 
hydrate it was 24 volts, and for ammonium phosphate 
somewhere in the neighbourhood of 45 volts. It appeared 
to vary slightly with the strength of the solution. The 
phenomena for ammonium phosphate were not quite so well 
marked as for the other electrolytes used. The intermediate 
stage extended over a longer range of voltages, and the final 
stage in which the current decreased regularly with increase 
in voltage did not become established for potential differences 
less than 90 volts. The conductivity of the break in this 
stage was also greater than when sulphuric acid was 
employed, although the normal conductivity in the first stage 
was much smaller. A current-voltage curve for ammonium 
phosphate is shown in fig. 3. It will be seen that it does not 
differ essentially from that for sulphuric acid. 


Current 
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Experiments made with points of other metals, including 
iron, nickel, and lead, gave precisely similar results. The 
critical voltage appeared to be slightly less with these 
elements than with platinum (11 volts in dilute sulphuric 


Fig. 3. 
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Current-voltage curve for ammonium phosphate. 


acid as against 12°5), but the phenomena were otherwise the 
same. Unfortunately, all these metals disintegrate rapidly 
in use, and they cannot, therefore, be used as substitutes for 
platinum in the Wehnelt break. 


Phenomena at the Point. 


An examination of the point during the experiments just 
described revealed very interesting changes in the method 
of evolution of gas in the different stages into which the 
conduction falls. In the normal stage the gas was given off 
from all parts of the point in bubbles of moderate size, such 
as generally attend the evolution of gas by electrolysis. 
Pl. II. fig. 4a is a photograph of the point in this stage. 
The actual appearance to the eye is that of a rapid stream 
of bubbles rising rapidly to the surface, but as the time of 
exposure was 1/200 of a second, only a few of these bubbles 
appear in the photograph. On increasing the voltage so as 
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to bring in the third stage, the appearance of the point was 
entirely altered. Instead of leaving the wire in bubbles, the 
gas evolved seemed to cling to it tenaciously, gradually 
working its way upwards until it reached the glass sheath, 
where it collected into a single bubble of considerable size, 
which broke away from time to time. This is indicated by 
the photograph in PI. II. fig. 45. The way in which the 
little bulges to be seen in the photograph gradually worked 
their way up the wire was very characteristic, and conveyed 
strongly the impression that the gas was forcing its way up 
inside a tightly-fitting elastic skin enclosing the wire. This 
impression may be quite erroneous as an explanation of the 
effect, but it is certainly a very close description of it. 

In the intermediate stage the gas was evolved partly in 
the form of the bubbles characteristic of the first stage, and 
partly in the form of large bubbles from the point charac- 
teristic of the third stage. The most striking feature of this 
stage, however, was the formation of large numbers of very 
minute bubbles which were shot off from the point with 
considerable velocities, so that, in a short time, the whole 
of the liquid became quite milky in appearance. The 
bubbles were so minute that this milkiness took some 
minutes to clear. 

The second stage thus appears to be a series of rapid 
alternations between the first and third stages. The transition 
could actually be watched in the case of ammonium phosphate 
when the applied voltage was just below that required to 
ensure permanence for the third stage. The silvery film on 
the point would break down every now and then, its dissolu- 
lion being signalized by a spurt of very minute bubbles and 
a simultaneous kick of the ammeter needle. This suggestion 
is amply confirmed by oscillographic records of the current 
in the three stages. Pl. lI. fig. 5a (with ammonium 
phosphate in the interrupter) was taken with an applied 
voltage of 42 volts (just below the critical voltage for the 
electrolyte), while Pl. II. fig. 5b shows the same circuit 
with the P.D. across the break increased to 46 volts. The 
fluctuations, shown in the latter oscillogram, were found to 
increase in amplitude and frequency as the voltage was 
further increased, until finally, at sufficiently high voltages, 
the current again became steady at a much lower value. 

It may be mentioned in passing that, with sulphuric acid 
as the electrolyte, the gas given off during the transition 
stage was strongly ozonized ; the large bubbles emitted 
during the third stage smelt strongly of oxides of sulphur, 
and at high voltage were sometimes filled with white fumes. 
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A pplication of the Results to the Action of the 
Interrupter. 


The current-voltage graphs described in a previous section 
were obtained by adjusting the voltage in circuit to the 
required value by altering the number of accumulators 
employed. The voltage across the break can also be adjusted 
by having a variable resistance in series with the break. 
The actual P.D. across the break is then the difference 
between the applied voltage and the product of tlie external 
resistance into the current. Suppose now we apply 100 volts 
io a circuit containing a variable resistance and the Wehnelt 
break, the current-voltage curve for which is indicated in 
fig. 2. Starting with a high resistance and consequently a 
small voltage across the break, we can, by gradually reducing 
the resistance, describe the first portion of the curve. As 
soon, however, as the P.D. across the break exceeds 12:5 volts 
the current begins to fluctuate, owing to momentary passages 
into the third stage. As the current falls, the drop of 
potential in the external resistance becomes less and the 
voltage across the break becomes greator. This greater 
voltage still further reduces the current, owing to the nature 
of the graph. The system is thus unstable, and jumps across 
the intermediate stage to the third stage. The voltmeter 
thus moves, with a jump, from the critical voltage to a 
voltage only slightly less than the full voltage in the circuit. 
This is very easily verified by experiment. 

If, now, inductance is included in the circuit instead of 
resistance, a somewhat similar state of affairs is produced. 
When the voltage across the break has risen to a value 
greater than the critical value, fluctuations in the current 
begin. As the current begins to fall, an E. M.F. is induced 
in the circuit, producing a rapid increase in the applied 
voltage across the interrupter, and thus throwing it into the 
third or highly resistant stage. The current thus falls with 
great rapidity from its maximum value (87 amperes in the 
case illustrated in fig. 2) to the value corresponding to this 
higher voltage. If the inductance is very small, the induced 
voltage may not be sufficient to throw the system into the 
third or highly resistant stage, and the effect will simply be 
to emphasize the fluctuations in the current. This is shown 
by the oscillogram in Pl. II. fig. 5c, where the conditions 
were identical with those for Pl. II. fig. 5, except that a 
small inductance (0:1 millihenry) was included in the circuit 
without altering the total resistance. 
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If the self inductance is larger, the induced E.M.F. will be 
sufficient to throw the system into the highly resistant stage, 
and the current will fall rapidly to half an ampere or less. 
This rapid change in current will produce a still higher 
induced E.M.F. in the circuit, an E.M.F., in fact, sufficiently 
high to spark through the resistant layer and destroy it. 

The cycle of operations in the Wehnelt break is thus as 
follows :— When the circuit is made, the voltage across the 
break gradually rises until, after a time depending on the 
time constant of the circuit, it reaches a value exceeding 
the critical value. The current then begins to fall rapidly, 
and an induced E.M.F. is produced which rapidly attains the 
sparking voltage, while the current falls to a small value. 
A discharge then takes place across the resistant laver, thus 
destroying it and bringing the system back to the normal 
stage. The current then begins to rise again, and the cycle 
is repeated indefinitely. The luminous discharge thus takes 
place during the break, as indicated in Pl. II. fig. 1, and 
its function is to restore the system to its conducting phase. 

It will be seen that the principal characteristics of the 
interrupter become immediately explicable on this view of 
the phenomenon. The sharpness of tlie interruptions is due 
to the sudden change in resistance of the break when the 
conduetion passes from one phase to the other. The regu- 
larity of the interruptions is also explained, since the time 
which it takes for the voltage across the break to rise to a 
definite value will be determined by the applied voltage and 
the time constant for the circuit, i.e. by its resistance 
and self inductance (and possibly its capacity), and will bea 
constant for a given circuit. The simultaneous working of 
two or more points in parallel is also accounted for, since the 
potentials of all the points must be the same, and all will 
reach the critical condition at the same time. 


Evidence from the Oscilloyraphic Records of Current 
and Voltage. 


The theory suggested in the previous section was amply 
corroborated by oscillographie records made of the behaviour 
of the interrupter under varied working conditions. Oscillo- 
grams of the current through the break were made by a 
simple high-frequency-current oscillograph of the Duddell 
type connected across the terminals of a low resistance in 
series with the break. ‘Those of the P.D. across the break 
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were obtained by connecting the same current oscillograph 
across the terminals of the break through a high resistance 
(2000 olims and upwards). The inductances placed in series 
with the break were the various layers of the primary of a 
large induction coil. The secondary of the induction coil 
was removed during these experiments, in order to avoid the 
complications which might arise owing to the reaction of 
the secondary circuit on the primary. These reactions 
probably play an important part in determining the efficiency 
of the interrupter as part of an X-ray outfit, and we hope to 
investigate this part of the problem later. In discussin ' the 
theory of the interrupter itself, it seemed desirable to keep 
the conditions of the circuit as simple as possible. 

Typical oscillograms of current and voltage are reproduced . 
in Pl. II. fig. Ga & b. The sudden fall in current and 
the corresponding rise in the P.D. are clearly shown. The 
maximum potential reached is far too high to be recorded on 
the scale of Pl. II. fig. 60. By increasing the resistance 
in circuit with the potential oscillograph to 10,000 ohms, 
the complete potential curve could be obtained, and an 
example is reproduced in Pl. II. fig. 6c. The peak potential 
as calculated from the calibration curves for the oscillograph 

was 600 volts in this particular case, and in general varied 
between 400 and 600 volts. These values are of the order 
of the minimum sparking voltage in oxygen, and direct 
experiment showed that a luminous discharge was actually 
produced at the point when a steady P.D. of 420 volts was 
applied directly across the interrupter in the absence of 
self induction. 

The hypothesis that the interruption in the current occurs 
when the P.D. across the break reaches a definite value, 
which depends only on the electrolyte, can be verified directly 
from the potential oscillograms. A series of such oscillo- 
grams was taken in whieh all the conditions in the circuit 
were varied except the electrolyte. Experiments were made 
with applied voltages varying from 68 volts to 210 volts, 
with and without external resistance in circuit; with a 
variety of self inductances; and with points of various 
lengths and diameters. The critical breaking voltage to be 
measured was taken as that corresponding to the point on 
the potential graph where the voltage takes a sharp upward 
turn, and this discontinuity was generally sufficiently marked 
to be measured with reasonable accuracy. ‘This voltage was 
found to be, within the limits of experimental error, quite 
independent of the changes made in the circuit. With 
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sulphuric acid of S.G. 1:20 as the electrolyte, all the measure- 
ments lay between 24 volts and 26 volts, and these slight 
variations appeared to be quite accidental. 

A comparison with the current-voltage graph for the 
electrolyte suggests that this voltage marks the point at 
which the third stage of conduction sets in. This, we 
suggest, is what might be expected, as the irregular trans- 
itions which characterize what we have called the inter- 
mediate stage usually take some little time before they 
manifest themselves (see Pl. II. fig. 5), and with a rapidly 
rising voltage, such as we have in these experiments, the 
probability that such an interchange will occur before the 
voltage has reached that at which the third stage is definitely 
established is very small. ' 

The conduction, until the moment of break, is in the 
normal stage, and the peak value of the current, as read from 
the oscillograms, is much higher than the maximum steady 
current which can be sent through the break. In fact it 
corresponds to the value of the current which would be 
obtained by producing the first straight portion of the 
current-voltage curve for the interrupter to the measured 
breaking voltage. This explains an observation which often 
puzzled us in the earlier stages of the work, that the average 
current through the break as measured by an ammeter was 
very materially increased when self induction was introduced 
into the circuit. By instantaneous measurements, therefore, 
it appears possible to prolong each of the straight portions 
of the current-voltage curve to a common voltage, about 
25 volts for sulphurie acid, where the real discontinuity 
occurs, both phases being unstable for a certain range of 
voltages on each side of this point. 

It is possible, however, to produce interruptions in the 
current when the voltage across the interrupter only slightly 
exceeds what we have called in the earlier sections of the 
paper the critical voltage. The production of such inter- 
ruptions has already been discussed. They are very slow 
and comparatively irregular. —Oscillograms show that in 
these cases the current rises to a maximum and then remains 
practically steady. The P.D., however, gradually increases 
until the usual breaking voltage is reached, when an 
interruption takes place. This gradual increase in voltage 
may be due to a gradual increase in resistance of the 
electrolyte near the point, owing to the rapid removal of 
the ions by the current. The value of the current at break 
for these slow interruptions is always appreciably smaller 
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than for the rapid interruptions obtained with the higher 
voltages. [tis for this reason that we have suggested that 
the P. D. rather than the current density is the more funda- 
mental factor in determining the break. 


Conclusion. 


In the absence of any theory to account for the high 
resistance developed at the point, we have judged it desirable 
to record our experimental results without any adjustments 
or corrections. It may be pointed out that the voltages 
measured were those across the terminals of the interrupter, 
whereas in all probability the deciding factor is the fall of 
potential between the point anode and some point in the 
electrolyte close to it. Since there is always some current 
flowing in the interrupter, this will be less than the P.D. 
between the terminals by the P.D. required to drive this 
eurrent through the remainder of the electrolyte, which in 
turn depends on its specific resistance. It is possible that 
the observed differences between different electrolytes and, 
in particular, the differences observed between different 
solutions of the same electrolyte may be due in part to this 
cause. The fact that the critical voltage increased with the 
resistance of the electrolyte gives seme support to this 
suggestion. 

"Until further evidence has been accumulated, it does not 
seem desirable to advance any suggestions as to the cause of 
the sudden increase of resistance which occurs when the 
critical voltage is passed, and which accounts for the action 
of the Wehnelt interrupter. It is natural to postulate the 
formation of a highly resistant layer at the anode, and 
the tightly-clinging gas layer which is so characteristic of 
this high-resistance stage of the conduction presents itself as 
a very obvious explanation. The change in the mode of 
emission of the gas has, however, itself to be accounted for. 
It is hoped that further experiments may throw some light 
on this interesting problem. 


University College, 
Reading, 
March 18th, 1925. 
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IX. On an Experimental Verification of Castigliano’s Prin- 
ciple of Least Work and of a Theorem relating to the 
Torsion of a Tubular Framework. By Professor A. J. 
Sutton Pipparp, M.B.E., D.Sc., University College, 
Cardiff, and J. F. Baker, B.A.* 


T mathematical proof of the “ Principle of Least Work ” 

was given in Castigliano’s original treatise f, and 
recently Mr. R. V. Southwell has demonstrated the physical 
basis of the theory f. 

During the past year the present authors have carried out 
experimental work upon the properties of certain braced 
frameworks, and in the course of these experiments very 
satisfactory verification of the Principle was obtained. 
Although the truth of the Principle has been established by 
the work cited, the importance of the method and its wide 
range of application makes experimental evidence of some 
interest and value, more particularly since very little experi- 
mental work of any kind upon braced frameworks appears 
to have been published. 

In addition to the verification of Castigliano’s Principle, 
experiments were made to check a theorem relating to the 
stress distribution in a tubular framework subjected to 
torsion. This theorem, due originally to Batho §, has 
recently been obtained independently by Southwell || in an 
investigation of the case of tubular frameworks with 
redundant bracing members. The work upon which the 
authors were engaged was of a more comprehensive character 
than outlined above, and is fully described elsewhere, but 
since much of it was of a specialized interest, only those 
experiments bearing on the two theorems mentioned are 
included here. 

The framework upon which the experiments were con- 
ducted was a space frame in the form of a braced hexagonal 
tube consisting of six longitudinal members divided into a 
number of equal bays by transverse frames in the form of 
regular hexagons: the panels thus formed by the transverse 
strut members and the longitudinal members were braced 
across both diagonals (figs. 1 and 2). 

* Communicated by Mr. R. V. Southwell, M.A. 

t ‘Elastic Stresses in Structures’ — English translation by E. S. 


Andrews, 1919. 
t Phil. Mag. Jan. 1923. 
$ ‘Engineering,’ Oct. 15, 1915, p. 398. l 
| Aeronautical Research Committee, R. & M. 791. 
§ Aeronautical Research Committee. R. & M. 948. 


Phil. Mag. S. 6. Vol. 50. No. 295. July 1925. H 
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The theoretical stress analysis for such a framework 
supported at one end and loaded at the other has been fully 
worked out * upon the following assumptions :— 

(1) The framework was assumed to be  pin-jointed 
throughout. 

(2) The transverse framework to which the load was 
applied was assumed to be rigid in its own plane but free to 
warp out of that plane. 

(3) All members were assumed capable of resisting either 
tensile or compressive forces. 

(4j All longitudinal members were assumed to be of the 
same size except the bottom or “keel” member which could 
be made any desired area. 


DESCRIPTION OF STRUCTURE. 


The leading dimensions of the experimental structure and 
some details of its construction are shown in fig. 1. The 


C 


ARRANGEMENT or MODEL 


framework was 3 bays in length, each bay being 30 inches 
long ; the side of the hexagon was 25 inches. Since the 
theoretical analysis had been based on the assumption that the 
structure was pin-jointed throughout, an attempt was made to 
design a suitable joint of this type. The difficulties in this 
will be apparent, and although several designs were made 
it was found that even in the best of them the friction on the 
bearing surfaces would have been considerable, and would 


* Aeronautical Research Committee, R. & M. 800, Appendix V. 
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in fact have introduced a fixing factor of an incalculable 
amount. The attempt to obtain true pin or ball ends was 
therefore abandoned, and a suggestion made by Mr. R. V. 
Southwell was examined: this suggestion was that the 
members of the structure should be attached to tlie joints by 
short dowels or pins, which would be of sufficient cross 
sectional area to transmit the direct loads in the members, 
but so short that no tendency to buckle would occur. The 
necessary strength was given by dowels of small diameter 
and flexural rigidity : consequently the amount of bending 
which could be transmitted by them was small, and more- 
over could be calculated if necessary and allowed for asa 
correcting factor. 

Tests were carried out upon struts with ball ends and with 
ends fixed by dowels, and the results were such as to 
justify the latter metliod of construction. The transverse 
aud longitudinal members of the structure were made of 
steel tube Zin. outside diameter and *028 in. thick. All cross 
bracing members were 4 B.A. swaged rods, ability to resist 
compression being obtained by initially tensioning these 
rods to such an extent that they remained operative under 
the maximum loads imposed. Provision was made for 
replacing the keel member by solid steel bars £ in. diameter, 
since it was desired to carry out experiments upon the effect 
of varving the size of this member. The nose-piece of tubes 
in the form of a regular pyramid, seen in the photograph of 
the structure (fig. 2), was provided for a special experiment 
not described in the present paper. 

The structure was attached to wall-plates by dowels of 
the same size as used in the joints, and was loaded at the 
free end by means of a beam weighing machine, one pan of 
which was replaced by a special hook fastened to the top 
joint of the structure, a turn-buckle being inserted between 
the beam and the joint for adjustment. 


MEASUREMENT OF STRAINS. 


Means for measuring the strains in all the members of the 
structure to a high degree of accuracy were essential, and 
for this purpose none of the standard types of extensometer 
wore suitable, either on the score of weight or expense; in 
consequence, a special instrument had to be designed, and 
this was done in collaboration with the Cambridge Instrument 
Company Limited. 

Gauges made of thin atuminium, corrugated for the sake 
of stiffness, were attached to each member of the structure 
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by a hardened steel pode d and small setscrew ; at the 
end of the gauge was a smal 


circle of glass marked on the 


under side with two fine cross-lines. The glass was held in 
contact with the member by small indiarubber bands. A 
fine line was scratched on the surface of the member by 
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means of a Gillette safety-razor blade, to coincide as nearly 
as possible with the line on the glass. "This was effected by 
the use of a special marking-off gauge. The distance 
between the scratches on the member and the glass was 
measured by a special microscope, and the alteration in this 
distance under different conditions of loading gave the strain. 
The gauges were 15 inches between the point of attachment 
to the member and the line on the glass. 

The microscope used is shown diagrammatically in fig. 3. 
The optical arrangement is standard and needs no special 
um The eyepiece is provided with a traversing 
cross-hair operated by a micrometer head. This cross-hair 
was first brought into coincidence with the line on the glass 
and then traversed until it coincided with the seratch on the 


Fig. 3. 


f MICROMETER MICROSCOPE 


member. The readings of the micrometer head were noted 
in each case, and the difference gave the distance between 
the scratches. 

The same procedure was followed after the structure had 
been loaded, and the difference between the distances before 
and after loading was the strain produced by the external 
load system. The movement of the traversing cross-hair 
as measured by a standard grid was 1/17780 inch per 
division on the micrometer head, but actaal calibration 
curves were used to reduce the micrometer-head readings to 
loads in the member, as will be described later. 

The objective of the microscope was 2/3 inch, this being 
the smallest with which reasonable illumination could be 
obtained under the conditions in which the instrument was 
to be used. lllumination was obtained from a small 6 volt 
lamp carried on the end of the microscope; this ensured 
that the light was always in the sume relative position to the 
scratches which were being viewed through the microscope, 
and thus error due to variation of the angle from which the 
light fell was avoided. Since tlie microscope had to be used on 
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all members of the structure in turn it was carried on a steel 
tubular stand, 2 inches diameter, mounted on a heavy tripod 
base. Thisstand was 7 feet high, and the microscope could be 
attached to any part of it. A tubular extension arm at 
right angles to the vertical post enabled the instrument to 
be placed in position for measurements upon the top and 
bottom members of the framework. The instrument on its 
stand but without the extension arm is shown on the right 
of fig. 2, which also shows the gauges in position upon the 
structure, ready for observation. 

By calibrating a tube and a rod under controlled conditions 
of loading, it was found that with a 15-inch gauge length, 
one division of the micrometer head was a measure of the 
strain produced by a load of 7:81 lb. on the tube, and of 
1:02 lb. on the rod. 


Tug ConptcT or EXPERIMENTS. 


The structure having been erected and trued up, the 
wires were tensioned so that they could operate as struts. 
The magnitude of these initial tensions was immaterial as 
long as they were sufficient to ensure effective strut action 
under the maximum load to be imposed. An initial load 
was first placed on the seale-pan and the readings of the 
gauges taken. The desired inerement of load was then 
applied and the readings again taken. The difference was 
then reduced to loads by the use of the calibration figures. 
It was originally intended to mount gauges on all members 
of the structure and take readings on each in turn for one 
condition of loading ; then to add load and once more take 
all readings. Itwas found, however, much more satisfactory 
to keep the microscope in position for one member and to 
complete the two readings for it. This meant considerably 
more labour in loading and unloading than the other method, 
but was more accurate and reliable. 

Having obtained a complete set of readings for the frame- 
work, certain checks were applied as follows :— 

(i.) In the case of symmetrical loading the strain of the 
corresponding members on the two sides of the structure 
should be the same. 

(ii.) The vertical coniponents of the force in the members 
across any section should give the total vertical shear at 
that section. Thus in the centre of each bay the total of the 
vertical components of the loads in the cross bracing wires 
should give tlie shear across that bay. 

(iii.) The forces in the members at each joint should give 
static balance. 
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After the first set of readings had been taken it was found 
that the errors, as indicated by the out of balance forces at 
several joints, were of a serious character, and repeat 
readings were made with no better result. Further investi- 
gation indicated that the probable source of error was due 
to some of the strut members bending slightly, so that the 
resultant strain due to direct compression and bending 
Stress was being measured and not the direct compression 
alone. Since the members were circular in section this 
trouble was overcome by taking readings of strain at the 
opposite ends of any diameter : the average then gave the 
strain due to direct compression stress alone. When this 
was done results were very much better and within the 
limits of experimental aceuracy, and the method was there- 


fore alwavs adopted in measuring strains of tube members 
in later experiments. 


EXPERIMENTAL ERRORS. 


The main sources of possible error in obtaining experimental 
results are three in number, viz. :— 


(i. Errors due to the limitations of the method of 
measurement, 
(ii.) Errors due to the variation In the sizes of tlie members 
of the structure. 
(ii.) Errors in reading the instrument. 


(i.) Errors due to the limitations of the method. 


As ulready stated, one division of the micrometer head 
of the microscope corresponds to 1/17780 inch, and the 
magnification required entailed very delicate manipulation 
of the micrometer head if exact coincidence was to be obtained 
between the lines on the glass and on the member, and that 
on the traversing evepiece. This, however, was principally 
a matter of practice, and after some experience it was found 
to be a comparatively simple matter to obtain satistactory 
results, and observations could be repeated to within about 
one division of the micrometer head, which is therefore 
assumed to be the limit of experimental accuracy. ‘This 
will be seen on reference to the calibration figures to 
correspond to +8 pounds on the standard tube members and 
+1 poundon the wires. The small error on the wires makes 
the results obtained for these members particularly reliable 
and useful. Another difficulty arose from vibration of the 
laboratory, and it was found impossible to take readings if 
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ess were running in certain parts of the buildings, or if a 
eavy vehicle were passing outside. Such disturbances 
were, however, only occasional, and usually tlis trouble was 


not sufficiently serious to cause any prolonged interruption 
of the work. 


(ii.) Errors due to the variation in the size of the members. 


The structure was made of aircraft materials in which 
great care is taken to ensure uniformity of quality and 
dimensions. Tolerances, however, ure unavoidable, and in 
the case of the tubes the variation in thickness allowed by 
specification amounts to 7 per cent., and due to this cause 
the error in the readings of any tubular member may be 
+34 per cent., while the corresponding error in the wires 
may be the same. 


(ii.) Errors in reading. 

Errors in reading the instrument were eliminated as far 
as possible by taking at least three measurements on each 
member. Even with this precaution, however, it was found 
that occasionally a wrong value for the strain was obtained, 
but this could always be detected by an application of the 
checks previously mentioned. Having obtained a complete 
set of readings for the structure, the out of balance force at 
each joint was expressed as components along three mutually 
perpendieular axes. lf this out of balance force were 
serious, check readings were made in order to trace the 
error, but in the majoritv of cases the errors were within 
the limits of experimental accuracy. These errors were 
then distributed among the members of the structure at the 
joint concerned as far as was possibile. This was of necessity 
a somewhat arbitrary matter, and the general method was to 
neglect the wires, since the area of these was only 1/10 of 
that of the tube members. The out of balance force was 
then distributed between the tube members, It was found 
that the corrections thus applied were always very small and 
never exceeded the amount by which the reading might 
have been in error due to the causes enumerated above. 


EXPERIMENTAL RESULTS. 


In identifying the various members of the structure the 
following system has been adopted, and is shown on fig. 1. 
Each transverse frame is distinguished by a letter beginning 
at the fixed or wall end with A. Each joint in the trans- 
verse is numbered, beginning at the bottom with 1 and 
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following round the frame in a clockwise direction viewed 
from the free end. The middle joint in a transverse frame 
is 0. Thus each joint in the structure is denoted by a letter 
and a numeral suffix, e. g. Ay, Ds, etc. A positive sign is 
used to denote a tensile load and a negative to denote a 
compressive load. 


Part I. 


Experiments on the framework subjected to a constant shear 
and uniformly varying bending moment for comparison with 
the theoretical results obtained by an application of the 
Principle of Least Work. 


Experiment 1. 


All longitudinal members 7/8 in. O.D. x ‘028 in. 

End bulkhead radially braced with 4 B.A. rods. 

No bulkhead bracing in remaining transverse frames. 
Single load of 400 lb. applied at end bulkhead joint D,. 


The two sides of the structure gave practically exact 
agreement, differences being only of the order of experi- 
mental errors. The shears were also satisfactory, and under 
these circumstances the strains in the wires only were 
measured for comparison with the theoretical values. The 
results are given in Table I., which also gives the theoretical 
values. 


TABLE I. 
| 
Po DAN Load M pute. Calculated load. | xn 
| 

AB, | — — 75% — 708 +47 
A;B, | 35:5 21:2 4 83 
A,B, —103°7 —106:0 — 23 
A,B, 103:5 106 0 - 25 
A,B, — 2675 — 27:2 — 05 
A,B, 69:9 10:8 | — 0-9 
B,C, = 7106 — 62:0 + 85 
B,C, 38:5 360 Bg 
B.C, —103:5 — 106-0 — 25 
B,C, 105-0 106-0 — 3:0 
B,C, — 406 — 360 4 46 
B,O, 61'8 62:0 —- 09 
CD, o4 446 +128 
C: D, —102:8 — 106 0 = $9 
O,D, 102:3 106-0 — 3-7 
C.D, — 446 — 446 0 

OD, | 50 0 53:3 | -38 


Á —Ó———— —Ó— — ————— 


It will be seen that there are appreciable differences 


Digitized by Google 


106 Prof. Pippard and Mr. Baker on an Experimental 


between the measured and theoretical loads in the members, 
the characteristic being that the loads in the wires of the 
top panels, that is C,D,, C;D,, etc., are larger than cal- 
culated, while the loads of the remaining wires are 
smaller. 

This is the result which would be expected if the end 
bulkhead were distorting in its own plane, and it was there- 
fore decided to substitute much heavier bracing in the end 
bulkhead in place of the 4 B.A. wires used in this experi- 
ment, in order to approximate more nearly to the conditions 
of rigidity assumed in the mathematical investigation. 


Experiment 2. 


All longitudinal members 7/8 in. O.D. x*028 in. 

End bulkhead radially braced with 65/8 in, diameter solid 
steel rods. 

No bulkhead bracing in other transverse frames. 

Single load of 400 lb. applied at end bulkhead joint D4. 


The radial members in the end bulkhead, which had 
previously been 4 B.A. swaged rods, were replaced by 5/8 inch 
diameter steel rods, each rod being provided with a turn- 
buckle for tightening up. It was considered that this gave 
as close approximation to a rigid bulkhead as could be 
conveniently obtained, and should afford clear evidence as to 
whether the discrepancy between the measured and theoretical 
loads found in the previous experiment were due to the 
elastic deformation of the bulkhead in its own plane, or to 
other causes. Agreement between the two sides of the 
structure was excellent as well as the results obtained for 
shear, and a comparison of the measured and theoretical 
values of the loads in all cross bracing members is given in 
Table II. One side only of the structure is given, the loads 
being the average of the two sides in each case. 

It will be seen that good agreement between the measured 
and the calculated loads was obtained throughout the 
structure. In only one case does the difference exceed 
2 pounds. 

Comparing these results with those of Table L, it is clear 
that the elasticity of the end bulkhead is an appreciable 
factor in the distribution of loads in the members of the 
structure. 
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TABLE II. 
| M Measured load. Calculated load, ! Difference. ` 
ember. lb lb lb 
l . . | . 
Qe ————— ——— ———— —— 
A,R, — 728 — 708 | 42:0 
| A‘B, 27.5 27:9 | +03 
A,B, — 1065 — 106-0 +05 
OOO AB | 104:5 | 106-0 | -15 
| A,B, ! — zl - 272 | -U1 
| AB. | 68-4 70-3 0 —94 
BO, | — 655 | — 62:0 | +15 | 
(0B, 307 36-0 | +07 
l BC -1050 —106:0 -10 v 
no 107-6 106 0 +16 
B.C, | — 357 — 360 | —(13 
Be, | 64-2 62 0 +12 
CD, | = 520 - 533 —1°3 
Cp. 458 44-6 +08 
C.D, =1055 — 106-0 —Wo 
C. D, 103-0 106-0 —10 
C, D | — 438 — 446 —0°8 
C.D, 531 ay —02 


Experiment 3. 


Keel members A,B,C,D, 7/8 in. diameter solid steel bars. 
Other longitudinal members 7/8 in. O.D. x ‘028 in. 

End bulkhead radially braced with 4 B.A. swaged rods. 
Remaining bulkheads unbraced. 

Single load of 400 lb. applied at joint D4. 


In this experiment the keel member, which had hitherto 
been the same size as the other longitudinal members, was 
made of solid steel bar 7/8 inch diameter, attached to the joints 
by dowels in the same manner as the other tubular members. 
In this case the loads in all the members were measured, 
and not only those in the wires. Good agreement was 
obtained between the two sides of the structure. The shears 
were practically exact, and the corrections necessary to give 
static balance at the joints were in all cases less than 
the equivalent of one division of the micrometer head 
(Table III.). 

This case was analysed theoretically, and it will be seen 
that the agreement between calculation and experiment is 
very good. In view of the closeness of this agreement, it 
was considered unnecessary to repent the experiment with a 
stiffer end bulkhead. It will be clear from a consideration 
of the earlier results that such alteration would tend still 
further to reduce the errors between measured and calculated 
loads. Owing to the size of the keel member, which was 
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ee ten times the area of any other longitudinal, 
e strains in that member were too small to be measured 
satisfactorily, and the figures given in brackets have been 
deduced from consideration of static balance at the joints. 


TABLE III. 
Measured | Correction Corrected Caleulated 

Member.| load. for balance. reading. load. n = 
be Ib. Ib. 
| A,B, 3300 | 32 333:2 337:8 —46 
| A,B, 1805 -10 179-5 177:3 42:3 
| A,B, | —1196 3:9 - 1157 —1164 —07 
| A,B, S ue (—510-0) — 506-8 +32 
A,B, 67:9 ise 67:9 67:6 4-03 
| A,B, | — 275 = = 275 — 280 —0:5 
| AB, | 1025 » 1025 1008 | +17 
| A,B, | — 964 SN — 964 — 962 403 
| A,B, 60-1 aa 60-1 60:4 —0:3 
A,B, | — 744 = — 744 — 740 +04 
BB | = 176 —40 - 216 — 900 +16 
BB. | = 39 1:2 = 27 — 25 032 
BB, 78 0-8 86 T0 +1°6 
| BO, 204-0 —(4 197:6 2024 —48 
B,C, 100-1 0:9 110:0 106-4 +36 
B.O, | = 668 -09 7) — 69:6 +1:9 
B,C, — = ( — 306-0) —304:0 +20 
B,C, 60:7 = 60°7 59:6 +11 
E: | — 367 a — 36-7 — 36:0 +0°7 
BO, 08:5 s | 08:5 99-8 —r3 
| B,C, | — 974 — = 974 — 96:8 +06 
| BC, 63:1 a 6311 63:0 4-01 
B,C, | = 727 Es = ru = 712 +15 
| oo, | - 78 -20 08 — 100 —03 
| C0.) | =. 29 +0 01 = d +13 
6,0, 3:0 —05 3:4 35 —01 
| D. D. 10:6 = 55 651 672 | -21 
e n, 353 27 380 | 352 L2: 
C.D, | — 19€ -41 = 237 | — 939 +0°5 
C,D, — — ( —104:0) —101:2 4-2:8 
CD, 49:5 = 4075 518 —23 
CD.) odd — — 423 a 49:8 —1:5 
ED. 992 = 90-2 98-8 4-04 
C.D, | = 989 à= — 989 — 8-0 +09 
C,D, 676 -- 61:6 66:0 +16 
C,D, — 6m"m4 | — — 684 — 626 —0:2 
DD,]|-459 | BO 3978 | = 870 +0°3 
D.D, 589 —05 584 590 —0*6 
D,D, 161:0 40 165:0 166:0 —]1:0 
D. D, 6:3 "^ 65:3 — — 
DD. 3°5 — 3:5 = | -— 
| D,D, —122'0 — —1220 | — | — 
| D,D, 191:8 E ES ow ee 


The members D,D,, D;,D,, D,D,, and DoD, are the radial 


wires in the end bulkhead, and since these are considered to 
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be rigid in the theoretical analysis no separate values can 
be calculated. The analysis does, however, permit certain 
differences to be obtained, and these are given in Table III. a, 
together with the measured differences. 


TABLE IIIa. 
Difference. Tn value. n value.| Difference. 
D,D,-D,D, —188:3 — 1876 +0°7 


D,D,-D,D, —126:2 —1268 —03 


PaRr II. 
Ewperiments on the framework subjected to a pure torque. 


The theoretical analysis for the stresses in a redundantly 
braced tube when subjected to a pure torque" indicates 
that the panel bracing members alone are brought into 
operation, and no stresses are put into the longitudinal 
members or transverse struts. 

In the theoretical investigation it is assumed that the 
external loading is applied in the particular manner which 
prevents any distortion of the transverse frame, and also 
that the structure is pin-jointed throughout. Transverse 
frames which were plane before loading are then shown to 
remain plane in the strained condition of the structure. 

The following experiments were carried out to determine 
the degree of accuracy obtained in an actual structure 
compared with calculations based on the above analysis, and 
also to discover the effect of varying the elasticity of the 
bulkhead bracing in the transverse to which the torque was. 
applied when the external loading, although giving a resultant 
pure torque, was not applied to the joints as hy pothecated in 
the analysis. 

The structure used was the hexagonal frame already 
described, fitted with a solid 7/8 inch diameter steel keel 
member and no pyramidal nose-piece. 

The torque was applied by loads at the joints D; and D,, 
into which special swivel hooks were screwed. An upward 
load was applied at D; by means of the weighing balance 
used in the shearing-force experiments, and weights were 


* Aeronautical Research Committee, R & M 791.—South well. 
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hung from D, (fig. 4). An initial load was applied to D, 
ES to the weight of the scale-pan which was transmitted 
to Ds. 

° Fig. 4. 


To Beam. 


D 


For dead lowding, 


The methods adopted in the experiments were exactly as 
described in the earlier work. 

The increment of load in each case was 280 lb. upward 
at D3, and 280 lb. downwards at D,, giving a torque of 
12124 inch-lb. 


Experiment 4. 


End bulkhead radially braced with 5/8 in. d ameter solid 
steel rods. 
Other bulkheads unbraced. 


This experiment reproduces as nearly as possible the 
theoretical conditions, since the approximately rigid bulk- 
head bracing serves to distribute the torque in a manner 
corresponding to that required by the analysis. 
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The theoretical load in each of the panel wires is 72:8 1b., 
and the closeness of the experimental results to this will be 
seen from Table IV., which gives the measured loads in all 
these members. 

There are small departures from the theoretical figures, 
but these balance each other as will be seen from theaverage 
load in the wires of each bay. 


In bay AB. Average load —72*54 lb. 

In bay BC. Average load 73:68 lb. 

In bay CD. Average load =72°38 lb, 
Taste IV. 

Mernber. Mu e load. Xisinbse xeu us load. 
A,B, 745 A.B, 715 
A,B, —1l5 A.B, —725 
A,B, 7+5 A.B, 725 
A.B, -705 A,B, —715 
ALB, 72:5 A.B, 73:5 

| AQ, —72-0 A D —735 
| BC, 7+5 B,C, 71:5 
B.C, -735 B.C, -725 
B.C, 725 B.C, 13:5 
B,O, —T45 B.C, —145 
BC, 755 B.C, 73:5 
| EC, —13:5 B.C, —13:5 
C.D, 73 C.D, 14:5 
^o GOD. —'10:5 C.D, —71:0 
C,D, 105 C.D, 71:5 
CD, —73:5 C.D, -715 
C,D, 71-0 CD, 740 
C,D, --73-5 C, D, =735 


Experiment 5. 


End bulkhead radially braced with 4 B.A. swaged rods. 
Other bulkheads unbraced. 


In this experiment the elasticity of the transverse bracing 
was modified, but, as will be seen from the results in 
Table V., the measured loads were of the same degree of 
accuracy as with the nearly rigid bracing of the two previous 
experiments. 

In bay AB. Average load 2 72:92 1b. 
In bay BC. Average load — 72:83 lb. 
In bay CD. Average logd — 73:04 Ib. 
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TABLE V. 

Member. Heus load. Member Med load 
A,B, 71:5 A,B, 135 
A,B, —73:5 A,B, —72:0 
A.B, 72:0 A,B, 73-0 
A,B, —74'5 A,B, -73:5 
A,B, 71-0 A,B, 13:5 
A,B, -755 A,B, —71°5 
B,C, 74:5 B,C, 745 
B,C, -710 B,C, —73:5 
B,C, 745 B,C, 71:5 
BC, —73'5 B,O, —'14:5 
BC, 71:5 B.C, 71:5 
B,C, —73-0 B,C, -70:5 
C,D, 145 CD; 73:0 
C.D, --70°5 C;D, —72°5 
C.D, 15:5 C.D, 74:5 
0,D, —71°5 C.D; —13:5 
C,D, Tló C,D, 73:5 
C, D3 —'45 C,D, —11:5 
D,D, 10:2 DoD, —816 
D,D, 1045 


X. The Motion of an Air Bubble rising in Water. By 
Oroconó Mivacr, Professor of Hydraulics and Ilydraulie 
Engineering in the Téhoku Imperial University, Sendai, 
Japan *. 

[Plate IIL] 
ABSTRACT. 


Air bubbles of various sizes moving up in still water are 
carefully treated experimentally and then theoretically. Their 
terminal velocities are determined in relation to their sizes, and 
the changes of their shapes during their motion are investigated. 

'The mass of water carried up with a moving bubble and the 
resistance to its motion are determined, and the most probable 
equation of motion is proposed. It is also proved that there are 
two different kinds of motion of a bubble in water exactly 
analogous to the stream-line and the turbulent flows of & viscous 
fluid, which passes from the one to the other ‘distinctly at the 
critical radius of the bubble. 


* Communicated by the Author. 
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1. INTRODUCTORY. 


IR bubbles are formed in water naturally or artificially. 
As in a water-turbine or a pump, atmospheric air 
naturally mixed with water expands to form large bubbles 
in the space where the pressure is very low, as in the draught- 
or suction-tube, which destroy the effective action of the 
machine. Asin an air-lift pump, air is purposely admitted 
in the water deep in a well to make it form bubbles rising 
in the eduction pipe, and their sizes and forms affect greatly 
the action of the pump. 

The forces acting on an air bubble rising in water may bo 
classed as the surface tension, the upward force due to 
buovancy, and the resistance to motion offered by the sur- 
rounding water. 

The surface tension acts to keep the bubble spherical as 
the most stable form, while the resistance makes it deform 
in a flattened shape, and, owing to the result that it moves 
up with the minimum resistance acted upon, it shows some 
peculiar outline as to its form and passage. 

The smaller the bubble, the larger the effect of surface 
tension to keep it spherical becomes in comparison with the 
resistanee, the more it resembles a true spherical shape and 
the more stable itis. When the bubble is large, the effect 
of the surface tension is small compared with the resistance, 
and it displays some peculiarly flattened outline, which is 
verv unstable, changing its shape momentarily with some 
oscillatiug features. 

A very small bubble, therefore, may be regarded approxi- 
mately as a sphere, and, with some suitable assumptions, its 
motion may be treated mathematically ; but for a large bubble 
as is common in practical cases the simple mathematical 
treatments cannot by any means be applied in order to solve 
even approximately its motion in water. 

The present object is, for an air bubble of a practical size, 
to study its motion in water from accurate experiments and 
to find the law of resistance connected with mathematical 
considerations. For very small bubbles up to the radius of 
0:0385 em. valuable experiments have already been carried 
on by Mr. H. S. Allen *, which will be referred to later on. 


* Phil. Mag., Sept. and Nov. 1900. 
Phil. Mag. S. 6. Vol. 50. No. 295. July 1925. I 
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II. DESCRIPTION OF THE EXPERIMENTAL APPARATUS. 


The apparatus consisted of an experiment vessel, a 
recording drum, a flash-light apparatus, and a tuning-fork. 

The experiment vessel was made of two rectangular flat 
glass plates about 13 cm. in width and 30 cm. in height, set 
vertically and secured firmly by a metal holder about 2:4 cm. 
apart to form a transparent rectangular box to retain water, 
in which an air bubble was made to rise. 

The recording drum was a cylindrical drum of 20 cm. 
in diameter and 26 cm. in height, made of aluminium casting, 
which was caused to rotate by an electric motor. This drum 
was set vertically and rotated horizontally with a bromide 
paper to be used in an ordinary photographic process wrapped 
round it. A stationary cylindrical case of about 22 cm. in 
diameter made of copper plate was set concentric to enclose 
the drum to protect the bromide paper against any light. 
A vertical window extending about the whole length of this 
case in the form of a narrow slit was made in it, the width 
of which was made adjustable by a sliding door in contact 
with the window, through which the bromide paper was 
exposed to the flash-light. 

The flash-light apparatus consisted of a 500 candle-power 
incandescent lamp encased in a wooden box and a rotating 
disk. The disk was made of a wooden plate of 45 cm. in 
radius, and it had eight radial slots each of 2 em. in width 
and 25 cm. in radial length uniformly spaced. This was 
placed about 60 cm. in front of the box to rotate in a vertical 
plane with a horizontal shaft by an electric motor. On the 
front face of the box there was made a vertical slot of 3 cm. 
in width and 25 cm. in length, through which the light from 
_ the incandescent lamp was projected on the face of the 
disk, which was so placed that at the moment that the slot 
on the disk came in line with that on the box a flash of light 
was passed through the disk to project it on the bromide 
paper through the vertical window mentioned above. 

The tuning-fork was used to record accurately the velocity 
of rotation of the recording drum. It was one of a frequency 
of 82 vibrations per sec. A small mirror was put on its 
edge by which the light from a point-light was reflected on 
the bromide paper. The point-light was encased in a box 
furnished with a small hole fitted with a convex lens to lead 
the light through it, and a second convex lens was placed in 
front of the hole by means of which the point-light image 
was focussed on the bromide paper to geta fine wave-line on 
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it, by which the time of rotation of the recording drum was 
accurately recorded. 

Figs. 1 and 2 show diagrammatically the elevation and 
the plan respectively of the experimental apparatus. The 
adjustable window in the stationary protecting case set 
concentric with the recording drum was set in line with 
the incandescent lamp, and the experiment vessel was 
placed immediately in front of it. The tuning-fork was so 
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placed in front of this vessel that the point-light image was 
projected on the bromide paper through the water space. 
The experiment vessel was placed as near as possible to 
the recording drum, while the flash-light apparatus was set 
far away from itin order to get an approximately horizontally 
projected shadow of the air bubble on the bromide paper. 
Actually the distance from the bromide paper to the centre 
line of the experiment vessel was about 2:3 cm., and that to 
the incandescent lamp was about 156 em.,so that the error 
deviating from the horizontal projection was almost negligible. 
All the above apparatus T sot up in a dark room. 
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III. METHOD OF MAKING A BUBBLE. 


Fig. 3 is a diagrammatic view showing the method of 
making a bubble in the experiment vessel. The bottles No. 1 
and No. 2 were set at different levels, and they were connected 


Fig. 3. 


by an india-rubber tubing fitted with a pinch-cock by which 
the formation of the bubble at the nozzle was regulated 
at will. 

The nozzle-piece was made of a fine glass tube bent at right 
angles, closed at the end, and it was connected to bottle No. 2 
by an india-rubber tubing as shown in fig. 29. Near the 
closed end of this nozzle-piece a nozzle was made, which was 
formed by grinding off cylindrically by a bar with emery- 
powder soas to open a sbarp-edged mouth, the elevation and 
the plan of which are shown in fig. 4. The sizes of bubbles 
being dependent on the sizes of the nozzle, several nozzle- 
pieces of different diameters with different sizes of nozzles 
were made. 

The nozzle-piece was sunk into the water in the experiment 
vessel, as shown in fig. 3, setting the nozzle at the centre of 
the vessel near its bottom. Special care was paid in this 
case in order to set the edge of the nozzle symmetrically 
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about the vertical axis, which was absolutely necessary to 
get a symmetrical bubble free from initial disturbance. 


Fig. 4. 


Such a bubble would rise initially vertically upwards, 
otherwise it would rise in an inclined direction with an 
initial impulsive disturbance which had a great influence on 
its motion. 


IV. MEASUREMENT OF THE SrizES OF BUBBLES. 


On opening the pinch-cock slightly the water in the 
nozzle-piece would be first expelled slowly from the nozzle 
by the pressure of the air and then the air would appear at 
the nozzle which gradually grew large and finally separated 
from it as a free bubble. 

On watching the formation of the bubble carefully, 
adjusting the pinch-cock so that the bubble was formed as 
slowly and steadily as possible, it was observed that its 
convex top gradually swelled from a hemisphere to a sphere 
just at the moment of leaving the nozzle. A microscope 
with a measuring scale inside was set horizontal to observe 
this action and to measure the diameters of such spherical 
bubbles just at the moment of their leaving the nozzle. 

Bubbles successively formed froma given nozzle leaving 
the pinchcock untouched being observed to be the same in 
all respects, the experiment was made on a bubble which was 
formed a little after the one the diameter of which was 
measured. 
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V. METHOD or CONDUCTING EXPERIMENT. 


Tne speeds of ihe electric motors to drive the recording 
drum and the rotating disk were adjusted previously to suit 
the experiment. These speeds had to be in a good relation 
with the amount of the opening of the adjustable window 
made on the stationary protecting case to get fine successive 
photographs of a bubble on the bromide paper. 

The water in the experiment vessel was saturated with 
air previous to the experiment causing air bubbles to rise in 
it for a long time, in order to avoid the absorption of air 
from the bubble in the course of the experiment. 

Now, for conducting an experiment, a bromide paper was 
secured firmly around the recording drum with cramps 
arranged to it, and the protecting case was put on it with 
adjustable window closed. The pinch-cock was adjusted to 
give off successive bubbles very slowlv in the water in the 
experiment vessel, and the diameter of one of them was 
measured accurately by the measuring microscope, the 
process being made under a red or ordinary incandescent 
lamp as the case might be. The temperature of the water 
was read on the thermometer inserted in the experiment 
vessel. 

The adjustable window was then opened to the amount 
previously adjusted, the electric motors were started and 
the tuning-fork was set in action. The 500 candle-power 
incandescent and the point-light lamps were now lighted 
at as nearly the same time as possible, and they were put out 
after the recording drum had made about a complete rotation. 

The protecting case was then removed, the bromide paper 
was taken off, and the only thing remaining was to develop 
this bromide paper. This was done in the same room after 
each experiment was performed. 


VI. EXPERIMENTAL RESULTS. 


Terminal Velocity with which a Bubble rises vertically 
upwards.— Figs. 1 to 5 (Dl. ILI.) show some of the photo- 
graphic pictures taken by developing the bromide paper as 
above mentioned with a reduced seale. (The complete sheet 
of a bromide paper contains usually one or more than one of 
such pictures arranged in series by successive bubbles which 
rise almost periodically one after the other. Here we have 
shown one of them taken out of each sheet.) Each of 
them shows the successive shapes and positions of a bubble 
distributing between the successive photographs of the nozzle 
used and one continuous vibration curve of the tuning-fork. 
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The shadows of the nozzle and the bubble obviously being 
projected at the same time by one flash, the successive photo- 
graphs of the nozzle and the correspondiug photographs of 
the bubble will be easily pointed out ona given picture. The 
number of vibrations of the tuning-fork between any two 
consecutive photographs of the nozzle being directly counted 
on it, the time occupied by the bubble to move from one 
position to the next can be easily determined, and the 
vertical distance between any two consecutive photographs] 
of the bubble divided by this time will be the mean vertica 
velocity at that position. 
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Such velocities were caleulated at evory position of the 
bubble on each picture, and they are plotted on a squared 
paper against the displacement or the height of the bubble 
above the nozzle to show diagrammatically the velocities of 
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the bubble with respect to its positions. Figs. 5 to 9 show 
some of such diagrams, the averaging curve being drawn on 
each of them, and we can see from these curves that all the 
bubbles attain their constant terminal velocities almost as 
soon as they have left the nozzle. 

As the effect of the depth of water on the size of the 
bubble in the present experiment was negligibly small and 
was assumed to be unchanged during its passage, the above 
fact shows that fora bubble of a given size there is always a 
fixed velocity of rise. Table I. gives the experimental results 
showing the relation between the sizes of bubbles and their 


terminal velocities. 
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Fig. 10 shows the above results by a curve, on which the 
points with circular marks are those plotted in accordance 
with the experiments, and those with cross marks are those 
calculated from the formula deduced by the writer to be 
explained later on. 

For very small bubbles, as up to the radius of 0:0385 cm. 
Mr. Allen gave a straight-line relation between their radii 
and velocities, and according to the present experiment, with 
reference to fig. 10, his conclusion may be acknowledged to 
extend approximately to one of the radius of about 0°12 em. 
without appreciable error, although we have no experimental 
results of bubbles of the sizes lying between the radii of 
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0:025 cm. and 0:12 cm. to prove the statement owing to the 
difficulty of making such small bubbles. 

For larger bubbles than the radius of about 0:12 cm. the 
velocities increase in a less ratio than proportional with their 
radii showing some curvature in the curve, and soon after 
there occurs a maximum velocity of about 27:8 cm. per sec. 
corresponding to a bubble of the radius of about 0-165 cm. 
Then the curve falls and tends to be directed horizontally, 
showing that the velocity decreases contrary to the radius 
and tends to a final constant velocity of about 23:1 cm. 
per sec. for bubbles larger than a radius of about 0°33 cm. 

The above results are of course dependent on the tempera- 
ture of the water which has an influence on the viscous 
resistance to the motion of bubbles, but under the range of 
temperature experienced by the present experiments, the 
temperature effect on the viscosity of the water being 
negligibly small, they can be taken as correct for water 
at an average of 18? C. 

We may infer from the above phenomena that when the 
bubble is very small the buoyancy increases in the same 
proportion as the resistance showing the velocity increasing 
proportionally with its size, and there is a limit of proportion- 
ality, after which the resistance comes to act with an increasing 
proportion to its buoyancy, and at the end of which the 
velocity shows its maximum value. Then the velocity 
decreases contrary to its size owing to the rapidly increasing 
resistance, which tends gradually to the state of counter- 
balancing of the resistance with the buoyancy, showing a 
final constant velocity irrespective of its size. 

When the bubble is very small it is considered to assume 
nearly a stable spherical shape, as already mentioned, and its 
velocity curve is shown by the straight ascending part in 
fig. 10. When the bubble is sufficiently large its shape 
deviates greatly from the sphere which is exposed to the 
greater proportional resistance, and its velocity curve is 
shown by the descending part in fig. 10. When the bubble 
is very large it becomes very unstable, subjected to the 
greater resistance and buoyancy, and its velocity is shown 
by the straight horizontal part in fig. 10. Sucha large 
bubble has a tendency to divide into smaller ones. 

Course of a Bubble-—If a bubble should rise on a vertical 
straight course, the centre of its photograph in figs. 1 to 5 
(Pl. III.) would have to be in the vertical line drawn at the 
centre of the corresponding photograph of the nozzle in all its 
positions. In order to test this, vertical lines were drawn at 


r 
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the centres of the successive photographs of the nozzle on each 
photographic picture as shown in figs. 1 to 5 (Pl. III.) and it 
was found that the photographs of a bubble iid not lie on such 
lines, some being on the. right and others being on the left, 
indicating that the course of the bubble was never a vertical 
line. It loiters about that line, dashing in every dircction, 
tracing a course like a helix round it, as observed from 
the top of the experiment vessel looking down into the 
water. 

To see such a course, the successive positions of the centre 
of a bubble were plotted about a vertical line, and we 
obtained the diagram as shown on the left- hand space in 
figs. 9 to 9, by which it can be easily understood how it 
loiters about the line as it ascends through the water. This, 
of course, shows its projection on a vertical plane parallel to 
the face of the experiment vessel, and supposing such a 
course to be shown also on a vertical plane perpendicular 
to the above, the course traced in space can be imagined to 
be a kind of helix. 

Variation of the Shape of a Bubble in its Course.—I£ a 
bubble always kept a regular symmetrical shape in all 
respects about the vertical line through its centre of 
gravity, its course would be a vertical line. The shape, 
however, is never symmetrical owing to the very slight 
initial disturbance which by no means can be avoided as a 
practical problem, and it traces a course as explained above 
about the vertical line. 

The deviation of its course from a vertical line thus being 
due to its deformation from symmetry, there must be a 
certain relation between the change in its shape and the 
position in its course. For the purpose of testing this, with 
some comparatively large bubbles in order to see it clearly, 
the outline shapes of each of the bubbles were carefully 
traced and put on the corresponding positions plotted about 
a vertical line as shown in fig. 11, by which we can see, at a 
glance, that there are certain reg ular chan ges of shape along 
their courses, and after a close observation we can find that 
the major axis of any bubble is always perpendicular to its 
course, that is, it moves always with its flattened face 
directed ahead, the reason of which can be explained as 
follows :— 

Fig. 12 is a diagrammatical sketch showing the successive 
changes of the shape of a bubble along its upward course, 
assuming the motion to occur in a two-dimensional space, 
Suppose | a bubble at the position A to dash or to move in the 
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inclined direction AB to the vertical XY, acted upon by some 
practically unavoidable initial disturbance, then the resistance 
acting upon the front face of the bubble retards its motion, 
and makes it flat in the direction AB and pause for a while 
at ihe position B. The course will now change in the 


Fig. 11. 
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direction BC by the action of gliding, due to its buoyancy, 
at first accelerating and then retarding, changing its shape 
from B to C with the flattened face directed towards BC, 
and it pauses again at the position C. Then its course will 
change in the direction CD and then in the direction DE, 
alternately repeating a similar movement, showing a resultant 


zig-zag passage like ABCDEF about the vertical XY. 
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The above is the result of the two-dimensional motion. In 
& three-dimensional space, however, the bubble does not go 
so far as such positions as B, C, D, E where it pauses for a 
while, but it continues its motion round the vertical XY, 


48 


keeping its shape flattened in the direction of motion by the 
head resistance as shown ata, b, c, d, etc. The course of 
the bubble, therefore, is a helix round the vertical as shown 
with a broken line, aud it keeps its major axis always 
perpendicular to this course. 


VII. THEORETICAL INVESTIGATION. 


Comparison of Stokes’ and Allen’s Conclusions.—From the 
measurement of terminal velocities of small bubbles Mr. 
Allen* has given his conclusions that the terminal velocity 
acquired by a small bubble ascending through a viscous 
fluid is the same as that which would be acquired by a solid 


* Phil. Mag., Sept. and Nov. 1900. 
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sphere, and thai when the motion is very slow the velocity 
of a bubble agrees with that deduced from theoretical con- 
siderations by Stokes, and for greater velocities he has given 
his own formula. His experiments, however, were limited 
to very small bubbles up to a radius of 00385 cm. As for 
the motion of a solid sphere in a viscous fluid there are many 
authorities, such as G. Stokes, R. S. Woodward, H. S. Allen 
here mentioned and others, but there are few who have 
treated air bubbles of practical sizes, a subject most useful 
from the practical point of view. 
The formula introduced by Stokes is as follows :— 


2 p p—c r2. 
97" n Br? 
where v— constant velocity (terminal velocity), 
r=radius of the sphere, 
9 — viscosity of the liquid, 
B — coefficient of the sliding friction, 
p= density of the liquid, 
and o=density of the sphere. 

Under the assumption that there is no slipping on the 
surface of the sphere assuming a capillary flow, B is infinity, 
and writing n=pp, so that p is the kinematic coefficient of 
viscosity, we shall have 
fd E. coucou s Soi) 


v= 


which shows that the terminal velocity varies as the square 
of the radius of the sphere, the velocity curve against the 


radius being a parabola. 
For greater velocities exceeding a definite critical value, 


Allen has deduced the formula : 
= 1 (= ir—2r 
(22V p ?) uà ^ 
where 7 is the value of r which makes vr= p, so that when 
B is infinity it gives such a value as is expressed by 
E i AN 
2g(p—«e) 
Allen's formula will be, therefore, 


| lfp—sc $C r 2 Yup 7? 
"-s( p 7 G3 e a | AN 


and this shows that the terminal velocity varies linearly as 
the radius of the bubble. 

* Whetham, Phil Trans. 1890, and Allen, Phil. Mag., Sept. and 
Nov. 1900. 
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formula is applicable only when the bubble is very small, 
and that, for the larger ones, Allen’s linear formula holds 
somewhat approximately. 

Both of these formule, however, show that the velocity 
increases without limit as the size of the bubble increases, 
which seems questionable from a mere common-sense point 
of view, and how could the existence of a maximum velocity 
be expected from them as shown by a curve in fig. 10? 
It is naturally misleading to compare a bubble with a solid 
sphere, and any formula deduced from the analogy of a solid 
sphere cannot be applied to a bubble except in the case of 
very small ones. The shape of a bubble is never spherical ; 
it changes momentarily throughout its course. It is not so 
simple that it may be compared with a solid and be 
represented by a simple formula obtained from the mere 
analogy of a solid. 

Equation of Motion.—For considering the equation of 
motion of an air-bubble in water the following assumptions 
will be made :— 


(1) The volume of the bubble is constant during its motion. 


(2) The bubble moves up along a vertical straight course. 


The depth of water in the experiment vessel used in the 
present experiment being about 25 em. and the change of 
volume at the surface being only 0:02 or 1/50 time of volume 
at the bottom, the first assumption will be justified without 
any sensible error. The second assumption differs somewhat 
from the actual motion, but it may to some extent be 
justified. 

From a close inspection of a moving bubble we found that 
there always remained an upward current of water which 
moves after the bubble, and the larger the bubble the larger 
the mass of the upward current was. This is an indication 
that a bubble does not perfectly slip in its motion, but it 
carries with it a certain mass of surrounding water depending 
on its size. 

On this consideration, and with the assumption that the 
resistance to motion varies as the square of tlie velocity, as 
is usual in treating of the motion of a body in a viscous 
fluid, we have assumed the foliowing equation of motion, 
taking the axis of < upwards to be positive :— 


dz 


(ev eY) ga =se- -eF 5. . (3) 
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where o=density of the air, 
p-- density of the water, 
V = volume of the bubble, 
$ — coefficient of resistance depending on the size of 
the bubble, 
and k=coefficient depending also on the size of the 
bubble. 


In this equation, : pV is the mass of water carried up with 


the bubble under the assumption that it is 1/4 times of the 
mass of water displaced by itand g (p—c)V is the buoyancy. 

Under standard pressure and at the average temperature 
of 18°C., ø is as small as 0:0012 in C.G.S. units, which is 
negligible in comparison with p, and the mass of water 
carried up by tlie bubble seems to be so:great that the mass 
of air in it is also negligible. The above equation then may 
be written in the form :— 


TER 
or Ta =w- A) - paca e dC 
Putting = £ and E: =A, 
it gives CF = ky — AP, 
or dt= EP : 


and integrating we obtain 
t= 1 loe Nat EVA 
2 yky ^ Mkg—E/ À 
At the beginning of the motion when t—0, tlie velocity of 
the bubble £ is zero, so that the integration constant C in the 
above equation is zero. Hence we have :— 
2VkgA ° WVky-EVA 
Migté VA 
V kg= SA’ 
Phil. Mag. S. 6. Vol. 50. No. 295. July 1925. K 


or exp(2t /tgA) — 
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from which solving for £ we get 
A l 4 exp(2t / kgA) 
dz apV 9 
xx di =f Y 1— ——____~__— |. . (5) 


1 + oxp( 2k X; ee) 


This is the expression for the velocity of the bubble with 
respect to the time. 
Again integrating the above equation we get 


l 


S e 
EVA |: Ne "m 


NS | 
7 stora IP 
x log | L+exp(2k¢ | +C. 


Taking the origin at the centre of the nozzle where the 
motion starts, we have z=0 when t=0, and the integration 
constant C in the above equation 1s 


pne: VAL — log 2, 
Pye 
pV 


and we have 


ko 2 (6) 
This is the equation expressing the relation between the 
position and the time of a bubble. 

As the terminal velocity is a constant velocity, as already 
said, it must be such that it is independent of t, and with 
reference to (5), if v be the terminal velocity, it must be 


noT- 


and the corresponding expression for z will be 


= otra AIP 
can [Otte og ee A) 


TE 


zı being the displacement at time t, after the terminal 
velocity is passed. 
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If r be the radius of the bubble measured just at the 
moment of its leaving the nozzle, when its shape is a sphere, 


its volume V will be equal to Bd and we have by (7): 


à 
WV gpV T r332 
1/2 — perm d a EE -— == —— 
$ A 3 790 —, 


which in C.G.S. units gives 
ja 


3 
$6110 — or $—4110 5. . « (9) 


The resistance to motion of a bubble with a terminal 
velocity will be, therefore, 
Resistance=gv?=4110r°, |. . . (10) 


that is, the resistance is proportional to the cube of its radius 
or to its volume, and not to its projected area as often 
may be expected. 

Table III. shows the value of $!? calculated from the above 
equation with r and v obtained from the present experiment, 
and fig. 13 shows diagrammatically the relation between r 
and $7, by which it can be seen how the value of $!? 
increases with respect to the radius. 

Equations (5) and (6) are applicable only before the 
terminal velocity is reached, and in that ease, if z9 be the 
displacement at time to, (6) will give 


D 1+exp (2u VAa 
pV pV : V 
291 VP =, log 5) fof, 


or putting 


gpV id, . 
(z+ VAL to S =P, and if =, 


: 1+ exp (2£Q) 


we have kP=log 9 
or 2exp (KP) =1+ exp (24:Q) e o > a (11) 


The experimental coefficient & can be determined by 
solving this equation, which can be accomplished most con- 
veniently hy graphical means, and in order to do this the 
first thing will be to calculate the values of P and Q. ‘The 
values of $!? in the expression of P and Q are given in 
Table III., and the question is what values are to be given 


K 2 
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for z, and ty. Strictly speaking, all the values of z) and t, 
must satisfy (11), if we take them in the course of time 
before the terminal velocity is reached. Actually, however, 
the bubble attains its terminal velocity almost as soon as it 
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has left the nozzle, and the “critical position,” that is, the 
position at which the terminal velocity is first attained, is 
very near to the nozzle, and it is difficult to find the correct 
values for z and ft. Here we have taken the middle point 
of the displacement to the critical position for z) and 
corresponding time for tọ measured on the averaging curves, 
some of which are shown in figs. 5 to 9, to get rid as much 
as possible of the errors. The values of P and Q calculated 
by such procedure are given in Table IV. 

How the calculated results with such values of P and Q 
coincide closely with the actual results can be seen in figs. 5 
to 9, in which the points with cireular marks are those 
plotted in accordance with the experiments, and those with 
cross marks are those calculated from (5) and (6). 

The graphical solution of (11) is made by plotting two 
curves y=2exp(kp) and y—1 + exp(2kQ) for various values 
of k with given values of P and Q. The value of k read at 
the intersection of these curves is the value of k to be found 
which satisfies (11). Figs. 14 and 15 show only two of such 


Fig. 14. 


Valves of 6 


solutions applied as examples to the bubbles of the radii of 
0:265 em. and 0°351 em. In Table V. the values in the 
third column give the values of & obtained by such graphical 
solutions, 

In the fourth column in Table V. the values of Xr? are given, 
by which we can see at a glance that £r? is approximately 
constant, irrespective of the size of the bubbles, the mean 
value of it being 0:054. We have, therefore, 


kr? =constant=0'054. . . . . (12) 
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TABLE IV. 
Radius of Bubble.  z,. b Value of P. Value of Q. 
cm. cm. Bec. 

12 1:25 *0556 4:201 4°45] 
15 1:35 :0570 39719 4:060 
176 1:35 "0611 4:088 4478 
:19 1:33 '0618 4:140 4:567 
"205 1:33 "0663 4:553 5:096 
216 1:30 0673 4718 . 5310 
"265 1:30 0770 5:496 i 6:356 
272 1:34 0824 5:813 6871 
:834 1:30 0872 5:996 1:320 
3al 1:202 0876 6:070 1:465 


The last column in Table V. shows the values of & calculated 
from this equation, and fig. 16 shows the points plotted 
according to the third and the last columns in Table V., by 
which their close coincidence can be seen. 
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TABLE V. 
Radius of Bubble. Value of Value of & Value of Value of k 
r cm. =. (observed), kr?, (caleulated). 
22 ‘0144 376 :05414 23715 
15 0255 2-47 "05558 2:40 
176 “0310 178 '05514 174 
:19 0361 1:60 ‘05776 1:50 
"205 ‘0420 1:27 06337 1:285 
216 ‘0467 1:165 "05435 1:16 
:265 "0702 "4 "05197 "7695 
"272 ‘0740 64 '01735 730 
"334 :1116 :'505 05634 "785 
351 "1232 47 ‘05790 439 
Fig. 16 
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The physical meaning of kr?=constant is that the per- 
centage mass of water carried up with a bubble is proportional 
to the square of its radius or to its surface area. 

Terminal Velocity._-Referring to fig. 13 we may see that 
the points of $!? plotted against r are distributed approxi- 
mately on the two kinds of straight lines intersecting at the 
point of ahout 7=0°17 cm. and gl? 0:154. This indicates 
that there are two kinds of motion of bubbles: which are 
governed by the different proportional resistance, and 
the resistance almost suddenly increases to a larger propor- 
tion at the “critical radius," which is the radius of the bubble 
at which tlie above two straight lines intersect. According 
to the present experiment the critical radius is, therefore, 
about 0-17 em. 

From the analogy of the stream-lineand turbulent motions 
of the flow of fluid which are distinguished by the critical 
velocity, we may conclude that in «lia case of a moving 
bubble a kind of turbulent motion suddenlv takes place in 
the space surrounding the bubble, when the bubble is equal 
to the critical radius, “and that it makes its shape and passage 
unstable to make it display a greater rate of resistance. 
This fact can be clearly understood by examining the shapes 
aud passages of the bubble in the photographs. It follows, 
therefore, that the velocity will be a maximum for a bubble 
of critical radius. 

According to the method of least squares the equations of 
the above two straight lines are : 


$2—0:9055 r 
and $'?22:308 r—0°2374, 


the inclinations to the axis of r being 42° 10' and 66° 33' 
respectively, and the coordinates of the point of intersection 
being r—0:17 and $!?—0':154. 

With reference to fix. 10 we cannot discover any discon- 
tinuity on the curve of v against r, It follows, therefore, 
that on the curve of $!? against r there must not be a perfect 
discontinuity. Hence, in fig. 13, it is proper to see the 
curve as one continuous curve instead of seeing it as the 
combination of two straight lines. On this consideration and 
also for mathematical convenience, we have assumed it to be a 
hyperbola of the second order which has these straight lines 
as its asymptotes. Then, with these asymptotes as the 
oblique coordinate axes X and Y, the equation of the 
hyperbola has been found to be 


XY =0:000108, 
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from which the following formula has been deduced : 
p 4-(0236— 3:27)? + (2:077? —0:2117—0:000282) z20 (13) 


and solving $!? from this we have 
13—1:6r—0:118--4/0:49:? —0167r--0-0142. — (14) 


Table VI. shows the values of ¢'? calculated from this 
formula against their observed ones given in Table IIT., and 
fig. 13 shows these plotted on a diagram, by which their 
close coincidence can be seen. 

With calculated values of $!? the terminal velocities can 
be determined by (9). In order to obtain a formula for the 
terminal velocity, substitute $!? given in (9) in (13), then 
the following will result : 


(2:071? —0:211r — 0:000282):? 
+ (15°1—205r)r?*v+41107=0. . . (15) 


The terminal velocity of a bubble whose radius is r can be 
solved from this quadratic equation. Table VII. shows 
those calculated against their observed ones given in Table I. 
and those plotted on a diagram are shown in fig. 10, by 
which it can also be seen how they coincide closely. 

From our formule deduced above we can find the 
following facts :— 


(1) When the bubble is so small that Stokes’ formula 
may be applied, the terms containing r in (14) become 
negligible and 4'7 becomes constant. Jt follows that 
when the bubble is very small the terminal velocity v varies 
as r?? as is obvious from (9). This does not agree with 
Stokes' formula (1), but as the present experiment was not 
carried out on such small bubbles, owing to the difficulty of 
making them, our formule cannot be compared with Stokes’ 
to find how the former is approximated to the latter. 

(2) When the bubble is smaller than about 0:04 cm. in 
radius as Mr. Allen treated in his experiment, the first term 
in the right-hand side of (14) is negligible in comparison 
with the second, and the term with 7? in the square-root sign 
is also negligible in comparison witli the accompanying two 
terms. It follows, therefore, that in this case $!/? varies 
according to the square root of r, other terms being all 
constant values, and that the terminal velocity varies linearly 
as the radius, as is evident from (9). Hence our formula is 
perfectly coincident with Allen's formula (2', so that the 
former may be considered to include the latter, which may 
be considered to be only a special case of the former. 
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(3) When the size of the bubble lies between about 0°17 


em. and 0:25 cm. in radius, the value with the s 
sign in (14) becomes negligible compared with t 


quare-root 


he others, 
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and it follows that $!? varies linearly asr. Hence we find 
from (9) that in this case the terminal velocity varies as the 
square root of the radius, the curve of v against r being a 
parabola as seen in fig. 10. 


VIII. BOUNDARY EFFECT OF THE EXPERIMENT VESSEL. 


In order to get as fine and sharp photographs of the 
bubbles as possible, in the above experiments we used a 
comparatively thin experiment vessel which might give a 
certain boundary effect to the motion of the bubbles, 
especially for large bubbles. 

To test this, we carried some experiments with a larger 
experiment vessel of the cross-section of about 15*6 cm. into 
10:95 cm., set the shorter side parallel to the flash-light 
direction, and about 48:5 cm. high with water about 23 cm. 
deep. 

The photographs of the bubbles were not so sharp and 
fine as those obtained with the thin experiment vessel, and 
the size of the bubbles, especiallv of the small ones, could not 
be measured so accurately as in the thin one. The results 
obtained, therefore, did not have much value in treating its 
equation of motion, but we ascertained after experiments 
with six different sizes of bubbles that the terminal velocities 
were about + per cent. greater for all the bubbles of practical 
sizes. 


IX. SuMMARY. 


As the result of the present experiments we have arrived 
at the following conclusions :— 


(1) When an air bubble rises from rest in still water it 
attains a constant terminal velocity almost as soon as it has 
started. (The critical position at which the terminal velocity 
is attained is about 3 to 4 cm. high above th» air-nozzle.) 

(2) The terminal velocity is maximum for a bubble whose 
radius is equal to the critical radius. (The critical radius 
is about 0°165 em. and its terminal velocity is about 2778 em. 
per sec.) 

(3) For bubbles smaller than the critical radius the 
terminal velocities increase approximately linearly with their 
gizes. 

(4) For bubbles larger than the critical radius the ter- 
minal velocities decrease nearly parabolie with the sizes, and 


140 Motion of an Air Bubble rising in Water. 


tend to be constant irrespective of their sizes. (The 
constant velocity is about 23 cm. per sec.) 

(5) The rate of resistance almost suddenly increases at the 
critical radius, and the shape and the course of the bubble 
become unstable at it. 

(6) The bubble traces a kind of a helical course on its 
upward motion and it displays a fluttened outline, the major 
axis of which lies perpendicular to its course. 

(7) The ratio of the mass of water carried up with a 
passing bubble to that displaced by it is proportional to the 
square of its radius or to its surface area. 

(8) The resistance to motion of a bubble is proportional to 
the cube of its radius or to its volume. 

(9) The following equation of motion agrees closely with 
the practical case, with the axis of upwardly directed. 


l- aa. dz\? 
iPV ga = PV —9(7) » 


where p=density of the water, 
V=volume of the bubble, 


$ —coeflicient of resistance depending on the size of 
the bubble, 
and — £-coeflicient depending also on the size of the bubble. 


The values of @ and k should be calculated from the 
following empirical formule :— 


$= (1'6r -0118+049 — 0167r + 0°0142)?, 


and = 


r being the radius of the bubble as measured just at the 
moment of its leaving the nozzle when it shows a spherical 
outline. All are expressed in C.G.S. units. 

(10) The terminal velocity v in cm. per sec. of a bubble 
the radius of which is r cm. is determined by solving the 
following quadratic equation : 


(2-077? — 0°21 1r—0°000282) x? + (15:1— 205r)r? w 
+4110r3 =0. 


(11) The above results contain the very slight boundary 
effect of the experiment vessel by which the terminal velocity 
in a widely open space is about 4 per cent. greater than that 
obtained above. 


Sendai, Japan. 
July 8, 1924. 
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XI. On a Method of Calculating the Vapour Pressure of a 
Solution with a Simple Solvent and a Non- Volatile Solute. 
Dy Sast BBusHaAN Mari *. 


N the theoretical calculation of the constant of integration 
of the vapour pressure formula for a substance from 
kinetic considerations, Stern f makes use of a simple 
mechanical model. He assumes that inside the body of the 
substance there are points P, such that they attract the 
molecules with forces proportional to the distance r of 
the individual molecules from each of the points in question. 
The work done by a molecule in freeing itself from the 
influence of such a point is, according to Stern, the latent 
heat of evaporation of that molecule. The forces of attraction 
due to the points P which operate on the molecule are of 
such a nature that they vanish beyond a certain distance s 
from the points P, which are supposed to be surrounded by 
spherical spheres of influence. Within the sphere of 
influence the molecules (or rather atoms) vibrate as mono- 
chromatic resonators, while in the rest of the space 
surrounding these spheres of influence they fly about like 
ordinary gas molecules. Hence, the potential energy of the 
individual molecules at every point in space is fixed. Here, 
Stern makes use of Boltzmann’s law of logarithmic distribution 
to determine the ratio of the density of the molecules inside 
the spheres of influence, and also in the free space intervening 
between these spheres, and he makes the further important 
assumption that inside each sphere of influence there is only 
one vibrating atom. The vapour pressure of the substance 
can now be uniquely determined if we remember that, 
according to Stern's model, there are as many attracting 
centres P in a substance as there are atoms in tlie substance. 
The working model of Stern essentially resembles the 
known model of matter in the crystalline state as revealed 
by X-ray work, for in crystals the atoms are vibrating about 
positions of rest. And in fact Stern's value for the integra- 
tion constant actually coincides with tliose found by Sackurt H 
and Tetrole$ for monatomic vapours. This is especially 
noteworthy in view of the fact that some physicists jof the 


* Communicated by Prof. W. A. Jenkins, M.Sc., LES. 

t Stern, Physik. Zeitschr. xiv. p. 029 (1913). Also Nernst s 
‘Theoretischen und experimentellen Grundlagen des neuen Wirmesatze, ’ 
1918 edition, p. 138. 

f Sackur, Ann. d. Phys. xl. p. 67 (1913). 

$ Tetrode, Ann. d. Phys. xxxviii. p. 434; xxxix. p. 255 (1912). 
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present day * are inclined to believe that matter in the liquid 
state possesses an unstable crystalline structure. 

Stern has determined the vapour pressure formula for 
simple condensed systems. It appears that with very simple 
modifications his assumptions can be utilized to find the 
vapour pressure formula for a dilute solution with a non- 
volatile solute, especially when the solvent is monatomic 
both in the liquid and in the vapour state. A solution 
consists of a certain distribution of solvent molecules with a 
rarer distribution of solute molecules superimposed upon the 
former. On account of the mutual attraction of the solute 
molecules and the surrounding solvent molecules, the distri- 
bution of the solvent molecules just around a solute molecule 
will be somewhat different from the distribution at points 
further away from the solute molecules. 

And owing to the presence of the solute molecules the 
general distribution of the solvent molecules at points beyond 
the immediate influence of the solute molecules will be 
somewhat different from that in the pure solvent, and this 
even though the amount of solvent in a certain volume may 
remain the same in. the pure state as well as in the state of 
solution. Weshall now make use of Stern’s reasoning inorder 
to develop a vapour pressure formula for the solution. If, 
in the pure state, 2, and ġo respectively denote the molecular 
density and the potential energy of a molecule in free space, 
and if n, and $, denote the same quantities at a point inside 
a sphere of influence whose distance from the corresponding 
equilibrium point P is r, then, according to Boltzmann’s 
law, 


n,/Ng = e SL KT, 


In the corresponding case of the solution the value of n, 
remains unchanged, since the volume of the solvent molecule 
is supposed to be unaffected by the presence of the solute 
molecule. The value of do is, however, increased by an 
amount proportional to the number of solute molecules in 
unit volume of tle solution, and the molecular latent heat 
in free space of the solution may be expressed as dy 4 cn f, 

* Debye and Scherrer, Nachr. Kyl. Ges. Wiss. Gottingen, 1916; 
Eastman, J. A. C. S. xlvi. p. 917 (1924). 

t ¢, is the latent heat of evaporation of a solvent molecule from the 
pure solvent, and $,-rFcn is that of the same molecule from the solution. 
Hence, en is the heat of dilution of the solution, and is defined by Sackur 
(*ackur's * l'hermo-chemistry and 'l'hermo-dynamics, 1917 ed. p. 228) 
asthe amount of heat evolved when a large volume of the liquid is 
diluted by the addition of one molecule of the solvent.” 
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where c isa constant and n isthe number of solute molecules 
in one c.c. of the solution. We do not know in what way 
no and $, will change in the case of the solution, but we 
can at once determine their product by the application of 
Boltzmann's law of distribution. Thus, in the case of the 
solution 
" $r $,--cn 
n, =ne ^T,eQ KI 


But, since there is only one molecule (or atom) in the sphere 
of influence, 


Poten 


gr 

3 rn 3 —7 nm 

Li | n,.Amridr = ne ^T, inf e Ty, 
JO 0 


The force acting on the molecule vibrating inside the sphere 
of influence is represented by the equation 


d?r 
n y +a’r = 0, 
The potential energy ¢, of a vibrating molecule when at 


2,3 
l a?r 
a distance r from an attracting centre P is equal to "mE and 


the potential energy do+en in free space is equal to 


a?4? 


-g ten. Thus, we find 


a 


s ies 's ES 
| e ^T jr = | e WAT yy, 

0 Jo 
To simplify the right-hand side of the equation we may 
put 

2.2 2.2 

r a?s l 
m = 0, and = v 


sup Mut 
Okt OT “O° 


Then, 
atr? € - 
s -ori RT \ 82 m Le 
| e I pdr = (573) | "e — ada. 
Jo a/2 0 


If Ao denotes the latent heat of evaporation of the solvent 


i A ; 
when the solute is absent, x? = mi and this must be a large 


‘ À 
number compared with unity, for ;? represents the Trouton 


T 


constant, and its value is.of the order of 21 at the boiling 
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point of normal liquids and has higher values at tempera- 
tures lower than the boiling points *, whereas R has the 
value 2. Hence, e-z? must be a very small quantity. 


T 
Thus, in the integration of the equation 'e7* sida we 
0 
may, without appreciable error, take the upper limit of the 
integration to be æ instead of zy. Integrating the equation 
in this way, according to Nernst's * Rekursion Formel," 
Stern shows that 


LA e dr = Vm i 
0 4 


In this way we finally get 
Poten 


ae kT \3/2 
]zne ^l . 73/2 (275) " 
zt pa ten 2); D 
or ng =e AT a?/2 y 
Tkl 
Substituting m(27v)? for a? 
UO, ten ee 
MEF g LT aT) 
0 e KT 


Now, in a dilute solution, we may suppose that most of 
the solvent molecules are distributed at points beyond the 
influence of the solute molecules and have a distribution of 


ny molecules per unit volume. Hence, in the case of a dilute 
solution, we may put 


$, den m 
p= nkTl =e CET amy)? 
(AT) 1 
: n + ` 3/2 
or Inp= ius —0:5 n T4 1h CU 9 
"E 


If Ay’ denotes the latent heat of evaporation of a gram mol. 
of the solvent from the solution 


FREE." (2r m)? 2y 
In p =— Fp —0°5 In T+In HF totos (1) 
Also, for the pure solvent, Stern has shown that 


Mo as (Orm)? y 
TT Pon yar z (2) 


* Mali, Phil. Mag. xlv, p. 94 (1923). 


In p, = — 
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We thus find that the vapour pressure formule for the 
pure solvent and the solution with a non-volatile solute differ 
only in the terms containing the latent heat of evaporation, 
but are otherwise identical. And specially we notice that 
the constant of integration comes out as identical in both the 
cases. This is as is to be expected, for the constant of 
integration, as explained by Nernst, depends upon the nature 
of the evaporating molecules and is independent of the 
nature of the condensed svstem. 

There are certain consequences to be derived from these 
results. From equations (1) and (2) 


and since p; and p are approximately equal, 


) 097 D Da — D . 
In? = TP _ PZP approximately. 
| P Po 
Thus, the lowering of the vapour pressure of the solution 
is proportional to the concentration of the solute. Again, 


from thermodynamics, 
Pomp x Aod T 
[^o KT)? : i 
where dT is the raising of the boiling point corresponding 
to the lowering of the pressure by the amount pj— p. 
Combining these two equations, we find that 


Aud . 
Nen = —* T approximately. 


T 


Or, Heat of dilution of the solution = Heat of evapora- 
; dT ; ! ; T" l 
tion X a-~, where dT is the difference in boiling points ot 


the original and the dilute solutions. 

The present arguments may not be strictly accurate in 
the case of metals, for the metals are monatomic in the 
vapour state, yet from surface tension data they are found 
to be associated in the liquid state (Siedentopf, Wied. Ann. 
lxi. p. 265 (1897). These arguments will be strictly true in 
the case of a hypothetical liquid which is monatomic both 
in the liquid and in the vapour state. 

Finally, 1 nave to record my thanks to Prof. W. A. Jenkins 
for the kind interest he took in the work during the course 
of its progress. 

Department of Physics, 

University of Dacca. 

Sept. 7, 1924. 
Phil. Mag. S. 6. Vol. 50. No. 295. July 1925. L 
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XII. The Jemperature Dependency of the Molecular Heats 
of Gases, especially of Ammonia, Methane, and Hydrogen, 
at Low Temperatures. By FRANKLIN A. GIACOMINI, 
M.A., Ph.D.* 


[Abridged Report. ] 


NINCE the discovery of the extraordinarily rapid fall of 
C, for hydrogen down to the value of a monatomic gas 

at low temperatures (first observed by Eucken), physicists 
have been endeavouring to explain this phenemenon (which 
seems to stand in marked opposition to the deductions of the 
Equipartition of Energy Theorem) chiefly by means of the 
Quantum Theory f. None of the attempts made thus far, 
however, have been successful, and until a greater body of 
empirieal evidence has been obtained with regard to the 
behaviour of the molecular heats of gases at low tempera- 
tures, little hope can be entertained of making any positive 
progress in this direction ł. The work outlined in this paper 
'as undertaken for the purpose of providing additional data 
concerning the relation of the energy-content of gas molecules 
to the temperature,—particularly in that temperature-dlomain 
in which the value of the said energy-content sinks beneath 
that value which the molecule must have when considered as 
perfectly rigid and as having three degrees of freedom of 
rotation (decrease in the rotational energy of the molecule). 


* Communicated by Prof, J. R. Partington. 

t It is of interest to note that, previous to Eucken's observations, 
Nernst had predicted the rapid fall of Cr for H, with decreasing tem- 
peratures as a necessary consequence of his thermo-dynamical theorem 
by applying the Quantum Theory to gases; Eucken's experiments were 
subsequently made to test the correctness of this deduction of Nernst. 

f Among the many theoretical attempta made, which (in addition to 
the theories of Planck-Iinstein and of Nernst- Lindemann, both of 
which had previously been developed for the purpose of accounting for 
the decrease of the vibrational energies of the atoms in solids, bv 
diminishing temperature) have been built up for the sole purpose of 
explaining the decrease of the rotational energies of gas molecules by 
falling temperature, may be mentioned the following :—Planck. Berichte 
d. deutsch. Phys, Gesellsch, li. p. 285 (1915), which is founded on the 
aeaumption of coherent degrees of freedom of the molecules; S. Rotszayn, 
Ann. d. Phys. lvii. p. 81 (1918), which assumes incoherent degrees of 
freedom between the molecules; and in addition to these :— 

E. Holm, Ann. d. Phys. xlii. p. 1311 (1913) ; Enrentest, Ferhandl. d. 
deutsch. Phys. Gesellsch. xv. p. 451 (1913) ; A. Einstein und O. Stern, Ann. 
d. Phys. xl. p. 551 (1915) ; v. W vesenhof, Ann. d. Phys. li. p. 285 (1916); 
F. Reiche, Ann. d. Phys. lviii. p. 657 (1919); G. W. Todd, Phil. Mag. 
xl. p. 857 (1920) (hased on the Classical Theory), 
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By so doing a system of data is obtained for the study of the 
molecular energies which is reduced to its utmost simplicity. 
The plan of the work decided upon, therefore, involved the 
following objectives :— 

(1) The determining upon and the examining of all such 
gases (chiefly those ‘having small molecular moments of 
inertia) which in addition to hydrogen might, in all 
probability, still show an experimentally establishable 
decrease in their molecular energy-content, C,, by falling 
temperatures, below the C,-values corresponding to rigid 
molecules (decrease in the rotational energy of the molecule). 

(2) The determining, as far as possible, of the specific- 
heat-temperature curves (C,-T-Curves) for these gases. 

As a prerequisite to the attaining of this end there was 
necessary :— 

(3) The developing of a method by means of which the 
molecular energy-content, C., can be directly obtained, 7. e. 
determined, as far as possible, without the use of any 
assumptions or hypotheses concerning either the ratio of the 
specific heats, C,/U,, at the temperatures in question or the 
other thermodynamical corrections usually necessary to 
reduce the observed values of C, to their true values at low 
temperatures. 

The method used, however, requires that the gas under 
investigation be as nearly as possible in the ideal state 
(measurements at small gas pressures, see below). This 
follows, first, as a consequence of the fact that, in the 
measurements, the coefficient of pressure-increase of n 

gas (dp/dT)e is assumed to be approximately that of a 
ideal gas and to be practically independent ot the qns t- 
ture, i. e., that (d?p/d T?), 20 (ride Principle of the Method, 
below) ; and, secondly, from the desirability of avoiding, as 
far as possible, the cor rections needed to reduce the obtained 

values of C, to the values C, would have if the gas were in 
the ideal state, i.e., for p=0. This second condition is also 
fulfilled when (d?)/dT?),=0, as is evident from the general 
thermodynamical ciation 


(dC, /de)p=T . (Lp/dT?) p 

No claims are made for the applicability of this method to 
measurements of precision on the absolute values of Cy. The 
scope of the method is essentially the enabling of qualitatively 
accurate determinations of the relative values of C » for the same 
gas over a large range of temperature TNNT and of the 
relative values of C, for various gases at the same temperature 
and pressure, 


L2 
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The method, which was adopted as the result of a suggestion 
of Professor Nernst, to whom I here wish to express my 
sincere thanks, depends on the principle, first enunciated 
by Nernst, concerning the determinability of the molecular 
heat of a gas at constant volume,—even when the heat incre- 
ment added toa given volume of the gas is not uniformly 
distributed throughout the gas but is isolated in heat-zones 
or clouds in the interior of the containing-vessel (avoidance 
of heat-conduction directly to the walls ‘of the containing- 
vessel). The comparison-measurements of C, are obtained 
bv determining with a very sersitive enone galvanometer 
the pressure rise which immediately follows upon the tran s- 
mission of a small inductive electrical impulse through a 
diminutive constantan foil placed towards the centre of the 
vessel (ride Apparatus). This method of determining C, 
was first tried out by Voller *. He limited his trials, 
however, to room temperature and atmospheric pressure. 
No investigation was then (or has since been) made con- 
cerning the validity of this principle of determining C, ; nor 
concerning the conditions that must be fulfilled if the 
principle be at all allowable in order to obtain reliable 
results. 

The first matter to be settled in these researches was, 
accordingly, (a) to examine whether, or to what extent, the 
above described principle of determining C, is permissible— 
for this principle presupposes a non-uniform temperature 
distribution in the gas-filling of the heating-chamber which 
is alone sufficient to preclude any prima facie assumption 
concerning the determinability of C, by this principle, —and 
(b), if permissible, the establishing id the conditions under 
which the principle can be applied in order that reliable 
results may be obtainable ; 2.e., so that C,, and not some 
polvtropic specific heat lying somewhere bet een C, and C,, 
be obtained. This question was settled :— 

(1) Through an experimental investigati n of what was 
going on in the interior of the heating- chamber immediately 
succeeding the induction-impulse in the heating-foil. This 
included the direct observation of the development and 
evolution of the heat-clouds in the heating-chamber (gas 
made visible by smoke particles); the measurement of the 
time required for the foil to give off its heat; the determi- 
nation of the temperature attained by the foil during an 


* Voller, Berlin Dissertation, 1908. 
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induction-impulse ; and, most important of all, the deter- 
mining of the pressure-increase curves for various gases by 
various heat charges and under various initial conditions of 
pressure, etc. (see fig. 2) ; and 

(2) l'hrough the theoretical considerations suggested by 
Dr. K. Bennewitz, of the University of Berlin, concerning 
the thermodynamical stages gone through in the gas-tilling 
in the interior of the heating-chamber during and immedi- 
ately after the inductive impulse in the heating-foil. The 
fundamental idea underlying the theory of Bennewitz is 
this: it considers what actually takes place in the heating- 
chamber as identical with the following twoidealized stages: 
(1) an isochoric heating of a small volume of the gas 
immediately surrounding the heating-foil, and (2) the 
adiabatic expansion of this volume and the adiabatic com- 
pression. of the remaining part of the volume of the 
heating-chamber (a fuller account will be given in another 
paper). 

As the result of the above-mentioned experimental and 
theoretical investigations, the conditions were ascertained 
which must be fulfilled in order that C, may actually be 
determined. Among other things, in order to obtain reliable 
results, the most important condition that must be fulfilled is 
given by the expression 


RQ 7? 
WE, sed 


(where Q designates the heat-charge given off by the 
induction-impulse; Vo, the volume of the heating-chamber ; 
P, the initial pressure in the heating-chamber; C,, the 
molecular heat; and R, the universal gas-constant, all 
expressed in absolute units). The above condition demands 
that for given values of Vo and of Po the smallest possible 
value of Q be used. The expression shows, moreover, that 
the smaller P, is taken the more unfavourable the experi- 
menta) conditions become ; i. e., the greater are the demands 
made on the experimental efficiency of the apparatus. 


Apparatus. 


The apparatus finally used (fig. 1) consisted essentially of 
a cylindrical metallic vessel of about 8 em. diameter and 
20 cm. height. This could easily be dipped into a Dewar 
vessel. The cylinder was divided into two chambers, a 
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higher and a lower one. In the lower chamber (heating- 
chamber) of about 600 c.c. capacity there was placed the 
heating-foil of constantan, a metal with a negligibly small 
temperature coefticient of electrical conductivity. Platinum 
is, on account of its great temperature coefficient, not suited 
to comparison-measurements o£ C, for various gases, or for 
the same gas at various temperatures. This is chiefly a 


Fig. 1. 


80m 


Double-heating chamber apparatus. 


consequence of the discrepancies in the magnitudes of k, 9 *, 
and C, (t. e., in the heat-receiving capacity) in the two gases 
being compared, which causes unequal temperature variations 
and, therefore, unequal inductive charges in the heating-foil 
in the respective gas-fillings of the heating-chamber. In 
the higher chamber (manometer chamber) of about 300 c.c. 


* k=coefficient of thermal conductivity of the gas, 7=coefficient of 
internal friction of the gas. 
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capacity was built the membrane manometer (DB) with its 
connexions to the very sensitive deflexion mirror above, which 
was suspended on a eocoon fibre. The natureand magnitude 
of the manometer deflexions were usually observed directly 
hy means of a telescope and scale. In the figure shown 
here (double-heating-chamber apparatus), the manometer 
chamber is of the same capacity as the lower one, and is 
also equipped with a heating-foil (H,) by means of which 
this chamber can likewise be used as a heating-chamber 
simultaneously with the lower one: differential or zero 
deflexion method of procedure (rejected later as unsatis- 
factory, see below). A complete description of the 
apparatus will be given in another paper. 


Measurements. 


On account of the great difficulty in determining the 
absolute values of the heat charges, Q, developed by each 
induction-impulse, the measurements were limited to deter- 
mining the relative magnitudes of the pressure-increments 
Ap (of the magnitude of about 0:0894 g./em.?) produced by 
inductive impulses of invariable magnitude in the several 
gases compared with that brought about in a standard gas, 
viz. air. The relative value, of C, for the different gases in 
terms of the C,-value for air should hereby be obtained 
(comparison-measurements). The value of 4:979 cal./mol . T, 
determined by Scheel and Heuse, was taken as the standard 
Ce-value for air at 291? abs. and atmospheric pressure. The 
relative pressure-increments were obtained by observing the 
relative magnitudes of the maximum manometer deflexions 
for the various gases under the above conditions (the corre- 
sponding mean value of AT in the air was 0?*025 C.). Lt is 
tery important to state here that comparisons of the maxima 
of the dejlexions were made only when each deflexion-maximum 
remained at a constant and invariable value for an extended 
interval of time, sometimes lasting for seconds (fig. 2). That 
these long-enduring pressure maxima were not spurious ones 
is shown by the fact that, within broad limits, the same 
maxima were obtained by gas-fillings (of the same gas) at 
different densities. A special study was made of these 
pressure maxima (of incredibly long duration). This will be 
treated of in another paper. 

For the purpose of additional orientation concerning the 
reliability of the results obtained, a determination of the 
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absolute value of C, for air was attempted *. The trials 
showed that, although approximately correct values of C, 


were obtained, the method must be further perfected before 
satisfactory measurements of this nature can be hoped for. 
Preliminary experiments by means of a double-heating- 
chamber apparatus (mentioned above) were made. By this 
differential procedure inductive impulses are sent simultane- 
ously into both chambers. The trials were, however, on 
account of the differences in phase in the pressure rise in the 


Fig. 2. 
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The above curves (fig. 2) show the Time-Pressure-increase relations 
for a CO;-gas-filling at room temperature (T =291°) and at the indicated 
initial pressures, P,, of 1, }, and jy Atmospheres. 

The magnitudes of the maxima of the deflexions remain unchanged 
down to almost 4} of an atmosphere initia] pressure. This fact insures 
us that the maxima obtained are not spurious. The duration of the 
maxima, however, diminishes with the decrease of the initial pressures, 
P,, in the keating-chamber. 

One mm. deflexion in the above curves is equivalent to about 0:0036 
g./cm.? pressure increment. 


(two) gases being compared (caused chiefly by the discrep- 
ancles in the values of $ and 7 of the respective gases), 
given up as unreliable ; therefore the first-mentioned single- 
heating-chamber apparatus — with successive fillings of 
different gases—was used in the final measurements. 


* Here the determination of the magnitude of the heat-charge Q was 
necessary. | 
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The number of mols of the various gases in the heating- 
chamber at each gas-filling was kept practically equal by 
introducing the pure gas into the chamber at relatively low 
pressures and at room temperatures. The experiments 
revealed, however, that the actual number of mols of gas in 
the heating-chamber had very little effect on the maximum 
of the pressure-increments (and correspondingly deduced, 
values of C,) caused by a given induction-charge ; for, 
within broad limits of variation of the initial pressure, the 
maxima of the manometer deflexions remained unchanged” ; 
or at least the variations in the pressure-increments were 
too small to be observable. Only for great diminutions 
of the initial pressure did the pressure-increments begin to 
decrease. This was attributed chiefly to imperfections in the 
apparatus, or rather to the fact that the experimental limits 
of the apparatus were overstepped ; for the smaller the 
initial pressure, Po, of the gas the greater the demands made 
on the efficiency of the apparatus become. All this is to be 
seen from the pressure-increment curves for various initial 
pressures spoken of above. 

Two sources of error of fundamental importance, which 
had to be corrected for, were the following :—(a) the 
influence of the initial gas pressure in the manometer 
chamber on the magnitude of the manometer deflexion— 
which varies according to the values of the initial pressures - 
in the manometer chamber (the initial pressures in the 
manometer and heatiug-chambers must, of course, always be 
kept alike to avoid strains on the manometer and to keep it 
in its neutral zero-position) ; and (b) the work performed on 
the membrane-manometer itself and on the gas in the 
manometer chamber, which becomes slightly compressed 
during each manometer deflexion. For an unfavourably 
designed apparatus (b) can become very great. In the 
final experiments carried out here (b) was negligibly small 
(less than 4 per mille of the measured quantity, apparatus 
No. 3). The effect of (a), however, had to be eliminated 
whenever measurements were made at various initial pressures 
P, (at times amounting to 5 per cent., apparatus No. 3). 

The C,-T-Curves obtained (fig. 3) show that the molecular 
heats of CH, and NH, sink with falling temperature below the 
values corresponding to rigid molecules (decrease in the 
energy of rotation of the molecule). With the exception of 
H, (observed by Eucken), these are the only gases for which 


* It can also be shown theoretically that this should be expected. 
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this property has yet been directly observed *. For CH, 
the value of C, sank to a value of 5°30 cal./mol. T at a 
temperature T=83° abs.; for NH;, to a value of 5°55 cal. 
at T — 229? abs. 

A few of the numerical results heretofore obtained by this 
method asa first contribution to the establishment of the 
C,-T-Curves are shown in the table below (the author hopes 
soon to be able to complete the curves). 


Fig. 3. 


€ Points observed by the author. 


e . LL - 


5:955 Ca!. 


o 4 


3:0 Calories. 


Cv. in small calorie 


0 
O 20 40 60 BO 100 !20 140 160 160 200 220 240 260 280 300 
Temperature abs. ——* 


General view of the C,- T- Curves for H;, NH;, 
CH, and air (see table). 


The observations made on H,, which were made primarily 
as a practical test of the applicability of the method at low 
temperatures, are in excellent agreement with those made by 
Eucken. The C, values obtained in the neighbourhood of 


200? abs. are also in harmony with the observations of 
Scheel at 197? abs. 
The remarkably rapid fall of the C,-T-Curve for NH, is 


noteworthy f. 


* Since the observations described in this paper were made (discon- 
tinued January 1922), a paper by R. W. Millar (Journ. Amer. Chem. 
Soc. xlv. S. 874-821 (1923), No. 4) has appeared, which—by means of 
the steady flow method, measurements of Cg —qualitatively corroborates 
the observations made here on the decrease of Cy for CH, below the 
values corresponding to a rigid molecule having three degrees of free- 
dom of rotation. Millar's measurements extended only down to a 
temperature of 142? abs. 

T A number of theoretical considerations, which arose out of the 
results of the measurements of Ce for NH; and CH,, led to the conclu- 
sion that at small pressures an observable and rapid fall of Ce with 
decreasing temperature would probably be observable also for & few 
other gases not yet investigated, such as PH, and AsH,. These gases 
are presumably of the same molecular structure as NH,; and according 
to the latest measurements of Rankine and Smith on the viscosities of 
these gases should have molecules with small diameters. 
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TABLE. 


Gas. T. P. Ce Remarks. 


eal./mol . T. 


ms — gnam. ces — (mie. 
253 j 625 
NH,. 243 2 6:05 
231 + 5°60 
229 5 5:55 


Polymerization or 
193 20 mm. Hg. 16:5 Condensation, ab- 


normal Cy value. 


278 1 Atm. 641 
222 3/4 , 5:89 
CH,. 180 2/9- 35 5:608, 
83 60 mm. Hg. 5:50! 
: x ; Polymerization or 
83 250 »" 1500 Condensation. 
291 160 mm. Hg. 4:847 
273 715 - 4:80 Eucken: 4°84. 
258 680 » 4°76 
234 614 " 4°68 
H,. 221 595 i 4:05 
224 590 is 4°57 
211 550 : 4:52 
208 545 » 4°48 
83 220 M 3:196 Eucken: 3:19. 
0,H,. 286 1 Atm 8-14 n and feuse: 
CO 291 1 Atm 6:81 E , 6806. 
2° 291 o. 6'81, 
Standard value 
291 ] Atm 4079 taken from Scheel 
(and Heuse. 
273 Ll a3 4:979 
Air. 248 locu 4:979 
233 l- 4 4:06 
83 1/3 ,, 4°95 
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Miscellaneous Remarks. 


The following remarks deal chiefly with some of the 
difficulties encountered in manipulating the apparatus. A 
few suggestions are also appended, indicating tlie general 
lines along which these difficulties may be eliminated and 
the method further developed and perfected for future 
measurements, 

(a) Difficulties : the chief difficulty met with in completing 
a series of measurements was that of keeping in order the 
delicately suspended deflecting-mirror, which served as a 
member of the optically magnifying system necessary to 
accurately and expeditiously indicate the minute displace- 
ments of the membrane-manometer (the details, figures, etc., 
of the mirror-suspension will be given later in a longer 
paper); the fragile nature of the magnifying system 
(enabling accurate and rapid measurements of pressure- 
increments of the order of magnitude of 7.1074 g./em.?) made 
frequent breakdowns  unavoidable—derangements often 
occurring near the end of a series of measurements, necessi- 
tating the discarding of all the readings thereby obtained. 
Another difficulty met with was that of keeping the 
manometer in its true zero-position and free from disturbing 
vibrations during a comparison-measurement. These dis- 
turbances were of two types :—first, rapid oscillations due 
to vibrations in the building (tramway-cars, etc.); and, 
second, gradual displacements of. the manometer, to and fro, 
due to slight temperature discrepancies between the heating- 
chamber and the manometer chamber. 

(b) Improvements: the lines along which the method may 
be experimentally improved are, to a great degree, already 
implicitly indicated in the above-mentioned difficulties. This 
demands the developing of an equally sensitive but at the 
same time less easily derangeable means of measuring the 
E following the inductive impulses in the 

eating-chamber. The positive direction, thererore, in which 
the method is to be perfected is (as will be shown in the 
general theory of the method, which will be treated of in 
the paper mentioned above) in making accurate and rapid 
measurements of pressure-increments of a still smaller order 
of magnitude possible than were obtainable by the apparatus 
described in this paper. 


The experimental part of this investigation was carried 
out in the Physico-Chemical Laboratories of the University 
of Berlin, and was finished in January 1922. 


Sterling, Colorado, U.S.A. 
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XIIL. Electric and Magnetic Spectroscopy. 
By Professor W. ARKADIEW, Moscow * 


Ó e veloeity of very long waves in dielectries depends 

on the dielectric coefficient e,, which can bo defined by 
electrostatic measurements taking in consideration the in- 
crease of the capacity of a condenser, and on the magnetic 
permeability p, which can be measured by a magneto- 
meter. If the electromagnetic wave is very short, its electric 
and magnetic fields alternate so rapidly that the electric 
and magnetic particles fail to undergo any displacement and 
no electrie or magnetic polarization can arise in a body of 
any influence on tle velocity of the wave; there is no 
friction that produces a considerable absorption of waves of 
medium length. Therefore, the absorption of short waves 
is very small, and their velocity in matter does not differ from 
the velocity in vacuum ; such are the X-rays, which hardly 
suffer any absorption ; all bodies are transparent to X-rays, 
their velocity in matter is the sameasthe velocity in vacuum : 
the refractive index n of X-rays is equal to 1. This is 
because in the high-frequency electric tields of the X-ray 
waves the electrons and ions have not sufficient time for any 
perceptible displacement t. The vibrations of X-rays are 
outside the domain of electric qualities of matter in the 
region where the dielectric coefficient is equal to 1. 

In the central part of the spectrum, where the frequency 
of the electromagnetic waves 1s equal or nearly so to the 
natural frequency of the electric centres, we have the 
region of vast variations of the refractive index n and of 
the dielectric coefficient e, the remon of electric dispersion 
and of strong absorption of rays, and the region of electric 
absorption. Here dielectric bodies obtain the so-called elec- 
trie conductivity of polarization designated by c. 

The values of e and c, in the case of oscillating centres of 
a uniform group, are detined by the equations: 


1—» e, —1 0v? 
gr E (16575 and g = OT, Oy? + (1—,7)? 
oe os d) 


where T, is the natural period of the centre, v the relative 
freoueacy, equal to T,/T ; T is the period of the wave, and 
Ø the coefticient of friction. (The vibrations become 
aperiodic when 6= 2.) 


* Communicated by the Author. 
+ A. H. Compton, Phil. Mag. xlv. p. 1121 (1923). 
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The refractive index » and the coefficient of absorption 
k are determined by the Following known expressions : 


2n! — fe o" e and 2) — 4 e xo —e,. (2) 
where c' —2c7T. 


The magnetic properties of bodies are distinctly expressed 
in constant and slowly changing fields, where the magnetic 
permeability amounts to hundreds and thousands of units. 
On the other hand, in the waves of light and in the long 
infra-red waves, the magnetic properties of all bodies are 
equal and their magnetic permeability p is equal to that of 
vacuum, ?. e. — ]. 

Therefore, the thermal waves have the same relation to 
magnetic centres as the X-rays to electric centres. This 
shows, that somewhere in the intermediate region, between 
the thermal oscillations and the slow electric vibrations, must 
be the disappearance of the magnetic behaviour, accompanied 
by magnetic absorption of the passing raysand by strong alter- 
ations of the magnetic permeability. This critical region 


Fig. 1. 
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The magnetic spectra of iron and nickel wire for electromagnetic 
vibrations between 1 cm. and 1 km. wave-length. 
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occupies a very considerable part of the spectrum, at least 
e from the length of waves of 1 cm. up to 1 km., as was 
shown by the investigations of Arkadiew *, Kartschagin f, 
Wwedensky and Theodortschik 1, Gans and Loyarte §, and 
Nikitin ||. 
All along this line we find strong variations of the mag- 
netic permeability (fig. 1) in weak fields. 


* Phys. Zeitschr. xiv. p. 561 (1913) ; xxii. p. 511 (1921). 

+ Ann. d. Physik, )xvii. p. 925 (1922). r 

t Ann. d. Physik, Ixviii. p. 429 (1921). Physik. Zeitschr. xxiv. p. 216 
(1923). i 

§ Ann. d. Physik, lxiv. p. 209 (1921) ; Ixvi. p. 429 (1921). 

l| Zeitschr. f. Physik, xxix. p. 288 (1924). 
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In the case of the very shortest waves this critical region 
was investigated in 1913, when there was found a big drop 
of the permeability in short Hertz waves: at \=72'7 cm., 
p=100; at `= 10:63 cm., p=30; and at A=1°14, p=3'7. 

In this region iron and nickel show a strong absorption of 
electromagnetic waves, as can be seen in fig. 2, where the 
black dots show the values of S found in the experiments 
that are proportional to the coefficient of absorption £' 
of various waves in iron and nickel. They are represented 
as ordinates and the wave-lengths in vacuum as abscisse. 
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The bands of magnetic absorption in iron and nickel wires 
and their apparent permeability w, and pn. 


The material and the diameter of the wires are denoted on 
the diagram. In the same diagram are shown the proper 
wav c-lengths Ao of the elementary magnets lying in this 
region, and the friction 0. 

Within this region of'absorption the magnetic permeability 
is subject to variation. In one case it even comes down to 
the value of 0-80. 

Assuming that the elementary magnets in ferromagnetic 
metals under the influence of weak fields rotate under tlie 
same laws of viscous-elastic motion as are generally adopted 
for displacement of electric centres in dielteirie bodies, we 


get for the permeability p and magnetic conductivity p the 
followi ing formula : 


1—;? —1 Oy? 
uber mL Lc 
pac gr dog: 0599 ^1 Be cant 
kw owe ode S) 
Four coefficients of the matter, e, c, u, and p lead to the 
following form of the Maxwell equ: ition: 


e QE dro 
>; + —— E=curl H 


woll | a 
E : H=cur! E. 


These equations give the values of the coefficient of refraction 
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and of absorption * defined by the following expressions : 
2n? =0'( V p? + p! —p)=0' hn 
218 =0"( Vitra eeu] i 
where p’=2pT. 


The coefficient of absorption &', which defines the decrease 
of the amplitude of the wave along the distance x according 


to the formula e7*7, is Prim dra [Zn E. The 


pk 
XC 
the theoretical course of the values u; and un. The blank 
circles represent the values 44, calculated from the absorption 
of the waves in ferromagnetic wires T. The coincidence of 
the theoretical values with those derived from the experi- 
ments is fully satisfactory. 

On the basis of the already existing experimental materials 
such determinations could be performed with wires of 
different diameters. Knowing the intensity of magnetization 
up to saturation I, and the density of matter 6, it is possible, 
supposing that the oscillating elementary magnets are only 
of one type, to calculate their radius a according to the 
following formula: 


ð 
TE cnm. 


These values for wires of different diameters together 
with other quantities are given in tlie following table:— 


(4) 


coefficient S, shown in the figure, is The lines show 
* 


| 
| 


NICKEL. | Tron. 
| | e 
Arkadiew. penne | Arkadiew. 
2H mm... 0-053; 020 | 054 | 005 010 | 020 | 030 040 | Q-50 
Aem. a TH | 30 |243 | 59 | 50 | 355; 30| 25 | 23. 
iot | 90 | 20 |120 | 350 385 | 275 | 222 | 187 | 145 
EEEN 32 | 090 13 | 20 25| 20! 17 | a7 | 16 


10-%p | 000 | 055/05224, 43 — 406 | 57 | 63 | 63 | 55 
l0*.acm. 112 | 128| 311 


| 


* The general expressions for » and x are 2n?z W (e*--o?)(u*-- p 2) + 
eu —o'p' and 2x*— W (to ^ )(u* - p'^) — eu top; from these equations 
we get (2) and (4) as special cases. W. Arkadiew, Physik. Zeitschr. 
xiv. p. 928 (1013) ; Ann. d. Physik, lxv. p. 643 (1921). 

T W. Arkadiew, Ann. d. Physik, lviii. p. 105 (1919). 
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We see that, notwithstanding the great inconstancy of 
the values Ao, w,, and 0, the values pmax. i. e. p near v= l and 
a show a certain stability. 

The instability of the magnetic spectra and their depen- 
dence on the properties of the material for the wire, 
especially on its diameter (fig. 1), is connected with the 
known unsteadiness of the ferromagnetic qualities in general. 
Their natural period Ty depends upon the directing internal 
field which keeps the elementary magnets in their natural 
state of equilibrium, and defines the value of permeability 
pa, In weak fields. It would better answer the purpose to 
analyse the magnetic spectra of iron magnetized by strong 
constant external field. 

From the above-mentioned formule (2) and (4) we see 
that n and $ in the case of electric and magnetic dispersion 
are defined by the binoms : 

r+ a, r— a, 
p=r+ B, ^ pn.—v-f, 
where a replaces e and p, §’ replaces c' and p', and r= 
/ a° + 8”. 

The researches on the course of the values r+a are 
the object of the theory of electric dispersion and absorption 
and, as a special case, the ordinary optic dispersion ; the 
study of the course of the values r+ 8’ forms the object of 
the theory of magnetic dispersion and absorption. 

Lately the binoms pp and uw, have been the subject of 
electrotechnical researches, where by means of them the 
theoretic analysis of electromagnetic processes has been accom- 
plished, by which it has been shown that the absorption of 
energy in iron is due not only to the damping friction @ of the 
rotating elementary magnets, but also to other causes,as hyste- 
resis and eddy currents (Uller *, Truxa f. Tonks 1, Gans $). 

The researches on the quantities w= Vu. ua, 2p = y — Hn, 
p, p, and n in their dependence on the wave-lengths A, 
for various ferromagnetic metals and their combinations, ?. e. 
their passive magnetic spectra, form the object of passive 
magnetic spectroscopy |. The difference between this and 


* Ferh. d. Deutsch. Phys. Ges. iv. p. 31 (1923). 

t Archiv für Electrot. xii. p. 354 (1923). 

t Phys. Rev. xxiii. p. 221 (1924). 

$ Phys. Zeitschr. xxiv. p. 232 (1923). 

|| This subjectis treated in the monograph * Magnetic Spectroscopy " 
by W. Arkadiew: No. 4 of Transactions of the State Electrical 
Research Institute, Moscow, 1924 (in Russian, with the abstract in 
English). Also No.6 of Transactions ‘Researches in Mlectromagnetism,” 
edited by Arkadiew, and Zeitschrift f. Physik, xxvii. p. 37 (1924) ; xxviii. 
p. 11 (1924). 

Phil. Mag. S. 6. Vol. 50. No. 295. July 1925. M 
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Electric and Magnetic Spectroscopy. 
Fig. 3. 
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8p the retardation of their phase and the phase of the polarization 
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8, — the retardation of the phase of induction. 


rzthe value y a^-4-87; the coetficient of refraction n in dielectric 
bodies is determined by 2”?=r-+a; the coefficient of absorp- 
tion k in them by 2k?=r—a; the coefficient of apparent 


permeability uj — r -8' and u4— r— B'. 
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the old passive electric spectroscopy is that the former investi- 
gates the influence on matter of the electric vector of the 
electromagnetic wave, and the latter, of the magnetic vector 
of the same wave. We find that both these branches of 
the general electromagnetic spectroscopy have equal rights. 

Magnetic spectroscopy forms the special object of study 
in the Moscow Magnetic Laboratory. 


I. University and State Electrical 
Research Institute, 
Moscow, 7 June, 1924. 


XIV. A Physical Interpretation of Bohr's Stationary States. 
By G. P.Tuomson, M.A., Professor of Natural Philosophy 
in the University of Aberdeen and Fellow of Corpus Christi 
College, Cambridge *. 


MossriEUR L. pe BnocGLrE has shown in a paper in this 
Magazine f that the stationary states of an electron can be 
regarded as determined by the condition that the orbital 
motion of an electron can only be stable if the length of the 
path is such as to be iu tune with the * phase wave" which 
M. de Broglie supposes to accompany the electron. 

A similar result, in the case of the hydrogen atom, can be 
obtained, without the necessity of postulating waves with a 
velocity greater than that of light, by the development of 
the model proposed by Sir J. J. Thomson f. to explain the 
existence of bundles of energy in radiation. 

Suppose the electron to be attached to the nucleus by a 
tube of force which is to be regarded, not as on the classical 
theory as spreading out to fill all space, but as forming a 
connexion of limited, though possibly varying cross-section 
between the two charges. Suppose, as on the classical 
theory, that the tension of the tube provides the attraction 
between the electron and the nucleus, and that the tube 
possesses energy and therefore mass. It will thus be able 
to transmit waves, and the condition that will be taken as 
determining the possible states is that the vibrations in this 
tube shall be in tune with the period of the orbit. Only 
when this is the case can the motion be strictly periodic, 
for there will always be in practice some slight external 
effects to produce disturbances. 


* Communicated by the Author. 
T Phil. Mag. xlvii. p. 446. 
f Phil. Mag. xlvii. p. 737. 
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The condition required is that 


V dt/A=n, an integer, 


where the integral is taken over a complete period of the 
orbit, V is the velocity of the waves and X is the wave- 
length. Making the supposition that the waves with which 


we have to deal are the transverse vibrations of a stretched . 


string, X is 2r/m, where m is an integer and v the length of 
the tube, so the condition will be satisfied for 'al modes 
of vibration if 


T 
| V dt/2r=n. 


For an elliptic orbit of eccentricity e, semi-latus rectum / 
and for which 2778 =p, the condition becomes 


?* 
7T 
n= í Vl dO/p(1- €cos 8), 
RI 
and if;V is taken as a constant a simple integration gives 
n=Val/p v 1—e€. 
Substituting for p, l, e in terms of the axes this becomes 
nz Vm y amje or a-m'e[Virn, 
where a is the semi-major axis, m the mass of the electron, 
and +e the charges on nucleus and electron. This reduces 
to Dolir's condition 
az n^) [Am! em 
if V=2e fh. 


The value of V thus found is not equal to the velocity of 
light, with which waves would travel on a free tube of force 
on the classical theory. The proposal is to account for the 
failure of the classical theory by ascribing different properties 
to the tube of force according as to whether it is fixed only 
at one end and radiates into space, or forms a bond between 
an electron and a nucleus. IË in the latter case the velocity 
of waves along it is taken to be 2eE/h where E is the charge 
on the nucleus, a simple extension of the above accounts also 
for the stationary states of ionized helium, and gives approxi- 
mately the energy of the K ring of electrons. On this view 
the non-dimensional quantity Ac/eE is a measure of the extent 
to which such a “bound” tube of torce departs from the 
condition of the free tube. 


Aberdeen, 
March 14. 
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AV. The Spectrum of Sodium at Low Voltages. By 
F. H. Newman, D.Sc, A.R.C.S., Professor of Physics 
in the University College of the South-West of England, 
Exeter *. 

[ Plate 1V.] 


1. INTRODUCTION. 
ee i the theory of the atom, as developed by 


Bohr, Sommerfeld, Rubinowicz, ete., has not reached 
that state which gives a complete representation of spectra 
other than those of hydrogen and helium, yet it yields a 
general indication of the stracture. Considering the case of 
the sodium atom, the lø ring represents the outermost stable 
orbit and the innermost unstable orbit of the normal atom, 
and all the principal series doublets, lo — mr, are emitted 
when the valency electrons in various atoms fall from one of 
the v rings to the lo orbit, the series converging at lo. 
The first subordinate series lines are produced by electrons 
falling from the mò rings to the lw ring, and the second 
subordinate series when the electrons are transferred from 
the moa to the lv rings.  Interorbital motions, other than 
those mentioned, give rise to the fundamental series and 
various combination lines, although in such interorbital 
motions the selection principle allows only those transitions 
in which the azimuthal quantum number changes by unity. 
The azimuthal quantum numbers of the mo, mm, mô, and md 
orbits are, respectivelv, 1, 2, 3, and 4, so that interorbital 
transitions from the mmr to the mo or the mô levels are 
possible, but transitions from the mo to the mó orbits 
are precluded. It is true that in some cases lines are 
observed which represent interorbital movements where the 
change in azimuthal quantum number is according to 
Sommerfeld 2 units, such, for example, as the pair X 4642:2, 
4041:6 in the potassium spectrum, but the excitation of 
this pair is explained by the incipient Stark effect. This 
doublet, and the corresponding one in the sodium spectrum, 
are excited also in low-voltage ares when the electron density 
is great. In this case the excitation is caused, apparently, by 
the interaction of atomic fields of neighbouring positive ions 
and electrons. Such atomic fields are probably many times 
greater than the intensity of the applied external electric 
force. 

The electron is displaced from the lo ring to the next 


* Communicated by the Author. 
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outer orbit—the lw ring—whenever the sodium atom 
receives energv, either by bombardment or by the absorption 
of radiation, equivalent to 2:1 volts, and the valency electron 
being now in a temporary orbit falls to the le ring and, 
in so doing, gives up the quantum of energy received during 
its ejection from the le ring as a quantum of radiation hy 
with the emission of the D lines. When energy equal to, or 
greater than, 5:12 volts is communicated to the atom the 
valency electron is displaced from its normal orbit and 
leaves the atom and, in returning, may occupy temporarily 
any one of the stationary orbits, the dimensions of which 
are large compared with the X-ray orbits, before it reaches 
the lo ring. The many electrons returning in the different 
atoms will do so by various different steps and the many-line 
spectrum results, the intensities o£ the ditferent lines repre- 
senting to some approximation the chances of the corre- 
sponding interorbital transitions. 

The atom also absorbs radiation of frequency corresponding 
to a le—n change and accordingly the electron is dis- 
placed to any of the mm rings. Rayleigh " has observed 
that the sodium line X 3303, incident on sodium vapour, 
excites the D lines and X 3303, so that electrons within the 
27 orbit may fall directly to the lo orbit, or they may pass, 
directly or indirectly, to the la orbit and thence to the 
normal orbit lo. Absorption and fluorescence phenomena 
indicate that the electron ean be displaced directly from its 
normal orbit to any of the m rings but not to others. It is 
to, be expected, therefore, that similar displacements would 
be produced by electronic bombardment. Until recently 
experimental confirmation of this latter expectation was not 
available, although Franek and Einsporn f, who used a 
* photo-electrie " method, had shown that the photo-electric 
current in mercury vapour increased suddenly as the critical 
energy for each of the known orbits was attained. In spite 
of this electron displacement to these orbits spectroscopy gave 
no evidence of the successive emission, line by line, all the 
results obtained indicating the existence of a single line 
spectrum at resonance potential, and an abrupt transition to 
the entire are spectrum as the energy of the bombarding 
electrons increased to the ionization potential. 

Following a suggestion made bv Birge, and utilized by 
Foote and Meggers f$, a graphical representation of the 


* See Strutt, Proc. Roy. Soc. A, vol. xcvi. p. 272 (1919). 
t Zetts. f. Phys. 2.1. p. 18 (1920). 
f Phil. Mag. xl. p. 80 (1920). 
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energy levels in the sodium atom is shown in fig. 1. 
Regarding the lines as representing the non-radiating orbits, 
the nucleus is supposed situated away to the right of the dia- 
gram, and the actual sodium lines correspond to the transitiou 
of electrons from orbits on the left to orbits on the right. 
The v orbits are really double but their separation is too 
small to be represented, and in the diagram only that orbit 
corresponding to the higher energy level has been shown. 
The lines really represent portions of the elliptical or ring 
orbits about the nucleus, lo being the outermost stable orbit 
of the valency electron. The first doublet of the principal 
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Graphical representation of sodium atom. 


series is produced by the electron felling from the 17 to the 
lo orbit, the line of longer wave-length—aA 5896—having a 
frequency equal to the difference of the frequencies charac- 
terizing these orbits, viz. 41449-24493. The second 
doublet of the principal series is emitted when the electron 
falls from the 27 orbit to the le orbit, etc. The first line of 
the first subordinate series is represented by an electron 
falling from the 28 ring to the la ring, and the other lines 
of this series correspond to ejections from the mò orbits 
to the lw orbit. The falls from the mo orbits to the ring 
represented by la yield the second subordinate lines ; falls 
from the $ orbits to the 28 orbit give the fundamental 
series lines, and the various combination lines can be con- 
sidered in the same way. All horizontal lines extending 
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between the orbits indicate emission lines produced by 
energy falls between these orbits. The dotted lines repre- 
sent emission lines in the infra-red. 

The energy level of any particular orbit can also be 
expressed in terms of tlie potential difference through which 
an electron must fall in order to accumulate kinetic energy 
equivalent to the quantum of radiation corresponding to this 
energy. The potential difference V is given by the quantum 
relation Ve— hv, where e is the unit of charge, h is Planck’s 
constant, and v the frequency. For example, in order to 
displace the valency electron from the lø orbit to the ler 
orbit the energy of the bombarding electron must be equal 
to that which it would possess by falling through 2:1 volts— 
the resonance potential of sodium vapour,—and the displaced 
electron, being then in a temporary orbit, falls back to the 
lo orbit giving up the quantum of energy eV, received at 
the collision, as a quantum of radiation energy Av of 
frequency y. In a similar manner, bombardment with 
electrons of energy corresponding to 3°74 volts should eject 
the valency electron to the 2 orbit. Theoretically, an 
electron of this energy should be capable of ejecting 
the valency electron to the lo, 2e, or 26 orbit, for such 
ejectiments require energy less than 3°74 volts. If sodium 
atoms are bombarded with electrons possessing this energy, 
the lines 15896, 5890; X8195, 8182; X 11404, 11352 ; 
and X 2303, 3302 should be emitted by interorbital transfers 
permitted by the quantum theory. In a similar manner, by 
increasing the energy of the bombarding electrons to values 
below the ionization potential the other lines in the various 
series should be excited, until when the energy has reached 
9:12 volts the entire arc spectrum of sodium should appear. 

Recently Eldridge *, using a three-electrode discharge 
tube in which electrons emitted from an incandescent cathode 
were accelerated by a potential between the grid and 
cathode and entered a force-free spice between the grid and 
plate, has obtained such a line-by-line emission with mercury 
vapour as the impacting energy increased to those values 
sufficient to eject the electrons to their proper orbits, and he 
has stated that the previous failure to observe this step-by- 
step emission is explained by the space charge effect 
lowering the impacting energy except at the immediate 
surface of the anode. Formerly, spectroscopic investigation 
of mercury vapour bombarded with electrons of energy less 
than the ionization potential—10°4 volts—had shown the 


* Phys. Rev. xxiii. p. 685 (1924). 
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lines 1S— 1p, and 1S—1P only, but Eldridge has photo- 
graphed the line 18 — 1p, at 7 volts, 4 additional lines due to 
electrons returning from the 28 or Is levels at 8&4 volts, 
8 additional lines at 8'9 volts, and 16 more lines at 9*9 volts, 
in full agreement with the theory and with the photo- 
electric experiments of Franck and Einsporn. 

Hughes and Hagenow *, employing a lurge equipotential 
source of electrons by fitting a nickel ev linder over an 
alundum tube, heated internally by a tungsten spiral, showed 
definitely that lines in the principal series of cæsium appear 
in the order, and within 0:1 volt, of the potential required 
by the theory. They found the first and second subordinate 
serles lines more difficult to observe, but these lines did 
appear below the ionization potential of cesium vapour, 
viz. 3°9 volts. 

From a study of fig. 1 it is evident why only the principal 
lines show absorption. The valency electron, lying normally 
in the lo orbit, can be displaced directly to one of the ma 
orbits, the necessary energy for such a displacement being 
provided by the energy quanta abstracted from the incident 
light and resulting in light absorption of corresponding 
frequency. 

Foote, Meggers, and Mohler T, who studied the excitation 
of the sodium spectrum, employed a grid mounted extremely 
close to a tungsten hot-wire cathode and in metallic contact 
with a concentric hollow cylinder of relatively large diameter. 
By regulating the temperature a vapour pressure was 
obtained for which relatively few electronic-atomic collisions 
occurred over the short accelerating field between the grid 
and cathode. The majority of the electrons passed into the 
force-free space between the grid and the plate and had, at 
the instant of collision, a velocity corresponding to the 
impressed field. These experimenters found that only the 
single line spectrum, consisting of the D lines, was excited 
above the resonance potential and below the ionization 
potential. With potential differences above the latter the 
entire arc spectrum appeared. An interesting feature was 
the excitation of X 3427 which has the notation y 2 1lo—26. 
This line represents an interorbital transfer where the 
change in the azimuthal quantum number is 2 units, and 
apparently contradicts the Bohr principle of selection as 
applied by Sommerfeld to spectra of non-hydrogenic type, 
but, as explained previously, the appearance of "the line is 


* Phys. Rev. xxiv. P 229 (1924). 
+ Astrophys. Jour. lv. p. 145 (1922). 
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accounted for, probably, by the electric forces between neigh- 
bouriny electrons and positive ions. 

It was decided to repeat the work of these investigators 
with sodium vapour, minimizing the space charge effect 
within the discharge tube. It should then he possible to 
bring out the lines, step-by-step, in accordance with the 
theor y. Theapparatus employed is shown diagrammatically 
in fig. 2. 


TO PUMP 
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2. EXPERIMENTS. 


The discharge tube—about 1 cm. in diameter—was of 
quartz and had a quartz plate cemented at one end. The 
source of the electrons was a tungsten filament cathode C 
consisting of three tungsten wires arranged in parallel, each 
wire being 1:2 em. long. By using three tungsten wires In 
this way a good supply of electrons was obtained without 
raising the filament to very bright incandescence. The 
nickel gauze grid B, abis not more than about 1:5 mm. 
away from the cathode, ras in electrical contact with the 
nickel evlinder A w lich DEE surrounded the cathode 
and made the interior of the tubea constant potential region. 
The electrons, accelerated by a potential ditference applied 
between the negative end of the cathode and the grid, 
entered the constant potential space between A and B. The 
whole tube, which contained a small quantity of sodium 
metal, was enclosed within an electric furnace the interior 
of which was maintained at 350°C. At this temperature the 
vapour pressure of sodium, although not known with any 
great degree of accuracy,.is certainly below 0:1 mm. of 
mercury *. The electron currents used were abort 2 milli- 
amperes. 

In consequence of the space charge effects it was neces- 
sary to focus on the slit ot the quartz spectrograph light 
coming from the immediate neighbourhood of the grid, and 
throughout the period that spectroscopic observations were 


* See Hackspill, Comptes Rendus, cliv. p. 877 (1912). 
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heing made the discharge tube was connected to a Cenco- 
Hyvac oil pump which, running continuously, insured that 
the residual gas pressure was maintained well below 0°01 inm. 
of mercury. If the tube was not continuously exhausted in 
this manner, the gas pressure rose to such a value that no 
luminosity appeared between the grid and the plate even with 
accelerating voltages exceeding the ionization potential of 
sudium vapour. The spectrograms at different accelerating 
voltages were photographed on special rapid panchromatic 
plates. 

The potential difference, as measured between the cathode 
and grid, does not give necessarily the energv of the electrons 
at the instant that they pass through the grid. There are 
other factors which influence their kinetie energy such as 
contact potential, fall of potential along the lead-in wires and 
along the filament, and the initial velocity of the electrons 
emitted from the cathode. At dull red heat about 3 per 
cent. of these electrons havean initial velocitv corresponding 
to 0'5 volt. The discrepancy between the apparent and true 
values of the electron energv can be determined and allowed 
for by measuring the ionization potential. The experimental 
value was 4'7 volts, and as the calculated value is 51 volts, 
the correction to be applied is 04 volt. This correction has 
been made in all the measurements quoted. 

As the accelerating voltage was raised to 2:2 volts a 
yellow glow appeared in close proximity to the grid and 
plate. Increasing the voltage still further the colour of the 
radiation changed to greenish-yellow and extended a short 
distance from the electrodes, until at 5:2 volts the whole of 
the space between the grid and plate was filled with the 
glow. From the appearance of the tube it is evident that 
the space charge lowers the effective potential except in the 
Immediate neighbourhod of the electrodes. The various 
spectrum lines which appeared at different voltages are given 
in Table I. 

The spectrograms obtained with different excitation 
voltages are shown in Plate IV. In the first one the doublet 
X 586, X 5890 appears at Z2 volts. The energy of the 
electrons is sufficient to displace the valency electron to the 
lr orbit, At 3:18 volts the doublet A 11404, A 11382 
should be additional to the D lines, but it is far beyond the 
range of the plate. Similarly at 36 volts X 8195, X 8183 
should appear, bat this doublet also is outside the range 
of the plate, so that at 3°74 volts the only lines on the plate 
should be X 5896, A 5890, A 3303, and X 3302. The second 
spectrogram at 4:0 volts shows these lines and no others. 
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TABLE I. 
| . Excitation voltage. 
Series. Wave-length. | 
| Experimental. Calculated. 
—— s= - — 
lo—lm...... A 9890 5? | . 
dd NETT 2:2 volts. | 2:10 volts. 
Im-2e ...| A 11382 E 
A 11404 = oe 
be 26 us A 8183 : 
| À 8195 E i 
| a as ee ee — pc— 
lo—7m ...... A 3302 e 
! — A8308 ay oe 
lr —3o ...... À 6154 
| A 6161 eis id 
lz —36 oe A 5683 y l " 
!—— A FOBB 29 Tél 
lo—3r ....... .À 28583 iz | 133 
Complete arc spectrum — ...... 5:2 512 


In a similar manner X 6161, A6154 should be the next lines 
to appear, and spectrogram No. III. contains these additional 
lines at 4:4 volts. The doublet A 5688, A5683 made its 
appearance at 4°6 volts (spectrogram No. IV.), but with 
the exposures emploved no further lines were excited until 
the voltage reached 5:2 volts, when ionization set in (spectro- 
gram No. V.). It is ditficult to differentiate between the 
excitation of lines within the range 4:6-5:2 volts, for the 
number of collisions resulting in excitation is probably small 
at the actual critical voltage but increases as the latter is 
exceeded. 

The results indicate that the valency electron within the 
sodium atom is displaced to different orbits by inelastic 
impacts with bombarding electrons possessing the requisite 
energy, and line-by-line excitation is possible. The line 
X 3427 photographed by Foote, Meggers, and Mohler at the 
ionization potential was not observed in the present 
experiments, but the electron currents employed were very 
small compared with those used by the previous investi- 
gators, and it is only in the presence of strong electrostatic 
fields, either external or internal, that this line becomes 
prominent, 
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3. SUMMARY. 


On tle basis of Bohr's theory of atomic structure it is 
shown that the normal operation of an arc below ionization 
should result in the excitation of a line-by-line spectrum corre- 
sponding to changes of orbit involving less energy than the 
ionizing potential. Previous attempts to obtain such an 
emission with sodium vapour have failed. In the present 
work a three-electrode discharge tube was used, and the 
electrons emitted from a heated tungsten wire cathode were 
accelerated by a potential difference applied between tlie 
grid and cathode. Photographie observations showed the 
development of the spectrum in the order of the potential 
predicted by theory. At2:2 volts X 5896, 5890 only appear. 
At 4:0 volts the lines X 3303, 3302 are excited, and the lines 
A6161, 6154 and X 5688, 5683 are emitted at 4:4 and 4:6 
volts respectively, in agreement with theory. 


The cost of the quartz spectrograph, used in the experi- 
ments described above, has been defrayed by a Government 
grant, through the Royal Society, for which the author 
wishes to express his sincere thanks. 
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XVI. Some Remarks on the Fulcher Hydrogen Bands. 
By G. H. DIEKE *. 


EVERAL papers have appeared recently which deal with 
the regularities in the secondary spectrum of hydrogen 
discovered by Fulcher t in 1912. Most of them give inter- 
pretations of these regularities which agree in principle with 
the one given first by Lenz f, but which differ in details 
from it and among themselves. M. Kiuti § connects the 
branches in the red and green part of the spectrum by a 
Q-branch discovered by him. Quite recently W. E. Curtis ||, 
making use of an investigation of A. S. Allen f, gives a 
critical revision of the numeration of the band-lines, and 
offers an explanation of the connexion between the different 
branclies. 
In au earlier paper ** the author showed that there is 
* Communicated by Prof. P. Ehrenfest. 
+ G. 5. Fulcher, Phys. Zs. xii. p. 1137 (1912);  Astroph. Journ. 
xxxvii. p. 60 (1913). 
t W. Lenz, Verh. d. Phys. Ges. xxi. p. 652 (1919). 
$ M. Kiuti, Proc. Phys.-Math. Soc. japan, (3) v. p. 9 (1923). 
|| W. E. Curtis, Proc. Roy. Soc. A, evil. p. 570 (1925). 
q A. S. Allen, Proc. Roy. Soc. A, cvi. p. 69 (1924). 
** G. H. Dieke, Proc. Roy. Acad. Amsterdam, xxvii. p. 490 (1024). 
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another possibility of explaining the regularities which gives 
quite ditferent results regarding the structure of the molecule 
which emits the bands. Therefore it seems desirable to give 
a comparison between the two different possibilities. 

For brevity's sake we shall call the interpretation of the 
bands accepted by Lenz, Kiuti, Allen, and Curtis “ Interpre- 
tation A” (or simply “A”) and the one proposed by the 
author ** Interpretation B," and shall refer for “A” mainly 
to the paper of Curtis as being the most recent one and 
containing the most details. 


1. The lines in one band (m variable, n; and n; constant)*, 
as well as the corresponding lines of the bands in one group 
(n, variable, An =n; —n,, and m constant), follow Deslandres's 
law. Owing to the small moment of inertia of the hydrogen 
molecule, the spacing of the lines in one band will be of the 
same order of magnitude as the spacing of the bands in one 
group. Therefore, if a parabolic series is given, one cannot 
immediately see from the relations between the wave- 
numbers alone whether the variable is m or n. 


Fig. 1. 
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In fig. 1 the regularities in the red are represented 
graphically. The lines on a horizontal, which are represented 
by the same sign (x or +), forma “ Fulcher band" (called 
here, as in Curtis’s paper, horizontal series), and the lines 
connected by the curves the extension of the Fulcher triplets 
(vertical series). For simplicity, in the beginning we shall 
leave out of consideration the lines connected by the dotted 
curves. 

* m is the rotational, n the oscillation-quantum number. 
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Now the two assumptions interpret the regularities in 
a different manner :— 

“ A" says the horizontal series form a band, whereas “B” 
considers the vertical series as branches of a band. The 
different vertical series are considered by “ B” as different 
bands of a group (n, —7n5- constant). The same was done by 
Curtis with respect to the different horizontal series. The 
numerical relationships as expressed by Deslandres’s law 
cannot help us to decide between the two assumptions, as 
they are consistent with both. 

But the lines of a vertical series can be represented 
exactly by 


y=A—Cm?—Dm" (m’=1'5; 2°5,....), . (1) 


in which the term Dm” is only a small correcting term. If 
we accept “A,” the existence of the relation (1) must be 
attributed to chance or, as this is not very likely, toa property 
of the molecule which is still unknown and which is found 
in no other band-spectrum. This difficulty does not exist if 
we take assumption “B,” for according to it the vertical 
series are interpreted as Q-branches, and (1) is the theoretical 
formula for them. 


2. The structure of one bund is not one familiar to us from 
other band-spectra. If we take interpretation “A,” only a 
P- and P’-branch exist, for Kiuti's assumption that the 
bands in the green form R-branches leads to serious difficulties, 
and has therefore been abandoned also by Allen and Curtis. 
The existence of a P-branch without a Q- or R-branch 
belonging to it ought not to be considered as a serious 
difficulty; but the connexion between the P- and P'"-branches 
is not the same here as in the helium bands, where it can be 
understood theoretically. If the interpretation ** B” is 
accepted, thus far only a Q- and an H-branch could be 
identified. But it is very probable that several other lines 
belong to the same bands, and form perhaps a P-branch. 
There is, however, no sufficient criterion which would allow us 
to decide whether a certain arrangement is right or not. For 
tlie same reason the arrangement of the lines in the positive 
branches (the dotted ones in fig. 1) can be considered only 
as provisional. Only further experimental investigation can 
give sufficient certainty. 


3. Intensity of the Lines.— We expect that in the hydrogen 
bands, owing to the small moment of inertia of the 
carrier, the first or second line will have the maximum 
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intensity at ordinary temperatures, and that the intensities 
of the following lines will diminish very rapidly, so that 
each band only contains a few lines. However, we can 
predict nothing about the intensities of the different bands 
of one group. 

In our ease the distribution of intensities is a normal one 
in the horizontal series, whereas in the vertical series the 
even lines are much weaker than would be expected from 
the intensities of the neighbouring odd lines. It seems very 
difficult to give an explanation of these alternating intensities 
on the basis of assumption “A.” If, however, we accept 
the interpretation “ D," we are led to the conclusion that 
each vertical series consists in reality of two different series, 
a strong one and a weak one. Then the odd lines belong 
to the transitions m —1—m-—1, and the even lines to 
m+ 1—m +4, and formula (1) must be written (if we neglect 
the correcting term Dm'*) 


v=A—4C(m—})? odd lines 

m=], 2, T , (2) 

y=A—4C(m+4)? even lines 

With the half-quantum interpretation (formula (1)) it could 
not be understood why the line corresponding to the transi- 
tion 0°5->0°5 is absent. With quarter effective quantum 
numbers no such line (which would here be due to the 
transition 0:25-»0:25) can exist because, according to a 
general rule of Bohr, one is the smallest possible value of m. 
A strong support for this conception is that recently exactly 
the sume intensity anomalies have been found in the negative 
nitrogen bands *, and the author T was able to show that one 
does not come to any contradiction if one considers the weak 
lines as forming one branch and the strong lines as forming 
another one. It is further remarkable that quarter effective 
quantum numbers have been found to exist in almost all 
bands which must be attributed to pure elements. 


4, Variation of the Intensities with Temperature.—Goos t 
measured the intensities of the red Fulcher triplets accur- 
ately at three different temperatures, and McLennan and 
Shrum § observed the many-lined spectrum at the temperature 


*& M. Fassbender, Zs. f. Phys. xxx. p. 73 (1924); see also R. Mecke, 
xviii. Phys. Zs. xxv. p. 597 (1924). 

t G. II. Dieke, Zs. f. Phys. xxxi. p. 326 (1926). 

t F. Goos, Zs. f. Phys. xxxi. p. 229 (1925). 

§ J. C. McLennan and G. M. Shrum, Trans. Roy. Soc. Canada, (3) 
p. 177 (1921). 


of liquid hydrogen. 


these authors are given. 
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In the following tables the results of 
In Table I. the lines are arranged 
according to interpretation “A” and in Table II. according 


to“ B.” The first column gives the author's notation, the 
TABLE I. 

| | i 

| T=87°. | T=295°.; T4959. 

MLA. | M. | W.| T—199. OT 

2:5.' 29. |20, | 17. 114. | 18p/p,10*. 

——— i—i |__| qx_j_'_——_— -——_)j_ | 

A (1) 601829 | 10| 9| ++ mim 100,100 100| 100 | 
B (1) 6121-76 | 10 | 10 |. ++ | 128/109) 108,100,113] — 100 

C(Dles481| 9110, ++ 125 114101! 94 105| 92 | 

Su 632707 | 8! 8| +4 | sl 85| 71| 57 z| 57 | 

E (1) |642810 | 8| 2| ++ | 24] 32| 23| 31, 23| 26 | 

A (3)'603180 | 10! 5| = |100! 100 100'100 100] 100 | 

B (3) |6135°34 | 8| 6| = |135|144|105:105 106| 94 | 

C (3) 623839} 8| 6| = 74| 67| 77| 60. 90| 06 | 

D (3) 631057 6; 2| — | —| 33; 40 | 29, 51 37 | 

TABLE II 

| 

paar, T-93959| T4959. | 

ALA. M. | W. T=19°. pe ee 

| 2:5. ES 20.1 17.) 1-4. | 189/p,10*. 
——— jy. MERETUR —— |. | — |__| 
A (1) 6018:29 2 9| ++ {100 100 100 100 100| 100 
A(2)| 23-74 | 4 l6, 19 27 34 34; 4 
A'3)| 31°80 10 5 = 23: 36° 43) 62) 73: 106 

| | 
B (1)16121:76 ! 10 (10, ++ 100 103 100,100 100, 100 
B2) 2740! 9, 2 16 20 37 BR 40. 53 
B(3 35313|8|6| = 24 48 4? 65' G8} 100 
| 
C (1) 622481 | 9,10! ++ ,100 100 100 boot 100 
C(3! 3023 | 7 ' 2 13; 13 29 31 33 39 
eG, 3539| 8 8| = H 31° 33! 39 63 76 
i 

D (1) 6227-07 8 | 8: ++ |100 100 000 100:100| 100 
D2), 3246) 5 1 — i 16 24 90 44 46 
D(3) 4057, 6| 2 | — - | 4 d 32 51 63 


second one the wave-lengths according to Merton and 
Barratt *,and the following two the intensities as observed by 


Merton and Barratt (M): and Watson (W)t. The fifth column 


* T. R. Merton and S. Barratt, Phil. Trans, A, ccxxii. 


p. 369 (1923). 


t H. E. Watson, Proc. Roy. Soc. A, xxxii, p. 189 (1909). 
Phil. Mag. S. 6. Vol, 50. No. 295. July 1925. N 


178 Mr. G. H. Dieke: Some Remarks on 


contains the observations of McLennan and Shrum, and the 
following ones the measurements of Goos at the given 
temperatures and densities (p). ++ means that the line 
is strongly enhanced at T=19°, — resp., and = that it is 
weakened, resp. strongly weakened.  Goos's measurements 
are multiplied by such a factor that the first line in every 
band has the intensity 100. 

With inereasing temperatures the lines which belong to 
higher m must be enhanced, and they must be weakened at 
low temperatures. "This behaviour of band-lines with varia- 
tions of temperature has been confirmed experimentally in 
all cases where it could be investigated. 

If the Tables I. and II. are compared, we see that there is 
practically no influence of temperature upon the intensity 
distribution in the horizontal series. (The small irregular 
differences must be attributed to secondary effects.) Table II., 
however, shows definitely that the vertical series have the 
behaviour of the intensities which is postulated by the theory 
if they are interpreted according to assumption *.B." It 
shows also that increased pressure has the same effect as 
increased temperature in accordance with what we expect. 
Goos measured only the first three lines of each band. That 
the higher members also behave in the right way may be 
seen from  Kiuti's photographs of the spectrum of the 
hydrogen are *. In accordance with the higher temperature 
of tlie are, the first lines are much weakened and the higher 
ones enhanced, so that the fifth line is much stronger than 
the first one. The sixth line, which is recorded by Merton 
and Darratt as appearing only with the admixture of helium, 
has in the are the same intensity as the first line. Fora 
more detailed discussion of the variation of the intensity 
distribution with temperature the readeris referred to another 
paper by the writer f. 

It seems that it will be very difficult, if not impossible, to 
aecount for this behaviour o£ the lines on the basis of assump- 
tion “A,” and therefore” it is a very strong support for 
assumption “B.” 


9. Moment of Inertia.—Interpretation “A?” gives a reason- 
able value for the moment of inertia (Curtis found 0:186.10- 49 
for the final state of the first band). The value which was 
given in the author's paper (assumption * B") is 082.10740; 
but this value depends on the interpretation of the positive 
branches, which, as was already mentioned above, is still 


* Loc. cit. —. 
T G. H. Dieke, Zs. f. Phys. xxxii. p. 180 (1925). 
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very uncertain. The intensity anomalies suggest that the 
value must be changed by a factor 4 or 1, but, as recent 
examples have shown, a secure value for the moment of 
inertia can only be derived from a band if its structure is 
completely known. Therefore it seems rather premature just 
now to discuss the various possibilities. Attention must, 
however, be drawn to the fact that the model of the H,*-ion 
as calculated by Pauli* and Niessen f has a much larger 
moment of inertia (712. 10759). The only thing which can 
be predicted about the moment of inertia of an evcited H,*- 
molecule is that its value will lie between that of the normal 
molecule (as derived from specific heat data) and that of the 
H,t-ion. Although the model of Pauli and Niessen could 
not be verified quantitatively, a large value for an excited 
molecule is not unlikely. Therefore the writer cannot agree 
with Richardson and Tanaka’s conclusion { that the carrier 
of the band discovered by these authors must be H, only 
because of its large moment of inertia (0:624.107*9 and 


0:480 . 10710), 


6. The existing data do not vet allow us to decide with 
certainty how the three groups are connected. It seems, 
however, impossible that all the three groups are due to one 
electronic transition, but not unlikely that they must be 
attributed to three different electronie transitions. 

If in a molecule the electric momentum has no component, 
or a constant one along the line joining the nuclei, according 
to Bohr's correspondence principle there is no possibility 
that a simultaneous change of the electronic configuration 
and the oscillation occurs. Therefore to such an electronic 
transition belongs only the group An=0. It is possible that 
the bands which we have considered represent such a case. 
A further investigation of the bands will surely give 
certainty also regarding this point. 


Leiden, Instituut voor theoretische Natuurkunde, 
April 1925. 


* W. Pauli, juu. Ann. d. Phys. lxviii. p. 177 (1922). 

t K. F. Niessen, Arch. Néerl. 1923; Ann. d. Phys. lxx. p. 124 (1923). 

f O. W. Richardson and T. Tanaka, Proc. Roy. Soc. A, evi. p. 640 
(1924). 
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XVII. On the Motion of a Particle projected from a point on 
the Earth’s Surface— Variation in Gravity being taken into 
account. Dy JAMES Ropertson, M.A., B.Sc., Assistant to 
the Professor of Natural Philosophy in the University of 
Glasgow *. 


ques ordinary theory of the motion of a projectile is 
well known and the various results—e. g., time of 
flight, horizontal range, greatest height attained, etc.— 
are given in many text-books of elementary dynamics, 
The fundamental assumption is that the speed of projection 
is so small compared with the “speed from infinity " that 
squares and higher powers of the ratio of these two speeds 
may be entirely neglected. The object of the present paper 
is to extend the analysis to the case of great speed of 
projection, i. e. where the height attained is so great that 
variations in gravity must be taken into account. I do 
not think the results obtained have been explicitly given 
before. 
Let the particle be projected from the point P on the 
earth’s surface with a speed v, the direction of projection 
making an angle ¢ with the vertical (SPV) at P. 


The differential equation to be solved is 


du 
dpt" = ie icd ww £T 


where the symbols have their usual meanings. 
* Communicated by the Author. 
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For the earth's attraction p=ga?, where a is the earth’s 
radius ; also À, the constant angular momentum about S, 
is seen from the circumstances of projection to be avsin $. 
Hence (1) becomes 
` du 1° 
J2 Sones Se eS wu 
ag? "e 2H sin? ¢’ (2) 


where H is written for v!/29. 
The energy equation connecting the velocity V at any 
distance r with the major axis 2a of the orbit of the particle 


is 
y 2 1 
3 " M a 
eee "E *). ° e . e e . (3) 
Inserting the condition that V =v when rica, we get 


2 2 
a a 
a= g 


= Qga—v — 2(a— H) . " e . (4) 
The first integral of (1) is 


SECO u " 
o) "T musto c0 
where the value of the constant C is determined from the 


condition that rd@/dr=tang when r=a. Thus we find 


2 
that C= Ei: (a—H). Hence (5) becomes 


u 


(55) = geosec? p- n cosc?ó—u*, . . (6) 
which may be written 


du\? — cosec* a—H .  eosec? $ \? 
(5 = t a cosect $— (uO * . (6) 


The apsidal distances are given by the values of u for 
hich 2". 
which 74 =0. 
Thus for the discussion of the highest point attained by 
the particle above the earth’s surface we require the smaller 
root u; of the quadratic obtained by putting the right-hand 
side of (6') =0. 
Thus 


_ _ cosec?d  cosec!d H H3 a 
m= ee A/ 1-44 (17 =)sin $. (D 
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In the figure Sales, 
1 
H HY: 
ETT -4 = (1-5) sin $ 
H ; 


e v mc : " 8^ 
i.e. SA 5 (8) 


po 
a 
If e is the eccentricity of the elliptic path, 
SA'— a(1l+e) = y (l+e) from (4). 


: (1-7) 
e=q/ 1- (1 =) sin’ e 2. (9) 


When this expression for e is developed in powers of 
H/a not above the third, we find on putting H 2 &?/2g, 


Hence 


1 v 


= v? in? ae ee 
acrem Pr cos $ 3 
The greatest height attained is SA'— a. l 
Fron (8) we obtain after reduction and expansion 


sint $ cos? +... 
TE (10) 


SA'—a = Heo 4 1+% (1+sin* g) 


+E (1 pein’ p+ 2sintg)+... b- 


Calling this height H’, putting H=v*/2g, and writing @ for 
the angle which the direction of projection makes with the 
horizontal through P, we obtain, corresponding to a result 
of elementary dynamics : 


v? sin? 0 e? 
py tg te 
4 
t ia (Locos! 6 +2 cos! 0) 4 ... +- (11) 
g l 


Note that 2ga is the square of the “velocity from 
infinity," so that the assumption made in the ordinary 
elementary case is that squares and higher powers ot (v*/2ga) 
are to be neglected. 

If e.g. v is of the order of 3000 f./s., (11) would 
become 

, sin! 
H’= 37 


Í 1 +-0066(1 4- cos? 6) 
+ :000044(1 + cos? 0 -- 2 cos* 0) 4-... 1. (12) 
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Reverting again to the figure, 


2] — 
S'A'= a(1—e) = ACH 


and if this be developed in powers of v!/ga we get 


Sar MOOI Lu t seg mt (1— 2 sin? 0).. ae 
29 A 2ga 1g'a 
(13) 


If all but the first term of this last expansion be neglected, 
we get that the distance from the nearer focus to the highest 
point is v? cos? @/2g. Now in the case of the slowly moving 
projectile the equation of the path referred to tangent and 

2 
normal through the vertex is ga coe y, t. e. the ** para- 


2v? cos? 0 


meter ” of the parabola is 


The results (10) and (13) show that when a particle is 
projected from a point on the earth’s surface the path is 
really an ellipse, but that when the speed of projection is 
relatively small the part of the ellipse above the earth's 
surface is not much different from a parabola. Only if 
gravity were constant would the path be an exact parabola. 

Reverting to (6^), this equation gives on integration 


9 — 2 
| TEE pya ee (14) 
a cosa pa) 12E (1H) sing ) ite 


in terms of the original data H and $, or using the value 
of e already obtained, 


2Husin? d = l1-4cecos(0—a). . . . (195) 
Now from the triangle SPS’, 


" es _ «aH 
SP =a, PSY = ?a—a = aw 
and sin, _ sin sin 26 . 
aH ^ ae 
a—H  a—H 


sin Oy = 7 sin 25. 
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From (9) we get 
2,2 2 H d 
ale? = a —4Ha (1—7) sin? ġ, . . . (16) 


that 
S0 MR git — AH? sin? $ cos? d = (a —2H sin? $)*. 


Hence we have 


cos 9, = uid sin? 20 = — 


A : 2 
a—2H sin $ . (7 
ae 


since 65» 5- 
Hence to find the constant a in (15) we have 0-6, 
when pm 
The final form of the equation of the orbit then becomes 
2Husin?d —1-*ecos0. . . . . (18) 
For the time of flight, 
hae „d0 _ 4H?siní$ dé 
dt  (1+ecos6)?° dt" 


The time taken for the particle to encounter the earth's 
surface again is therefore given by 


AT = 8H? sin‘ EN NS 
i ue e, (L+e cos 0)" 
This integral can be "nid b the substitution u=tan 0/2 


or by putting stis 


CONS eoh. 


Using the latter method we get 


4 
ar = ee |" Da 
where -———" 
NEMPE 


2He sin? $ 
Performing the integration, we get finally 


M: TE 2H MCI Ld 
A = Las p [tan i a(1— e) — 2H sin! $ 


+ Vi-2. cot 6 . s . (19) 


To test the accuracy of this result we apply it to obtain 
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the result of one of the examples proposed in Gray’s 
‘Dynamics’ (Ex. 15, p. 302). The question reads: “A 
particle is projected. from the earth's surface so as to 
describe a portion of an ellipse whose major axis is 
1:5 times the earth's radius. If the direction of projection 
makes an angle of 30? with the vertical, prove that the 


3a -1 / 2 29 
time of flight is fe P Titan V 6-4 ji 


In this case V7 
2 7 
=39 fms $-p 


so that the formula of (19) in in the present case 


1 1/3 2 
2 (390) (3) 4 TET [OMEN 
n nwe|t173—1-- 
ga(1-3) 994 — ; ga 


and this readily gives the result required. 


T= + và 


We next proceed to develop the expression for T in 
powers of v’/ga, i.e. to give the time of flight explicitly 
in terms of the initial data v and ¢. 

We rewrite (19) first as 


2v? sin? $ ren es [ an es {= sin $ cos $  1—e? 


= ga(l— gla(1— e)? ga(1— e!) —:? sin? $ 
+ Vi-à. cot el. (19") 
From (9) we get 
1—-ez 4B sint $ (a — H) ; 
i 


21? sin’ $ 
g'a(1 —e)ià 
3H,15H* 35 H? 
TEVE Ier PO ur euet] (20) 


aj "ong cor pu Tr 
Similarly tan { gal 
pansion in powers of H, 


I TVASITE: (5 ego 6) e (gr Geos? 6)... E 


Also odo uw 2D) 


! becomes on ex- 
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Adding (21) and (22) and multiplying by the expansion 
on the right of (20), we get finally 


T= A/F co osef EDD 


H?,49 
+ = UR —& coste)... ] ; 
or in terms of v and 6, 


T=? sin T u ~ (3-3 sint) 


Noo . (23) 


2 
Where —- is neglected, this result reduces to 


2ga 
T= i 4 
If v is 3000 f./sec., 
T= zm zl 1+ 0033 (3—Zsint 6) 


4-000022 ($-8 sin? o) + "P 


We next wish to find the range on the horizontal plane 
through the point of projection. 

The equation of the orbit referred to rectangular axes 
through C E 


En R, 


3 +4 = =1, where g'—a«(1—e?). . . (24) 
The equation of the chord PR which is at right angles 

to SP and is the range required is 
e—acos6@,  y—asin Oy _ 


— sin 6. ^... eos Ay 


=p- 3e è x (25) 
where p is the distance of (x, y) from P measured along PR. 
(24) and (25) give 
(a cos 0, — p sin A) (a sin 0, +p cos Oo)? — 
a SOM ae l, 
2ae cos Oy sin 0, 
] — e? sin? 6, 


whence 


PR = p =— 


————À Eo m e a 0 ee = a re — " = A: 0 o oo n De ee cxi Quen E oan E. 


——  á— — —— —— ——— —  — À"-"-- 
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Inserting the values of cos @ and sin 0, previously deter- 
mined and expanding as before, we obtain i 
(17 cost 0+ mira. b. (26) 
g ga 4g?a? 

pot eae to v'sin 26/9 when the velocity is relatively 
mre — 3000 £./sec., 


PR= t? sin 20 
g 


11—:0132 cos? 0 -- 000044 sin? 26+... - 


Next compare this with the arc intercepted on the 
meridian, viz. H | 
2a0 = 2a sin(a sin 2¢ ). 

On expansion we get 
. vsin 20 NN" DU cuti 
arc — — E cos Otoia sin? 20+... t, (21) 


agreeing with the distance along the chord PR to a first 
approximation. 
For a speed of 3000 f./sec. the difference between the : 
AILA? cin 9 2 
chord and the are on the meridian is Cabinet ces E 
the maximum value of which is about :0005 . v? =about 
7% mile in a range of approximately 46 miles. 


XVIII. On a Method of Measurement of Newton’s Coefficient of 
Restitution, and the Law of Oblique Impact. By H. G. 
GREEN, M.A., Lecturer in Mathematics, | University 
College, Nottingham*. 


HE following research was undertaken in order to find 
with what degree of accuracy the theoretical equations 

for the rebound of a sphere from a plane, whether smooth or 
rough, were obeyed in the case of an oblique impact. For 
a satisfactory investigation it was clearly essential that 
angles of impact and rebound could be measured with 
accuracy, and that during impact the sphere should be free 
from external restraint. The general disposition of the 
apparatus designed by the author to fulfil these conditions 
is shown in fig. 4. The sphere used was a ball of 
fairly soft wood through which a cylindrical hole ran 


* Communicated by Prof. E. H. Barton, F.R.S. 
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centrally of such radius that it could slide easily on the 
guiding-rod of the pistol (fig. 1). It was shot obliquely 
on to a brass plate mounted on an inclined plane, and 


The pistol shown in plan. 


the angle of the plane was varied until the direction 
of rebound was as nearly vertical as could be obtained 
by the means of adjustment, the ball falling back approxi- 
mately to the point of impact. The angles of impact 
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and rebound (directions from the normal), 0, ¢ as marked, 
were measured by means of four protractors permanently 
mounted on the apparatus, of which a side view is shown in 
fig. 2. It was found advisable, in order to obtain accurate 
angle measurements, to dispense with ordinary hinges at the 
points of measurement, and to replace them by small tightly- 
fitting bolts through brass plates attached to the frame of 
the apparatus, the protractors being carefully centred on 
these bolts. It was also found, to avoid strain on the 
guiding-rod and to secure smooth discharge, that the release 
system of the ball had to be double and of even action on 


Fig. 2. 


seem protractor. 


Sectional view of the apparatus. 


both sides. The triggers consisted of two rods with curved 
double prongs at the extremities towards the plane, the rods 
being in the direction of the guiding rod. The prongs were 
sheathed in pieces of rubber tube to prevent damage to the 
ball. In order to mount a trigger, one plate of an ordinary 
metal hinge was fastened to the pistol frame, and the rod was 
fitted through a hole in the other plate. The length of 
the trigger could be varied by means of two nuts, which were 
screwed up tightly on to the hinge on either side. The two 
triggers were connected by a spring (A, fig. 1), and 
provided with screw-stops (B) on bridges over them, by 
means of which their ranges could be adjusted. 
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Theory. 


The detailed discussion of the mathematical theory for the 
impact of a sphere againsta rough plane will be found in any 
text-book on Rigid Dynamies (for example, Loney, * Dyna- 
mies of a Particle and of Rigid Bodies,’ pp. 274-270). 

In the case under discussion the sphere has no initial 
angular velocity. Let u, v be the components of velocity 
tangential and normal to the plane on approach, and v, v' 
the corresponding components after impact, a the radius, and 
k the radius of gyration about the central axis perpendicular 
to the plane of motion. 


Then 


vtand=u, v'tan $—vw', v'—erv, 


where e is the Newton Coefficient of Restitution. For 
“large” values of @ where sliding takes place 


uw =u—pr(1+e), 
or since 


c =ev, etand=tan 0—pu(l +e). [Type A.] 


For small? values of @ where there is no slidin 
g 


2 
(1 + à) —u, 
a 


k2 
or (1+ a etang@=tan 0. [Type B.] 
The critical angle between the cases is obtained when 


a? 
tan 0 —u(l «oft T is). 


where p is the coefficient of friction. 


Experimental Procedure. 


It was found convenient, in making any observation, to 
appoint first the angle @ and then to find the corresponding 
$ by adjustment of the inclined plane, the greater arc of the 
$ adjustment rendering it the more sensitive one. As the 
correct setting was approached, a considerable number of 
trials were made in each position so as to cut out the 
possibility of a false bounce. In addition, after the best 
position was obtained and when the readings had been 
observed, for further check two near settings of the plane, 
equally spaced from the read one, were made and the 
resulting ranges of the projectile on the plane noticed: 
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these should be very approximately equal. The angle 
readings are all direct (0, not its complement, being observed) 
since errors in the deduced value of e due to overestimate 
(or underestimate) of both @ and d$ tend to cut out. This 
takes advantage of a psychological phenomenon that, in a 
short series of readings such as make up an observation in 
this case, any temporary tendency to read high will probably 
persist through that series. In the following tables the 
angle readings are the average ones. 

In Experiments 1, 2, 3 (Table I.) the: brass plates were 
very highly polished. The observations were all of type A, 
but with a 4 too small to detect. We have, therefore, for 
for all intents and purposes the case of a ball impinging on 
a smooth plane and obeying the law etan $ — tan 8. 

In Experiment 4 (Table IL) the brass plate was rough- 
ened betore being mounted. Experiments 5, 6 were made 
immediately after 2, 3 respectively, the planes being rough- 
ened with sand-paper while still mounted. This course was 
taken, as it was desired to notice the effect on the Coefficient 
of Restitution of a slight breaking up of the surface. It was 
found that the coefficient of the system depended not only on 
the plate itself, but also on the security of its fastenings, so that 
in any comparative experiments the fastenings had to be left 
undisturbed. A considerable decrease in the value of the 
constant was found. In deducing the numerical results of 
Experiments 4, 5, 6 the graphs connecting tan 0, tan $ were 
first plotted (shown in fig. 3) to determine the types of the 
observations. The numerical values o£ e, u(1+e) for type A 
were obtained by Gauss's Method of Mean Squares applied to 
the four best-spaced readings ; for type B tlie value of e for 
each observation was determined directly ; the critical value 
for Ô was obtained by solution of the equations of the two 
lines and also by theoretical deduction from the value 
obtained for p(l+e). The diameter of the sphere was 
'86 inch; that of the cylindrical hole *24 inch, leading to 
Ma? 274078. 

The degree of accuracy obtained in the experiments of 
Table II. was not as high as that obtained in those of 
Table I. In the latter case the **$" readings for any 
setting ‘@” were determined by repeated experiment, 
between each of which the inclined plane was moved 
and readjusted in the course of the next trial, the relative 
position of the pistol being undisturbed. This involved a 
very great number of impacts, and in the experiments of 
Table II. this number had to be reduced to minimize the 
wear of the plate with consequent change of u. The two 
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Fig. 3. 
4 
1S 
5 
© 
S 
N 
Dy, 
S » i i " ^ 
IA 
. á i ^ i 
"p, 
9 | 2 3 
Tan jf. 
The resulte of experiments expressed graphically. 
TABLE I. 


| 
| 

| | 
E 49870 | 
| | 


618 | "74 | 53085 
55 695 | :53022 
BOA | 604 | :52083 
454 | 621 | :53073 
40 074 | 52943 
344 | 521 | :53007 
30 472 | *52904 


60 | 73} | 
55 | 703) 49874 | 55 | 741, 740277 
5045,| 674 19914 40165 


40 , 59} -49999 , 40 | 643 | 40233 
354 | 548, 49046 | 35 | 602 | 40224 
30 | 494 | 49967 | 30 | 554 | 10239 

25 | 49j | 40180 


4by, 638 . "49012 ^ 45 i 40149 
0 


25 43 490855 


Average | '5300 | Average | '4991 | Average | ‘4021 
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TABLE II. 
4 | 5 | 6. 
Í 
0? e? 0? 9°. | 09 | $ o 
Type A ...... 58 71} 55 713 | | l 
56 694 50 67; 504 731 
54 6x4 45 64 45 704 
50 | #65 40 583 40 66 
45 503 35 5 35 6015 
40i 5416 | 30i 47 30 54 
38 51d | 
Trpe B ...... :o| 4i t | 235 . 48 
253 35i 
204 | 29 
€ from Type A. , 170 | 497 709 
e from Type B. 467 | | "298 
Pipe) MN 197 | 125 157 
Critical 0 tan^!:682  '| — tan™ +430 tan-! «543 
(theory)., | 
» » intersect, ET | -1.5 
of lines). tan-! 693 | tan-' :548 


* The graph shows this to be a faulty reading. 
t No readings of Type B were obtainable, 


values for the critical angle (Table II.) are not completely 
independent. The theoretical expression is that which 
satisfies the theoretical equations, and its numerical result is 
the one which would be obtained if the Type B value for 
e were taken as exactly equal to the Type A value; the 
closeness of these results is a severe test on the accuracy of 
the method. The same table also illustrates a drawback to the 
method, whichis unsatisfactory for impacts near the normal. 
The last angles in each set are the least for which satisfactory 
definition could be obtained. 

The close adherence of the results to the two linear laws 
and the near equality of the values of ** Newton’s Constant ” 
deduced from these laws justify the assumptions that, within 
the ranges of tangential and normal velocities employed, 
p and e have constant values, and confirms the resulting 
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dynamical equations for the behaviour of a sphere impinging 
on a rough plane. 


Fig. 4. 


General view of the apparatus used for impact experiments. 


Summa ry. 


An apparatus is described by which the coefficient of 
restitution between a plane and a sphere can be obtained to 
a considerable degree of accuracy. Impacts of a sphere 
with smooth and rough planes are dealt with, and the 
theoretical equations are shown to be very closely satisfied. 


Digitized by Google 


[ 195 ] 


XIX. On an Extension of the Negative Band Spectrum 
of Nitrogen. By T. R. Merton, F.R.S., and J. G. 
PiLLEY, B.A.” 


W* have recently described (Roy. Soc. Proc. A cvii. 

p. 411, 1925) observations of the spectrum of Nitrogen 
which is produced when discharge-tubes containing a very 
small proportion of nitrogen in helium at comparatively 
high pressures are excited by condensed discharges of 
moderate intensity. Under these conditions the arc spectrum 
is isolated, and it was pointed out that in the presence of 
helium the negative bands were enhanced at the expense 
of the positive bands. We have now further investigated 
the a conditions which are most favourable to the 
isolation of the negative bands. These experiments have not 
only facilitated a remeasurement of the known band heads, 
but have also made it possible to observe an extension of tlie 
bands into the less refrangible parts of the spectrum. 
Measurements of the heads of the bands recognized are sum- 
marized in Kayser's * Handbuch der Spectrographie,’ vol. v., 
the most reliable of these being probably those given by 
Deslandres (Comptes Rendus, exxxix. p. 1174, 1904), who has 
arranged the heads of the bands into six series. — Deslandres? 
assignment of the different bands into these series seems to 
have depended to some extent on the general appearance 
of the bands, for the members of the series do not show 
constant second differences in the wave-numbers, and his 
arrangement therefore seems to merit some further con- 
sideration. These discrepancies seem to be due in part to a 
confusion with the bands of the positive system, and many of 
the bands are so weak under ordinary conditions that their 
identification is almost impossible. 

According to recent developments in the application of the 
quantum theory to band spectra, the heads of bands are 
points of no special theoretical significance, but they never- 
theless serve in the arrangement of the different bands into 
series, and a knowledge of their wave-lengths is of importance 
for purposes of identification in celestial spectra. In par- 
ticular the negative bands of nitrogen constitute an impor- 
tant part of the spectrum of the aurora. The appearance of 
the bands in the aurora and under different conditions in the 


* Communicated by the Authors. 
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laboratory has been studied by Rayleigh (Roy. Soc. Proc. 
A, ci. p. 114, 1922). Rayleigh found that the distribution 
of intensity in the bands in the auroral spectrum more closely 
resembled that secn in the positive column in discharge-tubes 
at low pressures than that seen in the negative glow and 
first negative layer, though in the latter sources the negative 

bands were more completely (though not entirely) isolated 
from the positive system. 

The preparation of the discharge-tubes used in the experi- 
ments here recorded has been described in a previous 
investigation (loc. cit.). When these tubes, which contained 
helium at pressures about 30 mm. of mercury and a trace of 
nitrogen, and which were provided with wide tubes in place 
of the usual capillary, were excited by uncondensed dis- 
charges the negative bands were very much more prominent 
than in tubes containing pure nitrogen. It is well known 
that in. vacuum-tubes containing pure nitrogen the nega- 
tive bands are enhanced at very low pressures and appear 
strongly throughout the tubes. With feebly condensed 
discharges our tubes show an even greater enhancement of 
the negative bands, but in the course of a series of experi- 
ments to discover the optimum conditions for the isolation of 
the bands it was found that when the tubes were excited by a 
high frequency discharge from a small Tesla coil the positive 
bands very nearly disappeared, and it was moreover evident 
that further members of the negative band system could be 
traced into the less refrangille parts of the spectrum. All 
the negative bands could be seen clearly and distinctly, and 
these conditions seemed appropriate to a remeasurement of 
the spectrum. A preliminary examination showed that sucha 
remeasurement was essential to an arrangement of the heads 
of the bands. The spectrum was photographed with the 
concave grating instrument and the Littrow glass spectro- 
graph described in the previous investigation (loc. cit.), and 
the iron are served as a comparison spectrum. It must be 
borne in mind that a high degree of precision cannot be 
attained in the measurement of the heads of unresolved bands, 
and the wave-lengths are accordingly given to the nearest 
tenth of an angstrém. The results are given in Table I., in 
which the wav e-lengths are given in comparison with those 
of previous investigators. The intensities in the tubes con- 
taining helium and nitrogen with the Tesla excitation are also 
compared with those observed with a wide bore tube con- 
taining nitrogen and excited by a discharge of moderate 
intensity. 
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TABLE I. 


Des Hassel- An g- Hem- 


A(I.A.). Series. Intensity. landres. berg. strom. salech. 


(He-N) 


E 


98647 1 
5653-1 3 
59041 4 
513575 5 
9330-4 f 
52283 1 
51488 2 
3 
4 
5 
? 
] 
2 


= Ow CoC K © 


5076-6 
90127 
49579 
45881-9 
47092 
46518 


— pd 
Q Q 


4708-6 47095 

46512 46535 

4599-4 4601:2 

45538 45552 

45153 45165 

4484 9 

42780 42810 4278-4 
4236:3 42390  . 42368 


15997 3 
45541 4 
4515°9 5 
4490°3 6 
12781 1 
4236-5 2 
42011 ? 
41991 3 iis 41987 42030 141988 
4166:8 4 eee 41664 41750 41666 
4140°5 5 
3914°4 1 
388413 2 
3857.9 3 
4 
5 
2 
3 
4 
5 
6 
3 
4 
5 
C 


CON FOO OC OC ft = tO 


3914°4 or sss 3914°4 

3883-9 ais € 38842 
: 88571 in € 38571 
3835-4 
3818-1 
3582-1 
3563-9 
3548-9 
35383 
353276 
3368-0 
32987 
3203:4 


cOQc0ovco-ewuw-o0l 


l 3298:5 
0 3296-1 
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denotes a head much confused with other bands. 
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In Table II. the assignment of the heads into series 
is given, the wave-numbers in vacuo being arranged in 
columns and the first and second differences being also given. 
Our results do not agree well with those of Deslandres, but 
the constancy of the second differences in our wave-numbers 


TABLE II. 
Series, V aveength = Wavenumber Ist dif. ^ 2nd diff. 
in air, n vacuo, 
jus 5864-7 17046:5 
5228-3 19121°6 20/94 oe 
S : 2107:6 ve 
4709°2 21229-2 l 
2139°1 31°5 
4278-1 23368-3 ne 
es 2171-2 2 
391444 25539:5 
9. 5148-8 19422-0 
46518 21491-1 2069-1 "T 
ra 2106-6 
4236 o 23597 7 33:1 
3884:3 25737-4 21397 
; 2171:4 317 
3582-1 279088 
3... 56531 17684-4 
HNR: 
5076-6 19692:8 2008-4 l 
20416 33-2 
45997 217344 | 
20184 31:8 
4199-1 238078 
2105-7 373 
3857-9 259135 : 
2137:8 321 
3563-9 98051-3 a 
: 2170-2 ids 
3308-0 302215 
4 es 55641 17967-5 
50127 199442 19/67 "T 
l SA 20078 
4554-1 21952-0 l 
uS 32:5 
4166:8 23992-3 i 
2073'1 328 
3835-4 26065-4 
2104-4 31:3 
3548-9 28169-8 
2136-9 wee 
3298-7 30306:7 
Bessie. 5485:5 18224-9 
4957-9 20164-1 1939-2 | 
1973:5 913 
45159 22137-6 | 
! 90071 336 
4140-5 241447 , 
3818-1 26183-5 
2070-7 31°9 
3538-3 282542 M 
3293:4 30355:5 21018 
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is much closer than in the case of Deslandres' values, and it 
may be surmised that the recognition of the true heads of 
some of the bands is extremely difficult unless a comparison 
is made of spectra under two different conditions in one of 
which the negative band system is very strongly accentuated. 
A word must be said about the nature of the Tesla excitation. 
It seems possible that the chief virtue of this method lies in 
providing a condition intermediate between the uncondensed 
discharge and a condensed discharge with a very small spark- 
gap, but there are certain changes in spectra which seem to be 
peculiar to this excitation. Vegard (Phil. Mag. xivi. No.271, 
p. 193, 1923) has given a summary of his measurements of 
the auroral spectrum and has attempted to identify a number 
of the lines observed with lines of the spark spectrum of 
nitrogen. These lines have been compared with the exten- 
sion of the nitrogen bands observed in this investigation, but 
there appears to be no systematic agreement. At the same 
time it would appear that Vegard's identification with the 
spark spectrum seems hardly justified in view of the fact that 
most of the lines with which they are identified are relatively 
faint, and do not appear to be selectively enhanced under 
any known conditions of excitation. It may be mentioned 
that a comparison has also been made with unidentified 
radiations observed in the spectrum of Comet Morehouse by 
de la Baume Pluvinel and Baldet (Astrophys. Journ. 
vol. xxxiv. p. 88, 1911), but here again there appears to be 
no correspondence. 


We wish to record our thanks to the Department of 
Scientific and Industrial Research for a grant made to one 
of us (J. G. P.) during the course of this investigation. 


Wjnforton House, Hereford, 
March 10th, 1925. 


XX. The Flow of Water in a Corrugated Pipe. 
By Professor A. H. Gissow, L).Sc.* 


Introduction, 


HE author recently had occasion to measure the loss of 
head in a copper pipe whose walls were corrugated 
circumferentially. The results showed that the loss of head 
was proportional to v?^'5, The case of non-accelerated flow 
in which the index of vis greater than two is unusual, and 
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although results of tests on pipes have occasionally been 
published indicating such an index, no such case has 
hitherto come before the notice of the author. It is both of 
practical importance and philosophical interest, since, if the 
theory of dimensional similarity holds for such a state of 
flow, the loss of head should be diminished if the viscosity 
of the fluid is increased. The experiments were therefore 
extended with a view of investigating this point. 


Experiments. 


The experimental pipe is of smooth drawn copper. The 
internal diameter at the bottom of the corrugations is 1:80 in. 
and at the top 2:0in. Each corruzation takes approximately 
the form of a sine curve 0:4 in. pitch from crest to crest. 
The pressure drop along the pipe was obtained from pressure 
orifices drilled at the tops and at the bottoms of the corru- 
gations. ‘The difference in pressure between the top and 
bottom of a corrugation was also measured in a number of 
tests. All pressure differences were measured on an inverted 
U-tube water-gauge. The majority of the experiments were 
carried out with water at 15°°3 C. Two series were afterwards 
carried out at 51°%7 C. and 73°°3 C. 


Tests at Normal Temperature. 


The results of the tests are shown in Table 1. and in 
the curve of fig. 1. The velocities (computed on the 


TABLE I. 
Temp. 15%3 C. 


Expt. Wee s eed ] . 2, | 3. 4. 5. 6. 7. 


— —— e |— | rr er | ce es | E 


at top ......"00288 :00630 00824 01236 | -0222 |:0247 |-0433 


i! 


—— A IÀ— M 
- ————— | —— — | ———— | — ———— | —Ó——am || — Í 


(P4 —2,) ft. 
at bottom 00288 00630 00824) “01230 0220 |-0240 |:0422 |-0595 -0824 


—— Á—MÀ Ce ee end eee Gee betel MM 


v f.s. at enlarged section. | °513 | +735 | “866 1:066 | 1:380 | 1:470 (1:862 | 2°22 | 260 


Expt. eene io. | 11] 12: | 13. | 14. | 15. | 16. | 17 | 

attop....|'1996 | 230 | 985 | 397 | 428 | 650 | 763 |1000| | 

(5 —p,) ft re sf | Ses 
at bottom |:1260 | :222 | -274 | ‘315 | -413 | 618 |730 952 


eee | — MÀ | ————mn | ee | —— fee | eee | o —ÀÀ ÍÁ— 


v f.s. at enlarged section. | 3:19 | 4:16 | 4°53 | 490 | 552 | 665 | 715 | 812 


Lh ee se, S, a. 
— ii i ee ee XL, QS... ll, mod EE  _ ce 
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TABLE I. (continued). 
Temp. 51°7 C. 


Fapt neon side |i 2. 3 

= — — ÉD € ==] eee — —— | e eee | ee a e 
( Pı— p) ft. at enlarged section *0181 *0429 0515 
v f.s. at enlarged section ......... 1:291 1:800 1:955 


Temp. 73°°3 C. 


! Exp. i dosi n cre | l. 2, 3. 4. 


—M— —— | — — ———— | — a — 


` (Pı— pa) ft. at enlarged section! -02455 | -0310 | -0439 | -0824 


— |—— 


v f.s. at enlarged section......... | 1:850 1:505 1:769 2:425 


+ Experiments at 15:3? C 
& L " 5r7C 
e "s " 733°C 
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diameter of the tube at the top of the corrugations) range 
from 0°5 f.s. to 8'1 f.s. On plotting the logarithms of log 
head against log velocity on a large scale, it appears that 
over this range the loss of head is proportional to v*5, and 
is given by 

h 20118 v*1*5 ft, per foot run of pipe 


if the pressures are taken at the enlarged sections, and by 
h=-0113 v?1?0 


if the pressures are taken at the bottom of the corrugations. 
For comparison, data were also obtained for plain smooth 

drawn copper pipes having diameters of 1:8 in. and 2:0 in., 
or respectively the same as the diameters at the bottom and 
top of the corrugations in the corrugated pipe. The loss of 
head in these parallel pipes is given by 

À —:0030 v'® ft. per foot run in the 1:8 inch pipe 
and 

1.20026 v'® ,, » » 205, y 


The comparative losses of head per foot run at velocities of 
1, 2, and 4 f.s. are shown in the following table:— . 


— - 


Velocity f.s. 


Pipe. 
1:0. 2:0. 40. 
Corrugated pipe (vel. at large 0113 "0496 "218 
section). 
Ditto (vel. at small section) ...... "0074 0324 142 
2:0 in. parallel pipe  ............... :0026 ‘0091 0317 
18 ,, - e ET "0030 0105 "0366 


The results show that the resistance of the corrugated pipe 
is much greater even than that of a smooth pipe having the 
same diameter as the contracted section of the corrugations. 
At 1 f.s. it is 2:5 times as great, and the effect becomes 
relatively greater at higher velocities. 

The loss of head in such a pipe may be looked upon as 
being mainly due to the shock and eddy formation caused 
by the enlargements and contractions of section which 
take place throughout its length. It is known that the 
loss due to a sudden enlargement is given approximately by 


(vi -= V2)? 
EL E ft., 


^ o gn ee ee, a D E ————— —— ZA-—— ————  —A—^— G, —— ———UESÓA ———— eee Soe oe a 


ae ——— - 
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where v, and v4, are respectively the higher and lower 
velocities. There are 30 enlargements per foot run of 
the pipe, so tbat with a velocity of 1 f.s. in the larger 
sections, corresponding to 1:235 f.s. at the bottom of the 
corrugations, the loss per foot run, if the enlargements were 
sudden, would be 


(1:235 — 1:00)? 
29 


The actual loss per foot run (:0118 ft.) is 44 per cent. of 
this. The corresponding values at 2 f.s. and 4 f.s. are 
48:5 per cent. and 53:4 per cent. This would tend to 
indicate that as the velocity is increased, the type of flow 
gradually changes, the water in the corrugations taking part 
to an increasiug degree in the general flow. 

Confirmation of this is obtained from pressure readings at 
adjacent points in the crest and trough of a corrugation, for 
assuming the loss between a trough and the adjacent crest 
to be due to a reduction in velocity corresponding to the 
cross section of the pipe, the pressure at the enlarged section 
should be the greater by an amount theoretically equal to 


x 30=:0256 ft. 


vt — Va = (vi — v3) 3 ft 


Thus in experiment 12, v,—5'60, v4— 4:53, so that the 
theoretical difference in pressure would be 
31:4—20:5 — (1:14) 
64:4 
The measured difference is :094 ft., or 625 of its theoretical 
value. Similarly in experiment 15, with vc,—6':65 f.s., the 
measured difference in pressure is ‘78 of the theoretical, 


and in experiment 16, when v; 7:15 f.s., it is *83 of the 
theoretical value. 


ft. 2:151 ft. 


Tests at diferent Temperatures. 


It may readily be shown from the principle of dynamical 
similarity that the loss of pressure “p” per unit length of 
a pipe conveying a virtually incompressible fluid should be 
given by | 


y apo 
P x pr*( =) 


where p is the density of the fluid, 
v „ kinematic viscosity. 
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This indicates that if » is greater than 2 the resistance will 
diminish if the viscosity is increased, and in order to 
investigate this point further tests were carried out in which 
the mean temperature of the water in the pipe was respec- 
tively 51°7 C. and 73*:3 C. 

At these temperatures the following are the values of 
ps p, and y :— 


For the experiments in which the pressure-drop at tlie tops 
of the corrugations was taken, n 2 2:135, so that, at any given 
velocity, and with different temperatures, 


Pa _ (ny. 
Pi Pi Vo 
If T,2 5197 and T,=15%3 : 


p. ‘987 e "m 
p," 999V00557) 7 L089; 


while if T3422 73*3 and T, 215933, 
Pa “977 "01142 


Pr 999 Y00557 

The logs of head and velocity for the experiments at these 
temperatures (Table I.) have been plotted to a large scale 
and on the same sheet. From these it appears that the 
measured loss of head at 51?*7 C. is 8:3 per cent. greater, and 
at 73°°3 C. is 1277 per cent. greater than at 15?:3 C. 

The experiments thus confirm the fact, indicated by 
dimensional theory, that in a pipe in which the resistance to 
flow increases at a greater rate than the square of the 
velocity, the resistance is diminished if the viscosity of the 
fluid is increased. The rate of diminution is also in accord- 
ance with the dimensional theory. 


°135 
) — 1:128. 


—————!M EEG, — — £— 


XXI. The Determination of the Best Linear Relationship 


eid any Number of Variables. By H. GLAUERT, 
E 


i it is anticipated that two observed quantities x and y 
are connected by a linear relationship, it is customary 
in the theory of correlation to determine two lines of 
regression, 
y=mrte, 
L=M + Co, 


by the standard methods of the combination of observations. 
In this process the errors of observation are assumed in turn 
to be wholly on the variable y and wholly on the variable x. 
Frequently, however, it is necessary to determine the best 
linear relationship connecting the observed quantities, and 
the following method is suggested, which is applicable to any 
number of variables. 

Consider an experiment in which m variables e, y... are 
determined by observation with equal probable error +e, in 
association with n variables u, v... whose values are known 
accurately in each experiment. Let & 9... be the true 
values of the first set.of variables satisfying the linear 
relationship 


F=Xak+Zau=aEt+lnt.. . taut Bv... =0. 


The probable value of F, when the bene] values are 
inserted, is 
F(a ys. su, v o.) = teatel... 


= eA Xa, 


where the summation extends over the coefficients a, 5... 
but not over the coefficients «, 8 .... Equations of equal 
weight are obtained by writing this result in the form 


Lav + Lau 
Us c ee: 
N at 


and the sum of the squares of the errors is 


S=> = = au) 


The best linear relationship connecting tlie variables will 
be that which makes the sum S a minimum, and so the 
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normal equations for solving the problem are of the form 
X(Xaz-4-Xau)([zZa!—a(Xaz-Zau))-0 
and ZX(Xaz-ZXa«u)u-0. 
Now put 
X za[zzr] t b(zy ] t... F a[zu] +... 
U za[zu] +b[yu] 9... a[uu] * ..., 


and then 
s= ZaX + La 
Xa C 
while the typical normal equations become 
X—aS=0 
and U=0. 


There are m normal equations of the first type and n of 
the second type, so that in all there are (m+n) equations to 
determine the quantity S and the (m+n—1) ratios of the 
coefficients of the linear relationship. On eliminating the 
coeflicients from the normal equations, a determinantal 
equation of degree m is obtained for S, namely 


[re] 8. [zy] ie [2u] 
[vy] [yy] S ... [yu]... | =0. 


iw ts 


[cu] [yu] 

No ambiguity arises in the solution, since the smallest 
positive value of S is required, and when this value of S is 
inserted in the normal equations, the coefficients of the linear 
relationship are uniquely determined. Since S is a small 
quantity for good observational data, it is frequently sufficient 
to retain only the first power of S in expanding the 
determinant. 

It is of interest to note the connexion between the general 
solution and the lines of regression when there are two 
variables z and y and one parameter u. 

The normal equations in this case are : 


([zz] —S)a + [ zy]5 4- [zu] a 220, 


[xy]a+(Lyy]—S)d + [yv ]|a 220, 
[vu]ja+ [yu]b + [uu]a=0, 
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and the two lines of regression correspond exactly to the 
neglect of S in the first and second of these equations 
respectively. Geometrically, the lines of regression are 
derived by measuring the distance of an observed point from 
the line parallel to one or other of the coordinate axes, while 


the generalized solution depends on measuring the distance 
normal to the line. 


XXII. A further Note on the Forsythe Method of comparing 
Inductance and Capacity*. By R. L. Epwanps f. 


T the January Philosophical Magazine, Prof. Ganguli 
adversely criticised the Forsythe method of comparing 
inductance and capacity, both from the standpoint of 
accuracy and sensibility. The objections are not inherent 
in the method, but arose in Prof. Ganguli's work as a result 
of his neglecting the ohmic resistance of the coils compared. 
That is, his rzEQ, which prevented the existence of a null 
point. His attempt to reduce error due to this source, led 
him to use very high resistances. Experience in these tests, 
as well as theory, shows that with high resistances, low 
sensibility is inevitable, even though a correspondingly high 
resistance receiver is used. Large values of r necessitate 
excessively small values of C, as for a given inductance 
C varies inversely as r? for a balance. With r=Q, and of 
suitable magnitude, we obtain a very sharp null point in 
our work. 

Our data, obtained with a thousand-cycle microphone 
hummer, a Brooks Inductometer, standard mica condensers, 
and adjustable receivers tuned to 1000 cycles, yield results 
with an error of less than a fifth of a percent. over the 
range of the inductometer. Obviously, we are not concerned 
with what portion of Q is within the inductive coil itself. 

The shifting of resistance between s and Q and r is a 
tedious process, which might be greatly simplified by a poten- 
tiometer arrangement. This difficulty is averted, however, 
by the use of a variable standard of capacity (or inductance). 


The State University of Iowa. 
April 8, 1926. 


* The Physical Review, Second Series, vol. i. p. 403 (1913). 
T Communicated by the Author. 
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XXIII. The Scattering of Beta-Rays. By J. CHADWICK, 
Ph.D., Fellow of Gonville and Caius College, Cambridae, 
and P. H. MERCIER, J). és S., Lausanne *. 


$ 1. 

"| 88 phenomenon of the scattering of charged particles 

in their passage through matter has been of great 
importance in the development of atomic physics. As is 
well known, it was from consideration of the scattering of 
a-particles through large angles that Rutherford was led to 
the conception of the nuclear atom and the theory of single 
scattering. In single scattering the deflexion of a charged 
particle through a certain an gle i is due to an encounter with 
a single atom, the effect of the other atoms in the scattering 
material being very small compared with this single large 
deflexion. In compound scattering, on the other hand, the 
final deflexion of the partiele is the Tesultant of a very large 
number of small deflexions of the same order of magnitude. 
Both these types of scattering can be easily realized in the 
case of a-particles. The phenomena of single scattering 
are essentially simple, and it is easv to interpret the results 
of experiment in terms of the structure of the atom. Thus 
the observations, particularly of Geiger and Marsden f, 
and also of one of usi, have given the strongest possible 
support to the Rutherford conception of the atom and the 
theory of single scattering. It is not so simple to interpret 
quantitatively the experiments on compound scattering, and, 
speaking generally, the best that can be done is to show that 
the results are in accord with the theory of the nuclear atom. 
Such deductions have been drawn from measurements of the 
compound scattering of a-particles both by Geiger $ and by 
Maver ||. 

While the experiments on the scattering of a-particles are 
of a simple and straightforward character, the corresponding 
experimentis with g- particles are attended hy numerous 
difficulties, some of which arise from the nature of the 
available sources of S-particles, while others are due to the 
small energy of the particles. In contrast to the a-radiation 
the -radiation emitted by a radioactive source is not 
homogeneous, but composed of particles of widely differing 

* Communicated by the Authors. 
t Geiger & Marsden, Phil. Mag. xxv. p. 604 (1913). 
t Chadwick, Phil. Mag. x]. p. 734 (1920). 


$ Geiger, Proc. Roy. Soc. A, Ixxxvi. p. 235 (1912). 
|| Mayer, Ann. d. Phys. xli. p. 931 (1913). 
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velocities. In order to work with a beam of 8-particles of a 
suitably narrow range of velocity, it is necessary to sort them 
out in a magnetic field, with the result that the available 
primary beam of particles is of relatively small intensity. 
In most experiments, radium B+C has been used as the 
source of G-rays, and the strong y-radiation emitted by this 
source adds a further complication to the experimental 
problem. The definiteness of the experiments on the 
scattering of a-particles is largely due to the simplicity and 
certainty of the scintillation method of counting the particles. 
For the -rays no such method is available. Whatever 
means are used to detect the S-rays, the measurement of the 
scattered beam of S-rays, which must usually be of very small 
intensity, in the presence of a strong y-radiation is a matter 
of some difficulty. Again, owing to the small energy of the 
average B-particle, the chance of scattering is so great that 
there may be some doubt as to whether, under the experi- 
mental conditions, the effects observed are to be ascribed to 
single or tocompound scattering, or to an intermediate type. 

For these and other reasons, the conclusions which have 
been derived from the measurements of the scattering of 
B-particles are not of that definite and clear-cut character 
shown by the corresponding experiments with a-particles, 
and, in fact, some observers have found it difhcult to 
reconcile their results with the accepted views of atomic 
structure. 

The early experiments of Crowther * were carried out 
before Rutherford put forward the theory of the nuclear 
atom, and were therefore interpreted in terms of the 
Thomson atom and on the: assumption of compound scattering. 
It was shown later by Rutherford that the observations could 
also be approximately explained on the nuclear theory of the 
atom and on the hypothesis of single scattering. 

Recently, experiments on the scattering of B-rays have 
been made by Geiger and Bothe f, by Crowther and Schon- 
land $, and by Schonland 

The experiments of Geiger and Bothe dealt mainly with 
compound scattering, and on the whole their results were in 
good accord with the corresponding experiments on a-rays. 
At the smallest thicknesses of scattering material the amount 
of scattering was decidedly less than that given by theory, 
indicating that the conditions for the application of the 

æ Crowther, Proc. Roy. Soc. A, Ixxxiv. p. 226 (1910). 

T Geiger & Bothe, Zeit. f. Phys. vi. p. 204 (1921). 

t Crowther & Schonland, Proc. Roy. Soc. X c. p. 526 (1922 
§ Schonland, Proc. Roy. Soc. A, ci. p. 299 (19: 22); 


Phil. Mag. S. 6. Vol. 50. No. 295. July 1925. P 
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theory of compound scattering were no longer fulfilled, and 
that single scattering began to be appreciable. They did not 
attempt to make observations of sin gle scattering. 

Crowther and Schonland carried out a detailed investi- 
gation of the scattering of S-rays under conditions in which 
they considered the theory of single scattering was applic- 
able. Their results showed marked dive ergences from the 
Rutherford theory. The amount of scattering by light 
elements, such as carbon and aluminium, was several times 
that to be expected theoretically for all angles investigated (4? 
to 18°). Onthe other hand, for heavy elements such as gold 
and platinum, the scattering for small angles agreed fairly 
well with theorv, but increased rapidly with tlie angle until for 
an angle of 189 it was in agreement with the sc atiering 
shown at all angles by the lighter elements. Asa possible 
explanation of their results, “Crowther and Schonland put 
forward a tentative suggestion that either the law of force 
close to the nucleus was not that of the inverse square, or 
that the electron might have a magnetic moment. 

Later, Schonland repeated the exporiments for larger 
angles of scattering, and obtained results 1n fair accord with 
theory. He endeavoured to explain the previous results by 
attributing the large scattering. shown by the light elements 
to an effect of the diver gence oË the primary beam of 8-ravs, 
and by ascribing the deticient scattering at small angles by 
heavy elements to the screening of the nuclear charge | by the 
K and L groups of electrons. His calculation of the influence 
of the divergence of the primary beam is certainly not 
correct, and, "indeed, Jeans has shown that provided con- 
ditions for single scattering are fulfilled, the eftect of a small 
divergence is negligible. Further, it appears to us that far 
too much weight has been given to the sercening effect of 
the inner electrons in the case of tlie heavy atoms. 

The explanation of the discrepancy bob. een the results of 
Crowther and Schonland and the predictions of the theory 
of single scattering lies in tho fact that their experiments are 
mainly concerned not with single scattering, as they supposed, 
but with compound sc attering or witha type of scattering 
between the two. In their experiments they measured the 
thickness of material necessary to scatter one-half of the 
particles incident on it through more than a prescribed 
angle $. Now, if the probability that a particle should be 
scattered through an angle $ is 1/2, then the probability that 
it should be scattered twice through this angle is 1/4. When 
we take into account the variation in the scattering with 
angle, it is clear that the particles scattered through more 
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than $ must consist to a large extent of particles which have 
suffered more than one deflexion. This explanation of 
Crowther and Schonland's results has also been given by 
Bothe *, and he has shown that some of their results are in 
approximate agreement with those of Geiger and Bothe, and 
therefore with corresponding experiments on the scattering 
of a-rays. Detailed investigations, made by H. A. Wilson f, 
Jeans f$, and Wentzel §, lead to the same conclusion. Jeans 
showed how difficult it is to disentangle the effect of single 
scattering from that of compound scattering when both are 
present, but was able to account in a general way for the 
results of Crowther and Schonland. Wentzel has developed 
in detail the theory of scattering for the transition type be- 
tween the two extremes of simple and compound scattering— 
that is, for conditions in which the final deflexion of the 
particle is the result of a few single deflexions through angles 
of medium size. Scattering of this type may be termed, for 
want of a better word, * plural" scattering. He has shown 
that under certain conditions “plural” scattering may be 
more important than single scattering, or, in other words, 
that the deflexion of the particle through a certain angle is 
more likely to occur in a small number of medium steps than 
in a single large step. The scattering observed under these 
conditions will therefore be greater than that predicted by 
the theory of single scattering, in agreement with tlie 
observations of Crowther and Schonland. Wentzel has also 
obtained a criterion for the presence of single scattering. 
The argument by which he arrives at this is brietly as follows. 
A particle passing through the scattering foil is at every 
instant subjected to the influence of the external atomic fields, 
The very small detlexions of the particle due to these fields 
must. be left out of account, for we are only concerned with 
the deflexions due to the internal fieldsof the atoms. As the 
external field merges continuously into the internal field it 
is somewhat arbitrary to fix any definite boundary to the 
atomic field, or a corresponding lower limit for the deflexion 
of the particle which may be considered in the calculation, 
For the present purpose, however, we may ascribe a definite 
radius R to the sphere of influence of the internal atomic 
field, and regard all particles which do not penetrate within 
this distance of the centre of an atom as undeflected. A par- 
ticle which just penetrates into this region will undergo a 

* Bothe, Zeit. f. Phys. xiii. p. 368 (1923). 

t H. A. Wilson, Proc. Roy. Soc A, cii. p. 9 (1993). 

f Jeans, Proc. Roy. Soc. A, cii. p. 437 (1923), 

§ Wentzel, Ann. d. nm 2 p. 335 (1922). 
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deflexion w. Limiting the action of the atomic field in the 
above way is then equivalent to neglecting all deflexions less 
than œw. In any investigation of the scattering of particles 
the conditions of experiment must he so adjusted that the 
total angle of scattering through which the particles are 
observed is several times greater than this minimum 
deflexion œw. Otherwise the possibility arises that the greater 
part of the particles have attained their final deflexion by a 
combination of several single deflexions each less than øw. 
We thus arrive at an upper limit to w and a corresponding 
lower limit to R. This, then, gives a lower iimit to the 
number of atomic encounters which the particle makes in 
passing throuzh the foil. Only if this number is less than 
1 can the type of scattering be considered as mainly single 
scattering. If the scattering foil is of thickness t and 
contains z atoms per c. c., then the average number of atoms 
traversed by the particle in passing through the foil is mR?nt. 
Wentzel shows that the most probable is equal to the whole 
number between wh?nt and zIC»t —l. If this is less than 1, 
then the scattering consists mainly of single scattering. 
The criterion for single scattering is thus 
mint < 2, 


or R must not be greater than 
itu ES NV 2 [ar ut. 

A particle which traverses an atom at this distance Rmax. 
from the nucleus will suffer a deflexion win,  Deflexions less 
than @min, must occur so seldom that they cannot contribute 
appreciably to the measured scattering. Wentzel then shows 
that repeated single deflexions through angles of less than 
min, Will not contribute markedly to the scattering, provided 
that the observed angle of scattering $ is at least a small 
multiple of 4@min. This is then a sufficient criterion for the 
presence of single scattering under the given experimental 
conditions—viz., a thickness t of scattering foil containing 
n atoms per c. c., and an angle of scattering œ. 

Applying this criterion to the experiments of Crowther 
and Schonland, Wentzel found that it was not fulfilled. 
By a detailed calculation of the effect of ** plural? scattering 
he was able to aecount for their results on the basis of the 
accepted theorv of atomic structure. 

At the time the experiments which follow in this paper 
were begun, the above calculations of Wentzel had not been 
published. While we saw no reason to doubt the validity of 
the general theory of scattering and atomic structure, yet in 
view of the disagreement between the conclusions of different 
observers, it appeared to us advisable to conduct, in as simple 
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a way as possible, a few experimental tests in which the 
conditions for siugle scattering were at least approximately 
observed. These experiments will now be described. 


$2. The Method of Measurement. 


The method of studying the single scattering of -rays 
was similar in principle to that used by one of us* in some 
measurements of the scattering of a-particles. 

The particles from a source S (fig. 1) are scattered by a 
thin foil AA', in the form of an annular ring, to a point O 
on the axis of the cone SAA’, such that OA=AS. It was 
shown in the previous paper that on the theory of single 


Fig. 1. 
A 


f 


A! 
scattering the number of particles scattered per second to 
unit area at O is 


Qnrtl? | 
6472 [log tan ¢./4 — log tan ¢,/4 — cot 1/2 cosec $,/2 


— cot $./2 cosec $./2 


where $/2, $,/2 are the angular limits of of the foil, and 


Q =the number of particles emitted per second by the 
source, 

t = thickness of scattering foil, 

n — number of atoms per c.c. in the scattering material, 

b = Ne?/T, where N is the atomic number of the scattering 
atom and T is the initial kinetic energy of the 
particle. 

è Chadwick, loc. cit. 
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The number of particles falling directly on unit area at O is 


Q 
drl?’ 


where l = OS. 


By allowing the -rays to enter an ionization chamber 
provided with a small opening at O we can thus measure in 
a simple way the fraction of -particles scattered by a foil 
between two fixed angles. 

This method of measurinz the scattering of particles has 
several obvious advantages. For example, the ratio of the 
scattered beam of particles to the direct beam is so high that 
the thinnest sheets of foil can be used. Further, the area of 
the scattering foil is so large that the error due to lack of 
uniformity is rendered inappreciable. 

Its application to -ray scattering, however, is attended 
by one serious disadvantage. As is well known, the S-rays 
emitted by a radioactive body consist of particles of widely 
differing velocities, and in order to obtain a homogeneous 
pencil it is necessary to sort out the rays in a magnetic field. 
We found it very difficult to devise a suitable combination 
of the magnetic separation and the above method of observing 
the scattering, and preferred to use the heterogeneous B-ravs 
emitted by a source of radium E as the primary pencil. 
This lack of homogeneity of the primary beam is of little 
moment in the comparison of the scattering by different 
elements, but becomes very important when we estimate the 
actual fraction of scattered particles, for the chance of 
scattering varies inverselv as the square of the energy of the 
particle. 

In the above calculation we have assumed that the mass 
of the @-particle remains constant in the orbit ; that is, we 
have assumed that the increase in kinetic energy of the 
particle asit approaches the nucleus goes wholly in increasing 
its speed. Since the mass of the particle increases with the 
velocity, it will actually move more slowly in the nuclear 
field t'an in the case considered in the calculation, and its 
deflexion will be greater. The orbit of the S-particle when 
the variation of the mass with speed is taken into account 
has been ealeulated by Darwin *, and he has also worked out 
the correcting factor which must be applied to the simple 
theory. This correction depends on the angle of scattering 
and on the velocity of B-ravs. It will be introduced when 
we caleulate the fraction of particles scattered by aluminium 


($ 6). 


* Darwin, Phil, Mag. xxv, p. 201 (1913). 
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We have also neglected the effect of encounters of the 
-particles with the electrons in the scattering material. On 
account of the small charge of the electron this effect is 
relatively small. It is easily seen that the electronic 
scattering can be included by putting the b in the above 
expression equal to /(N? + N) x e?/T. The contribution of 
the electrons to the scattering is thus only appreciable in the 
case of the lighter elements. For aluminium it is about 
1 per cent. of the total scattering, for gold about 1 per cent. 


3. The Apparatus. 


The apparatus is shown diagramatically in fig. 2. The 
diaphragm B served to limit the beam of -rays from the 
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source S, and consisted of a circular disk of 11:22 mm. 
diameter suspended in a circular opening of 19:30 mm. dia- 
meter. The scattering foil was held on the support A, 
equidistant from the source S and the opening O, through 
which the particles entered the measuring apparatus. The 
distance from the source to the diaphragm B was 26:5 mm. 
and from the source to the opening O, 100 mm. The source, 
diaphragm, and foil-holder were mounted on a brass base 
which fitted into slides in the brass box V, and were adjusted 
so that their common axis was central to the opening O. 
The diaphragm and foil-holder were made to fit closely to 
the sides of the box so as to prevent as far as possible the 
entrance through O of particles scattered by the walls of 
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the box. The opening O, of 5 mm. diameter, was covered 
with a sheet of aluminium of just over 4 cm. stopping-power 
for a-rays, sufficient to cut out the a-particles from any 
polonium which might be present on the source. 

The direct pencil of B-rays, which came through holes in 
the central disks of A and B, could he cut off at will by the 
movable lead screen L, and both direct and scattered pencils 
could be cut off by bringing the sereen M in front of the source. 

The brass box was evacuated by means of a Fleuss pump, 
and then by charcoal cooled in liquid air. It was found that 
the scattering of the rays by residual air in the box was 
negligible so long as the pressure was below ‘5 mm., but the 

nal experiments were all carried out in a charcoal vacuum. 

The B-partieles passing through the opening O were 
measured by the ionization they produced in the hemi- 
spherical chamber I. Thus the P utero particles and the 
direct particles had the same length of path in the chamber, 
and tle ratio of the ionization currents gave the ratio of the 
numbers of particles in the scattered and direct beams. The 
ionization currents were measured bv means of an electro- 
meter of the type devised by Beatty *. This consists of a 
gold leat hanging between two oppositely charged plates. 
The deflexion of the gold leaf was observed by a microscope 
of 85x magnification. The sensitivity was about 300 
divisions of the eyepiece scale per volt. A null method was 
used in which the current in I was compensated by the 
charge induced on the inner electrode of the small condenser 
K, the outer case being connected to a sliding contact on a 
potentiometer. 

When no scattering foil was in position, a small current 
was obtained in I, due to the natural leak and to B-rays 
scattered from the walls of the box and edges of the 
diaphragms. This was balanced by a weak ionization pro- 
duced in the small chamber H. 

When measuring the scattered ravs the condenser K was 
charged gradually to two volts, keeping the gold leaf as near 
as possible to its undeflected position. For measurement of 
the direct rays, the intensity of which was between 10 and 
100 times that of the scattered rays, the potential was 
iucreased to ten volts. In some experinients the direct beam 
was reduced to about the same intensitv as the scattered 
beam by rotating a whecl containing a suitable slit between 
the hole O and the ionization chamber. The two methods 
gave concordant results. 

The source of B-rays was a disk of 3:8 mm. diameter 
conted with a deposit of radium E, obtained by electrolysis 


* Beatty, Phil. Mag. xiv. p. 604 (1907). 
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of a solution of radium D, E, and F. The purity of the 
radium E was examined by observing the rate of decay of 
activity of the source. In only one case was the source 
found to contain a detectable amount. of radium D. The 
initial activity of the source was about equal tothat of 1 mg. 
Ra (B+C) as compared on a -ray spectroscope. 


$4. Test for Single Scattering. 


At the beginning of an experiment the lead screen L was 
rotated in the path of the direct rays. The small ionization 
current in I, due to the natural leak and to particles scattered 
from the walls of the box, was then balanced by means of 
the compensation chamber H. On moving L away, the 
direct beam entered I and was measured. The scattering 
foil, say one thickness of the thinnest aluminium leaf, was 
then placed on the support A, and the scattered beam was 


Fig. 3. 
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measured with the screen L in position. Several measure- 
ments of the scattered beam alone and of the direct beam 
together with the scattered beam were made, and then the 
scattering foil was replaced by a foil of two thicknesses 
of aluminium, and the process repeated. The sensitivity 
of the electrometer could be checked at any time on rotating 
the screen M in front of the source, and so cutting off all 
P-particles from the ionization chamber. 

In this way the results shown in fig. 3 were obtained for 
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aluminium as scattering material. The ordinates represent 
the ratio of the scattered rays to the direct rays, and the 
abscisse the value of nt for the foil used. 

If the conditions for single scattering are fulfilled, the 
curve obtained should be a straight line passing through 
the origin. It is seen that this is true only for small values 
of nt. For larger values the experimental curve is much 
higher than the straicht line passing through the earlier 
points, indicating that with these thicknesses multiple 
scattering begins to play an appreciable part. The thinnest 
foil of aluminium we could obtain had a weight of 184 mg./ 
sq. em., corresponding to a thickness of 68 and a value of 
nt of 41x 107, The results show that even with only four 
thicknesses of this foil the scattering is not entirely single 
scattering. These measurements bring out very clearly the 
difficulty of obtaining conditions under which true single 
scattering of B- particles takes place, but show at the same 
time that thexe conditions are realized 3n our experiments so 
long as we use the thinnest scattering foils. 

We may here apply Wentzel's criterion for the presence 
of single scattering which we discussed in $ 1—viz., that the 
angle ‘of scattering $ should be a multiple of dwmin, where 
®min. 18 the deflasion suffered by a particle which passes tlie 
scattering nucleus at a distance Rmax. = V 2/ant. In these 
experiments, the minimum angle of scattering of the 
particles which were observed in the ionization chamber was 
249. For the thinnest sheets of scattering foil of the 
different elements examined, the values of Soc varied from 
2° 48'to 59. Thus Wentzel’s criterion is fulfilled inall cases. 


§ 5. Comparison of Different Scattering Materials. 


Measurements were made of the scattering by four 
different materials—aluminium, copper, silver, and gold. 
The results are shown in fig. 4. As in fig. 3, the ordinates 
give the observed ratio of the ionization due to the scattered 

ravs to that of the direct rays, while the abscisse give tlie 
values of nt for the various scattering foils. In order to 
obtain all the curves satisfactorily on the same diagram, two 
scales of nt are used, one for aluminium and copper, and one 
for silver and gold, as shown in the figure. 

It will be seen that for small values of nt the curve for 
each element is a straight line. ‘This straight line, shown 
dotted in the diagram, is taken to represent the effect of pure 
single scattering. Copper and silver behave similarly to 
aluminium in showi ing for the thicker foils an excess scattering 
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due to the appearance of multiple scattering. The curve 
for gold, on the other hand, is straight for some distance, and 
then falls slightly below the single scattering value. No 
weight is attached to this point, as only one observation was 
made with the greatest thickness of foil; but it is easy to see 
that multiple scattering should be less noticeable in the case 
of gold on account of the screening effect of the electrons 
in the inner orbits, corresponding to a smaller etfective 
nuclear charge. This would make scattering through small 
angles less probable than we should expect from measure- 
ments at larger angles. 


Fig. 4. 


ATTERED 
RECT 


nt Av Ay 
nt Ca, AL 10° 10” aco” 


From these curves the single scattering by the four 
elements examined can be compared as in the following table, 
where the ratio of the scattered rays to the direct rays, for a 
foil for which nt = 10!8, is given in the second column for the 
element in the first. Before we compare these ratios, we 
must apply a correction for the scattering by the electrons in 
the material, As pointed out in § 2, the electronic scattering 
is 1/N times the nuclear scattering, where N is the atomic 
number of the element. In this way the corrected ratios of 
column 3, representing the nuclear scattering, are obtained, 
the ratio for aluminium being put equal to unity. On the 
theory of single scattering the ratio for a given element 
should be proportional to the square of the nuclear charge. 
Column 4 gives the ratios of the squares of the nuclear 
charges of Cu, Ag, and Au to that for Al, and comparison 
of columns 3 and 4 shows that the theory is verified within 
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the accuracy of experiment in the cases of copper and silver. 
The discrepancy in the case of gold is explained by a calcu- 
lation of the orbit of a @-particle scattered by a gold nucleus 
under the conditions of our experiments, when it appears 
that the path of the particle lies wholly outside the K-ring 
of the atom. ‘Thus the effective nuclear charge of gold will 
be about two units less than the actual charge. On taking 
this into account, we get a close agreement between experi- 


ment and theory in the case of gold as well as with the other 
elements. 


TABLE I. 

Element. S for 2¢=10'*. Corrected. —  N?/N? A]. 
Aluminium ............... 00234 l 1 
CODDER sirrin a veri ‘0113 5:08 4:98 
SIIVGB és E EE 0302 13°5 15:1 
Gold. aeaaeai '075 3241 31:0 


$0. The Amount of Scattering. 


The next test we can apply is to compare the actual amount 
of the scattering observed experimentally with that to be 
expected on the theory. ‘This is perhaps best done by using 
the theory to calculate from the observations the nuclear 
charge of the scattering elements. This calculation need be 
performed only for one element, for we have shown in the 
previous section that the scattering varies for the different 
elements in the way demanded by theory. 

We may write the fraction p of S-particles of kinetic 
energy T which are scattered through a given angle by an 
element of atomic number N in the form 


pc K .U . (6, B), 


where K is a constant involving the geometrical conditions 
of the experiment, b=Ne?/T, and /?($, 8) * is the correction 
for the change of mass of the particle in its orbit round the 
scattering nucleus. 

In the first place we notice that the chance of scattering 
is proportional to 1/T?, where T is the kinetic energy of the 
particle. Now the §8-rays of radium E, the source used in 
our experiments, are not homogeneous, but differ rather 
widelv in velocity, so that the estimation of the average value 
of 1/T? is a somewhat unsatisfactory process. Mr. Madg- 
wick, of this laboratory, has kindly investigated the 


* Cf. Crowther & Schonland, and Schonland, loc. cit. 
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distribution of the -rays in the magnetic spectrum of 
radium E, measuring the intensity of tlie rays for different 
values of Hp by an ionization method. The curve showing 
the intensity of the rays against the value of Hp is similar 
to a probability curve, and has a pronounced maximum at 
2200 Hp. From his results we find an average value of 
e?/T? of 2:225 x 107* e.s. units. This corresponds toan energy 
of 200,000 volts and a velocity of ‘70 c. We are also 
indebted to Dr. Bothe, of the Reichsanstalt, Charlottenburg, 
for information on this question. Dr. Bothe measured the 
intensity of the rays of different energies by a photographic 
method, and, taking into account the different conditions 
of absorption, his results agree very closely with those of 
Mr. Madgwick. 

In the next place we have to calculate tlie average value 
of the relativity correction, 77(¢, 8), for the conditions of 
our experiments. For a particle of velocity Be scattered 
through an angle ¢ this correction is 

cosec*r 


———— 


P(g, 8) gm. p 
2(1 


-v -8]. 
where B cot yy — tan[m — (cos y») Y($ 4-7) ). 


In our experiments the scattering angle varied from 20? to 
40°, but fortunately the correction changes fairly slow] 
with the angle. The average value was found to be 1:80. - 

The expression for K has been given in § 2. Putting in 
the values of. $,/2 and $,/2, 11? 58' and 20? 1' respectively, 
and taking a scattering foil for which the value of nt is 1015, 
we find 


K-111»x 109^, 


Finally, we have for the fraction of particles scattered 
under the prescribed conditions by a nucleus of charge N, 


p-L1l x 10? x (Ne)? x 2°25 x 107-&§x 1:80 
= (Ne)? x 4°5 x 105. 


- To take the electronic scattering into account, we must 
write (N?+N) for N? ($2), and we get 
p=(N?+N)e? x 45x 105, 


This represents the total scattering under our conditions 
by a sheet of matter of nuclear charge Ne of thickness 
corresponding to a value of nt— 10!*. 
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We found (§ 5) that the observed fraction of rays scattered 
by aluminium was equal to :00234. 
The atomic number of aluminium is therefore given by 


:00334 2 (N? + N)e? x 4:5 x 1055, 
whence N=14°6 


instead of 13, the true atomic number. The scattering 
observed is thus greater than that calculated in the above 
way, and this is the case for all four elements inv estigated. 


§ 7. Discussion of Results. 


In the previous sections we have shown that it is possible 
to obtain conditions of experiment in which the single 
scattering of @-particles can be observed, and we have com- 
pared the results of such experiments with the theory of 
sinvle scattering. 

In tho first place e, it has been shown by comparing the 
amount of scattering by four elements, viz. aluminium, 
copper, silver, and cold, that the nuclear scattering 1s pro- 
portional to the square of the atomic number of the element. 
In this comparison the small amount of scattering due to the 
electrons in the atom was deducted. 

Secondly, the value of the nuclear charge of aluminium 
has been calculated from the scattering measurements to be 
14:6 units, instead of the true value of 13 units, indicating 
that the scattering is a little greater than that to be expected 
on the theory. In considering this point, however, we must 
remember that the 8- -particles used in the experiments were 
heterogeneous, and that consequently an average value of 
1/T? had to be calculated from measurements of the magnetic 
spectrum of the particles. This calculation cannot be "made 
with any great accuracy. Further, we have compared the 
numbers of B-partieles in the scattered and direet beams by 
comparing the ionizations produced by them. This will only 
be correct when the average particle in each beam has the 
sume lonizing power. ‘This is not the case, for, since the 
scattering is inversely proportional to the square of 
the energy of the particle, the scattered beam of B-r rays is 
on the average of lower velocity than the direct beam, and 
will therefore produce more ionization per particle. On the 
other hand, the scattered beam will suffer a greater absorp- 
tion in the slam window at O, not only on account of 
the lower velocity of the rays, but also on account of the 
obliquity of the beam. 
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An attempt was made to take these factors into account in 
the following way. The absorption coefficients of the 
scattered and direct beams were measured, using an absorbing 
foil of aluminium of the same thickness as that over the 
window O. They were found to be 144 cm.^! and 58 cm.7! 
respectively. lt follows at once that to allow for the 
increased absorption of the scattered beam we must multiply 
the observed ratio of scattered to direct ionizations by the 
factor 1:29. In order to determine the correction for 
the greater efficiency of the scattered particles in the 
ionization chamber, we need to know how the ionizing power 
of a -particle changes with the absorption coefficient. We 
may a-sume with Rutherford * that, to a fair approximation, 
the absorption coefficient of the 8-particle is proportional to 
T-*2, where T is the energy of the particle, and that its 
ionizing power is proportional to T^!?. The ionizing power 
is thus proportional to the cube root of the absorption 
coefficient. In our experiments, therefore, the scattered 
particle had an ionizing power 1:36 times that of the dircot 
particle, and we must reduce the observed ratio of scattered 
to direct ionizations by this faetor in order to get the ratio 
of particles in the two beams. Thus the final correcting 
factor is 1:[29/1:36 2:95. These corrections thus reduce our 
experimental value for the nuclear charge and bring it 
nearer to the true value. 

Taking the above considerations into account, we conclude 
that the agreement between theorv and experiment is as 
satisfactory as one could expect. We may at least say that 
there is no marked diserepaney between theory and experi- 
ment. It is, of course, possible that the excess scattering 
observed may be due to a loss of energy by radiation as the 
B-particle describes its orbit inthe nuclear field. To investi- 
gate this question it would be necessary to use a primary 
pencil of homogeneous B-rays, and for such work our 
experimental arrangement is not suitable. 

There is one further point on which some remarks may be 
made. In their paper, Crowther and Schonland mentioned 
that their results were rendered jess regular by the intro- 
duction of the relativity correction term, f?(%, 8), and later 
H. A. Wilson f and Davisson 1 have suggested that Darwin’s 
method of calculating this correction should be modified. 


* Rutherford, ‘ Radioactive Substances,’ p. 238 et seq. 
t H. A. Wilson, Proc. Roy. Soc. A, cii. p. 9 (1923). 
1 Davisson, Phys. Rev. xxi. p. 637 (1923). 


224 The Scattering of Beta- Rays. 


In the first place, it should be pointed out that Crowther and 
Schonland applied far too large a correction term to their 
resulis, because they assumed that they were dealing with 
single scattering ; that is, they put $ equal to the total angle 
of scattering. Actually, their particles were deflected 
several times in undergoing the total deflexion, and for such 
small angles the relativity correction is barely appreciable. 
In the second place it must be remembered that the explana- 
tion of the fine structure of the lines of hydrogen and 
ionized helium depends on an exactly similar application of 
a relativity correction, and that this has been beautifully 
confirmed by Paschen’s measurements. We have therefore 
no reason to doubt the validity of Darwin’s calculation. 


§ 8. Summary. 


In this paper we have described some experiments on the 
scattering of S-rays, in which the conditions for single 
scattering were approximately fulfilled. The scattering 
angle was between 20? and 40?, and the thinnest obtainable 
foils of matter were used. 

The scattering by four elements, viz. aluminium, copper, 
silver, and gold, has been compared, and found to vary with 
the atomic number in the way demanded by the theory of 
single scattering. 

The fraction of particles scattered under definite conditions 
has been measured. It appears that this fraction is slightly 
greater than is to be anticipated on the theory. Owing to 
the use of a heterogeneous beam of B-rays it was not 
possible to decide whether this discrepancy is genuine, or 
due to error in estimating the quantities concerned in the 
calculation of the theoretical fraction. 


Our best thanks are due to Sir Ernest Rutherford for his 
interest in these experiments, and for placing at our disposal 
the necessary radioactive material, 
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XXIV. On the Electrification of Gases by Surface Combustion. 
By J. DickiNssoN, M.A., M.Eng., Lecturer in Electrical 
Engineering in Armstrong College, Newcastle-upon- Tyne *. 


1. HIS work was suggested as a possible means of 
explaining certain phenomena of boilers and 
boiler furnaces now known to be associated with surface 
combustion—e. g., the secondary effects accelerating corro- 
sion, and the exceedingly high local temperatures reached. 

There is also the question of wider theoretical interest, as 
to how far the electrical processes, which are now admitted 
to accompany al! forms of chemical activity, can be identified 
in surface combustion. The study of electrification of gases 
under the influence of external sources of ionization has been 
so well worked out that the electrical phenomena of gaseous 
combustion should be capable of explanation in terms of 
accepted experimental evidence. 

The experiments described have for their object the 
measurement of the rate of growth of charge gained both by 
a chamber in which surface combustion is taking place, and 
by an electrode surrounding the products of combustion alter 
they have passed from this chamber, A measure of the 
ionization accompanying gaseous combustion of any kind is 
thus obtained. 

The conductivity of the gases in intimate contact with the 
surfaces upon which the combustion is being accelerated has 
heen examined in the present case, with a view to determin- 
ing the dependence of the thermionic currents from the 
heated solid on various percentages of gas and air in the 
neighbourhood of the mixture wlüch gives, theoretically, 
complete combustion. 

If the extraordinary efficiency of surface combustion is due 
to the greater ease and completeness with which the gases 
are prepared for combustion by an intense electrical dis- 
charge from the hot surfaces, of the kind investigated by 
Richardson and Harker, it follows that, by varying the con- 
ditions under which surface combustion occurs, there should 
be a corresponding variation in the electrical phenomena 
observed, and that it should be possible to identify the state 
of perfect surface combustion by the electrical equilibrinm of 
the gaseous products. 

The phenomena most closely associated with the present 
investigation are those of the electrification produced by 
flame, which have been known for 150 years. The most 


* Communicated by Prof. W. M. Thornton, O.D.E., D.Sc. 
Phil. Mag. S. 6. Vol. 50. No. 295. July 1925. Q 
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characteristic fact of the electrification of flame is that there 
are two kinds of ions present. The unburnt gas carries 
a negative charge, while the burnt or burning gas carries 
a positive charge (J. J Thomson, * Conduction of Electricity 
through Gases, chapter ix.). It would appear from this, 
but it has never been previously investigated, that when the 
mixture is in the proportion for perfect combustion, and 
when the volume of flame or combustion is confined to a 
surface laver, so that there is no opportunity for variation of 
mixture during combustion, there should be no electrification 
produced. This is now found to be the case. 


2. It is well known that solid surfaces provide a suitable 
field for the modification of mutual gaseous actions in many, 
if not in all cases, considerably accelerating many gaseous 
reactions. This attribute of extended solid surfaces is an 
essential in, and leads to the definition of, surface combustion. 
Thus surface combustion consists in utilizing the acceler- 
ating effect which hot surfaces exert on gaseous combustion 
(C. D. McCourt, * Electrician, lxxi. May 2nd, 1913). 
In the light of modern work on the electrification of gas 
near hot bodies, this acceleration can be regarded as activa- 
tion or ionization of one or of both of the combining gases 
by the ionic discharge from the hot surface. 

The leading principle of the Bonecourt process of surface 
combustion (loc. cit.) is the passage of a mixture of gas and 
air, adjusted to give complete combustion, through or over 
porous refractory materials, The theoretical proportions 
for complete combustion are 16 parts of gas to 84 parts of 
air by volume. When the refractory material has reached 
a certain temperature, the combustion takes place on the 
porous surfaces, all flame disappears, and the resulting 
radiant heat further increases the temperature of the surface 
on which it falls, 

A tube packed with refractory masses of about one inch 
in diameter, through which the explosive mixture is drawn, 
is the method adopted in the following work. In this case 
the velocity of the mixture at inlet must be greater than the 
speed of ignition, which for the mixture theoretically giving 
complete combustion is greater than 16 feet per second. 
The fragments of refractory material then quickly become 
incandescent, accelerating combustion and producing high 
temperature. With a small percentage of air or of gas the 
mixture is non-explosive. Until the percentage of gas 
reaches about 16 the speed of ignition increases, the com- 
bustion accelerates, and the temperature rises with increased 
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gas, keeping the air constant ; but beyond this value for the 
gas there is deceleration both of combustion and of speed of 
ignition with consequent falling of temperature. 

Fig. 1 shows a boiler tube, as used in this research, 
filled with refractory granules, on whose surface the com- 
bustion takes place. At the inlet the tube is fitted with a 
fire-clay plug having a central opening to admit the explosive 
mixture. The fragments of ganister or fire-brick touch 
the plug. After previous heating with flame, the gas is 
turned off and on again immediately, when it burns within 
the tube. Incandescence is quickly reached and combustion 
is complete within the first few inches of the tube, giving 
rise to a very steep temperature gradient throughout, as 
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shown in the diagram. The granules are also instrumental 
in withdrawing the heat from the hot gases, which leave the 
tube, when mounted in a boiler, at approximately 170? C. 
The difference of pressure between the entrance to the tube 
and the exit may be produced by direct pressure of about 1 1b. 
per square inch, or by suction. In the latter case, for a 
given adjustment of the suction mechanism, the quantity 
of air drawn through is constant, giving complete regulation 
by means of the gas cock, and inspection of the glow within 
the tube gives the correct adjustment. In consequence of 
this greatly increased heat of combustion at the critical value 
of the mixture which yields complete combustion, the present 
work has been undertaken to determine whether there is 
intense electrical activity which can be identified, and even 
whether there are currents in the metal tube which help the 
heat of combustion. 
Q2 
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3. The apparatus consists of a 2-in. wrought-iron steam 
tube, packed with fire-brick granules of about Lin. in diam., 
on the surface of which combustion is developed, and of a 
tinned-iron box into which the total products of combustion 
are drawn by a rotary suction pump, belt-connected and 
well earthed. The combustion chamber and box are sus- 
pended by means of ebonite strips and cotton tape impregnated 
with shellac, joined together by copper wire and porcelain 
bushings, and an air-tight joint of 14 in. glass tube connects 


them. The glass tube fits closely over asbestos-lagged 
adaptors. 


Fig. 2. 
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Apparatus used. 


Diagonally opposite to the inlet of the box is the outlet, by 
way of a l-in. tube to the suction-pump. A glass insulating 
tube covered within and without with shellac connects the 
box to the pump through l-in. rubber tubing. This arrange- 
ment gives tlie best possible circulation within the box, and 
affords the products of combustion opportunity of coming 
into contact with the walls of the vessel to impart to it any 
free charge they may be carrying. Thus both the com- 
bustion chamberand the box, or metal electrode, surrounding 
the products of combustion, are insulated from earth and 
from each other. The gas is controlled by a cock, and 
measured by a Griffin meter of the water type, calibrated to 


read 1/1200 cubie foot, and the jet is insulated as shown in 
the diagram (fig. 2). 
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A Negretti & Zambra anemometer, reading to 5000 feet 
per minute, connected to the inlet by an air-tight paper cone, 
gave the number of feet of air passing per minute for 
those speeds at which the pump was driven. This was 
checked several times, giving only negligible differences in 
readings. From these results, by measuring the net area 
of the orifice at the anemometer, the volume of air passing 
per minute was calculated. 

When the gas was turned on, the total volume of gas and 
air entering the combustion chamber was assumed to be that 
corresponding to the calibrated speed of the pump. In this 
wav the gas percentage was derived by volume. 

The combustion chamber has a small mica window a few 
inches from the inlet, enabling iuspection of the interior to 
observe the maximum glow corresponding to perfect surface 
combustion. There are also a number of equispaced 1-in. 
holes, bushed with clay-pipe stems, along the side of the 
combustion chamber, through which platinum electrodes 
mav be inserted for examination of the electrification in 
intimate contact with the refractory surfaces. These tubules 
are sealed with fire-clay. A packing gland closes the 
entrance to the tube except for a central aperture 1-in. 
in diameter. "This consists of an outer ring of diameter 
greater than that of the combustion chamber, and a stout 
iron ring which will move freely within the chamber. The 
equidistant set-screws serve both to hold the asbestos packing 
in position, and to swell out the asbestos packing when 
placed in the chamber and screwed up. The function of the 
central aperture is to increase the velocity of the mixture 
entering the chamber to a value greater than the speed of 
ignition in open tubes, otherwise combustion solely in the 
the chamber is impossible. 


Electrometer Connexions. 


The C. T. R. Wilson tilted gold-leaf electrometer used is 
shown diagrammatically (tig. 3), and was constructed, with 
slight modifications, according to the specifications in the 
Proc. Camb. Phil. Soc. xii. p. 135 (1903), and of Dr. G. W. C. 
Kaye in the Proc. Phys. Soc. 1901 and ‘Electrician, 
March 24, 1911. 

It was found that ability to adjust the plate was advan- 
tageous, consequently the sulphur insulating the plate was 
moulded in an ebonite sleeve. which could be moved inwards 
or outwards. The make-and-break cup contained a strong 
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solution of calcium chloride, since mercury produced appre- 
ciable electrification by “splashing.” A Reichert Wien 
micro-eyepiece and Number (1a) objective, with requisite 
adjustments, enabled the leaf to be followed and focussed. 
The maximum sensitivity used gave a deflexion of 200 eye- 
piece divisions per volt over the working range. The plate 
was connected to the positive pole of a dry battery of 
approximately 100 volts, well insulated on a slab of paraffin 
wax 3-in. thick. It was found that the leaf returned to its 
zero position correctly, on earthing, after each set of readings 
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Electrometer and Connexions. 


taken, showing that the high-tension battery was adequately 
insulated, since this controls the zero position of the leaf. 
The light illuminating the eyepiece scale was more than ten 
feet away from the electrometer. 

The earths were all combined in one node and joined to a 
water main. | 

An earthed wire gauze of less than 1-in. mesh completely 
enveloped the combustion chamber and box, and a lead- 
covered lead with sheath earthed, having sulphur bushings 
at each end, was used to connect the apparatus to the 
electrometer. 

After many modifications of the system of insulation and 
protection, this final method ensured that the whole apparatus 
would retain a charge giving full-scale deflexion on the 
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electrometer for sixteen hours with only the loss corre- 
sponding to less than five small-scale divisions, and that 
disturbances due to induction would be deleted. 

The above precautions have been taken in order to 
eliminate the effects of capacity of the surrounding walls 
and bodies, and of local fields; otherwise, when working with 
such a sensitive instrument, the results are affected and are 
entirely spurious. To effect complete insulation of the 
whole apparatus was a difficult and lengthy operatien, but 
without such insulation it was not possible faithfully to 
repeat the results. 


Experimental Details. 


The readings given by the gold-leaf electrometer are 
interpreted in terms of volts by means of calibration curves 
taken at the end of each series of experiments, and the 
points thus obtained are directly assembled in the figures 
shown. The points, therefore, are not the means of a 
number of determinations, but give the observed values 
in any particular case. Each particular case has been many 
times repeated, and the subsequent determinations have been 
correct within five per cent. The variations in the state 
of the combustible mixture and the temperature of air and 
objects surrounding the combustion chamber do not admit 
of closer approximation. The derived curves also are 
constructed from observed values in each particular case. 


4. The first series of experiments is described to identify 
the sign of the electrification produced by surface combustion 
as distinct from that produced by flame. 

Evidence of the sign of the the charge acquired by the 
tinned-iron box surrounding the products of combustion 
was obtained directly, by means of the gold-leaf electro- 
meter, for various percentages of gas. The results, when 
the deflexions of the gold-leaf are interpreted in terms of 
volts, form a family of curves having the characteristics 
shown in fig. 4. 

Fig. 4 shows the effect obtained under steady temperature 
conditions. 

The curve is divided into two parts to illustrate the 
electrical effect of :—- 


(a) Surface Combustion—OF on curve. 
(b) Flame—FH on curve. 


In the latter case the gas is lit back to the feed-pipe by 
a wax taper. 
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In the first part. (OF) the gold leaf of the electro- 


meter moves towards the positively-charged plate, showing 
that the sign of the electrification produced in the flue gases 
by surface combustion alone is negative. Thus there are 
negative ions present in the products of surface combustion 
with air in excess. 

Fig. 4. 


OF, _ Surface Combustion. 
FR. Flame, 
Gas.. 95%. by Volume, 


t oO > 


af 


Flame intervenes 
1 D 


5 |W nm 


Minutes. 


Electrification of the Tinned-iron Box. 


The second part of the curve, or the portion onwards from 
the point F, illustrates the electrical condition of the flue 
gases after the intervention of flame. There is an immediate 
change of sign, and the direetion of the deflexion shows, in 
aecordance with modern experiment, a surplus of positively- 
charged ions. 

This is a striking illustration of the opposite effects 
produced in the flue gases by surface combustion on the one 
hand and by tlame on the other. 

In fig. 5 the signs of the charges acquired by the 
combustion chamber itself in the two cases, for surface 
combustion and flame, are compared for the same gas 
percentage as in fig. 4. 

During surface combustion the charge is wholly positive, 
while in the case of flame there is a short period when the 
charge is negative before changing to positive permanently. 

The chamber is heated more slowly in the case of flame, 
but a larger amount of the tube forming the chamber is 
heated to redness than in the case of surface combustion. 
In surface combustion, however, the heat is much more 
intense and more localized towards the inlet. 

In the curve representing the effects due to surface 
combustion the chamber is clearly positive, emitting elec- 
trous profusely when steady conditions producing bright 
redness have been reached. The well-known positive 
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emission from the tube at low lemperatures probably 
accounts for the departure of the initial portion from a 
straight line. On the other hand, the charging up of the 
chamber gives rise to a back E. M.F. which tends to stop 
the current. A limiting potential is reached which is 
sufficient to arrest further action. This is shown by the 
curve reaching a steady or saturation value in each case. 

The negative portion of the flame curve shows the condi- 
tions within the combustion chamber prior to the activation 
bv discharge of negative ions from the refractory fragments, 
and not until a certain temperature is reached, shown by the 
minimum point on the curve, is this activation hy negative 
discharge from the refractory masses possible. 


Fig. 5. 
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Thus, comparing the effects displayed by the combustion 
chamber and the tinned-iron box, the electrification pro- 
duced by surface combustion is positive in the former and 
nevative in the latter, showing that the ionic or electronic 
attack upon tlie combustible is vigorous, surplus negative 
ions being carried over in the gaseous produets to the tinned- 
iron box. However, in the case of flame, the available 
electrons are insufficient for the combining gases, and excess 
positive ions are carried over in the products of combustion. 
The result of this scarcity of activation is slower combination 
of the gases forming the combustible, and consequently 
less intense radiation, although the total heated surface 
within the combustion chamber is appreciably greater than 
that during surface combustion, as shown by the region of 
redness of the tube. 
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5. Examination of the electrical conditions in the com- 
bustion chamber and in tlie products of combustion for 
various mixtures, with a view to identifying perfect com. 
bustion by electrical means. l 

Fig. 6 is a family of curves showing the growth and 
decay of charge acquired by the combustion chamber with 
combustible of various percentages, including and exceeding 
that percentage which gives, theoretically, perfect combus- 
tion. The combustion here is by flame alone, and each 
curve is taken with the combustion chamber cold at the 
start. 
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Beginning with the least percentage of gas, the first 
portion is positive, such as would be produced by positive 
ions crossing from the hot granular packing, as one electrode, 
to the cold tube as the other. The effect is transitory, and 
depends for its detection on the rate of heating of the tube. 
The slower the tube is heated, the more readily is this 
observed. It is possibly an example of the Thomson effect 
for a vapour, as suggested by Harker under similar conditions 
in vacuo (Proc. Roy. Soc. Ser. A, April 25, 1912). The 
second and third portions of this curve are analogous to the 
third curve, which is the lower curve of fig. 5. 
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With larger percentages of gas, the negative portion 
decreases rapidly, the rate of charging, positively, increases, 
and the heat of the tube becomes more intense, producing an 
increasingly profuse negative emission from the granules, 
which reduces the positive charge on the tube, but does 
not entirely neutralize it. This emission, increasing with 
temperature, accelerates the combination of the gases, but 
does not reach a sufficiently high value to effect a change of 
sign. Further attempts to increase the gas percentage 
resulted in a violent explosion in the tinned-iron box. 

Fig. 7 is a similar family of curves showing the 
effects of percentage mixture upon the charge acquired by 
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the combustion chamber when surface combustion is being 
developed within it, for percentages of 9:5 and above. The 
curves for percentages below this value occurred in the 
reverse order, but were of the same sign, and, being similar, 
are omitted for clearness. 

The electrification is positive, and decreases rapidly for 
percentages between 12 per cent. and 16 per cent. At 
15:8 per cent. there is no evidence of electrification on the 
combustion chamber, but for values above 15:8 per cent. the 
sign of the charge produced by the products of combustion 
is changed. This suggests that it might conceivably be 
possible to determine when perfect combustion is obtained 
in a boiler furnace by sampling the flue gases and testing 
the sign of their electrification. 
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Rates of Growth of Charge. 


6. Fig. 8 is a derived curve for the combustion 
chamber. Since the capacity of the svstem has been 
maintained constant, the rate of change of volts will give a 
measure of the growth of charge. Consequently for this 
curve the rate of increase of volts during the early stages of 
the curves in fig. 7 is a measure of da[dt or the conduction 
current produced by the passage of electrons or ions. This 
‘Conduction Current" is plotted against per cent. of gas, 
and is a maximum for a combustible mixture of 9*5 per 
cent, gas. The curves for percentages less than 9°5 per 
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cent. have the same formas those above 9:5 per cent. These 
latter are assembled in fig. 7. 

It was not possible to maintain surface combustion below 
2:5 per cent., the cooling effect of the air-stream upon the 
granules being too qreat. 

From this curve zi appears that the number of negative 
ions diseharged into the combustible mixture by tlie red-hot 
material increases up to 9:5 per cent. of gas, and then falls, 
until at 12:8 per cent. the electrical discharge is zero. This 
means that, when the mixture is reached in which inflam- 
mable gas and air are in the proportions for perfect 
combtstion; the electrification given out bv the red-hot 
material is completely utilized in the activation of the 
eee gases. At this point, as will be seen in the next 
figure, 9, there is no electrification of the products of 
combustion. Figs. 8 and 9 show conclusively that perfect 
surface combustion i Is a state of electrical equilibrium, all the 
surplus electrical discharge being completely taken up by 
the gases in the combustion chamber, so that there are no 
ions in the products of combustion. 
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The function of the heated granules is seen to be the 
production of electrons or ions in increasing numbers until 
the percentage of 15:8 per cent. is renched, when the combus- 
tion is perfect and the activation of the combining gases 
is the greatest possible. At this point, the point of perfect 
surface combustion, the electrical system seems totally self- 
contained, and neither the combustion chamber nor the 
tinned-iron box surrounding the products of combustion 
gives evidence of the slightest electrification. This out- 
standing phenomenon is also shown in the next figure. 

Fig. 9.—The tinned-iron box, when surface combustion 
is taking place in the combustion chamber, receives negative 
charge at an increasing rate for percentages up to 9: 9 per 
cent, and then the rate decreases until at 15:8 per cent., 
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approximately, there is no evidence of electrification. This 
process is the reverse of that occurring in the combustion 
chamber, as might be expected, and shows that electrons or 
negatively charged ions are swept over into the flue gases. 
The capacity of “the combustion chamber is less than that of 
the tinned-iron box, and this is shown in the different 
charging rates. 

The straight-line slopes of the curves of figs. 8 and 9 
are similar to those of the velocities of explosion waves in 
open tubes * 


* R. V. Wheeler, Journ. Chem. Soc. Trans. p. 2608 (1914). 
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Below 9:5 per cent. the lower limit of inflammability, the 
mixture cannot support self-ignition, or, in other words, is 
non-explosive. This is an indication of rapidity of combi- 
nation, for the difference between mixtures just below and 
just above the lower limit is entirely one of rapidity of 
combination. The more rapid the combination the greater 
the drain or utilization of the electrification supplied by the 
hot material. 


Examination of Modifying Causes. 


7 (a). In order to eliminate the effects arising from 
suspected ionic currents within the combustion chamber, 
which may help the heat of combustion, a series of experi- 
ments was undertaken. 

Platinum exploring wires 2 mm. apart were inserted to 
a depth of 3 cm. along the tube forming the combustion 
chamber, and a reversible potential of 2 volts was impressed 
upon them. The low voltage was used in order that 
ionization by collision in the gases might be negligible. 
A sensitive tangent galvanometer detected the currents. 

The maximum current for surface combustion at 9:5 per 
cent. gas was 50 micro-amperes, and this rapidly diminished 
as the gaseous mixture approached that for theoretical 
perfect combustion. At 15°8 per cent. the galvanometer 
reading was approximately one micro-ampere. Above and 
below this percentage the current increased. Whereas for 
flame, ceteris paribus, the current was 205 micro-amperes 
for 185 per cent. gas ; diminishing to 195 micro-amperes 
for 13 per cent. yas. 

The maximum current due to temperature alone both for 
surface combustion and flame was approximately 3 micro- 
amperes, obtained by completely sealing similar electrodes 
in the fire-clay plugs in the same exploring holes. Thus, as 
might be expected, the conductivity of the fire-clay, at these 
temperatures, had little influence upon the currents deter- 
mined. The tubule situated four inches from the inlet to 
the combustiou chamber gave the maximum effects in all 
cases, the current density falling off on either side of the 
tubule. 

From these results it appears, as might be expected, that 
the zone of the greatest ionic activity is the tract surrounding 
the refractory fragments in which the combination of the 
gases is most aetive and the temperature of surface 
combustion highest. Further, the difference between the 
flame and surface combustion curves may arise from the 
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fact that it is extremely difficult to get contact with the 
surfaces on which surface combustion is being developed. 
Certainly the gas beyond the surfaces in the space usually 
occupied by flame, when there is flame combustion, is not so 
electrically active as when there is surface combustion. 
This shows that the region of electrical activation of the 
combining gases is strictly confined to a region of little more 
than molecular thickness on the porous surfaces of the 
heated refractory material. 


8. The influence of thermionic discharge alone—no inflam- 
mable gas present. 

As a control experiment the combustion chamber was 
heated both by surface combustion and by flame up to 
various temperatures, and when the conditions had become 
steady, the gas was turned off and air alone was drawn 
through the apparatus. 

In all cases, both the combustion chamber and the tinned- 
iron box gave evidence of very sliglit negative electrification. 
The maximum effect occurred on tlie tube. 

Thus, since the most important effects were of positive 
electrification on the tube, it is possible to neglect this slight 
modification due to thermionic discharge. If the effects of 
thermionic discharge were at all comparable with those due 
to combustion, the observed loss of charge or the tube, when 
the gas is cut off and air alone drawn over the heated surface, 
should be of the same order as that due to combustion. But 
this is not the case. There is a scarcely perceptible fall of 
voltage after the gas is cut off. ‘The vessels are so well 
insulated that the constancy of the charge is a certain 
indication. of the relative importance of direct transfer 
of negative ions from tlie heated material to the tube when 
there is only air present. 


Summary of Experimental Results. 


1. Sign of electrification of surface combustion alone as 
distinct from flame. 


(a) Flue Gases.—Negative for gas percentages less than 
about 16 per cent., when all trace of electrification disappears. 
For percentages higher than 16 per cent. the sign is positive. 
Air is in excess below 16 per cent., gas is in excess above 
16 per cent. 

(b) Combustion Chamber.—Th+ above electrification is 
reversed. The sign is positive for percentages less than 
16 per cent. approximate, owing to the burning gases 
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carrying a positive charge, as quoted above. The burning 
gases impinge upon the walls of the chamber, therebv 
imparting to it their positive charge ; while for percentages 
above approximately 16 per cent. it appears that the unburnt 
gas predominates, imparting a negative charge. When 
there is perfect combustion there is no electrification on either, 
showing definitely that there is then complete electrici] 
equilibrium between gases and heated surfaces. Thermionic 


discharge from the conilstion tube is negligible. 
2. Electrification produced by flame. 


(a) Flue Gases.— Wholly positive between 2:6 per cent. 
and 18:5 per cent. gas. 

(b) Combustion Chamber.—The sign appears to depend on 
the temperature. Until a certain low temperature is 
reached (the chamber tube is red hot), the electrification 
is negative; beyond this it remains positive for the per- 
centages examined. 


3. Items 1 and 2, supra, stated otherwise :— 

The identification of perfect combustion by electrical 
means is possible. 

(a) The Flue Gases display increasing electrification from 
2:8 per cent. to 9:5 per cent. gas, from which point to 
15:8 per cent. the electrification decreases. At 15:8 per cent. 
gas, the mixture for perfect surtace combustion, no electri- 
fication is detectable. Beyond this value electrification is again 
"m arent, but is of opposite sign. 

(b) The Combustion Chamber gives evidence of the same 
series of phenomena, but of opposite sign. 

Thus perfect surface combustion may be detected electri- 

cally, bnt the exact conditions are dificult to determine 
owing to the flatness of the curve connecting rate of charge 
with percentage. Moreover, elaborate precautions are essen- 
tial regarding the careful insulation from all metallic 
contacts and inductive effects of the electrometer used to 
detect the electrical conditions. 


4. If the conductivity of the gases within the combustion 
chamber during perfect combustion be represented by unity, 
then the conductivity during flame combustion is found to be 
approximately 70. This is strong evidence that the added 
heat of combustion during surface combustion is not due 
to currents in the metal tube. 


5. Thermionic discharge has negligible influence upon the 


results. 
During surface combustion alone the region of most 
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intense radiation is appreciably more concentrated towards 
the combustion chamber inlet than during flame combustion. 

The increase of gas from 2'8 per cent. to 16 per cent. 
produces, in the case of surface combustion, increasing 
temperature in a small and well-defined region, whereas 
such an increase in flame combustion results in an appre- 
ciably extended region within which combustion is developed. 


The author is indebted to Professor Thornton for his 
active interest in this research. 
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XXV. X-Ray Terms and Intensities. By H. R. ROBINSON, 
Ph.D., DSe., University of Edinburgh 
[Plate V.] 
RECENTLY published the results of a series of mea- 


surements on the groups of electrons ejected by 
homogeneous X-rays from a number of elementsT. The 
elements under examination were exposed to an intense 
beam of copper Ka, X-rays, and the energies of the 
expelled electrons were deduced from measurements of 
their trajectories in a uniform magnetic field. Each element 
gives a characteristic “ spectrum ` ^ made up of a number 


è Communicated by Professor C. G. Barkla, F.R.S. 

+ Robinson, “she Secondar y Corpuscular Rays produced by IIomo- 
geneous X Rays,” Proc. Roy. Soc. A, civ. p. 455 (1923). For brevity, 
this paper will be referred to as * R.S. 1." 


Phil. Mag. S. 6. Vol. 50. No. 295. July 1925. R 
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of groups of practically homogeneous cathode rays, each 
group corresponding to one of the * X-ray absorption 
levels" of the element-—. e., to a term in its X-ray 
spectrum. 

Measurements of these corpuseular spectra provide 
therefore an independent method of measuring X-ray 
absorption limits, and I have shown that the method can 
be successfully applied to regions in which the ordinary 
methods of X-ray spectrometry break down. Further— 
which is of greater immediate importance in the theory 
of atomic structure—the experiments yield fairly precise 
data as to the relative amounts of absorption of X-rays by 
the electrons in the different Bohr levels of the atom *. 

Tlie experiments to bo discussed here are a continuation of 
those described in R.N. 1, where full experimental details may 
be found. Fora number of reasons the progress of the work 
has been interrupted, and the results given below refer to 
experiments which have been carried out at irregular intervals 
during the past year. Theapparatus has been entirely rebuilt, 
with but slight modification in detail. The Helmholtz- 
Gaugain double coil has again been used for producing the 
magnetic fiold: it has been necessary to use slightly smaller 
coils—37°5 instead of 39:6 em. diameter. This change 
involves arather greater departure from uniformity of the 
magnetic field, especially when weaker fields are used to secure 
greater dispersion. The corrections for inhomogeneity of 
field and for the stray effect of the compensating coils have, 
however, been very carefully investigated, and satisfactory 
consistency has been obtained in the measurements for the 
same lines in different fields. The mounting of the coils 
has been improved, and the absolute values of the currents 
have been measured with greater accuracy. On the whole, 
therefore, the accuracy of the measurements has been 
slightly increased, in spite of the use of smaller coils. 
The construction of new coils has made it possible to re- 
determine the absolute values of the magnetic fields, and 
naturally some of the experiments made with the original 
apparatus have been repeated for comparison. It appears 
probable that the values of rH given in R.S. 1 were on the 
average too low by about 1 part in 1000. There were also 
slight errors in some of the old results for the lines with 
relatively large. rH, in cases where these were not measured 
in strong fields, on account of insufficient allowance being 
made for lack of uniformity of field. 


* See in this connexion a very interesting paper by E. C. Stoner, 
Phil. Mag. xlviii. p. 719 (192.0). 
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The Müller water-cooled X-rav tube" has again been 
used, with a crude form of mercury vapour pump. The 
tube has been driven by an induction coil with mercury- 
gas break and mechanical or point-and-plate rectifier ; in 
a few cases an electrolytic break has been used with good 
results. It has been found that the ordinary medical type 
of induction coil is inadequate for the continuous high 
output required, and the latest experiments have been 
carried out with a home-made—or rather re-built—induction 
‘coil immersed in engine-oil for more eflicient cooling. 

The following are the additional results obtained with 
copper Ka, as primary X radiation, The notation is the 
same as in R.S.1. r=radius of the path of an electron 
in a field of H gauss. The kinetic energy of the electron 
is calculated from the formule :— 


mv 


- = vll, 
e 


where v— velocity and m= mass of electron, 


e=charge in E. M.U. 


If g=, where c is the velocity of light, 


(mv e)? x (ej moy? 
e? (mrle)? (ejm)? 


where Mo is the mass of an electron at rest. 


Energy of electron W = mgc? C 1). 


A= | 


The energies are expressed in terms of the equivalent 
frequency divided by the Rydberg frequeney, ?. e. 


W 
hx R 


where h= Planek's constant and R=109737 x c. 
The following are the values adopted tor the various 
constants :— 
e[ m, = = 1:7686 x 107 E.M.U./gramme, 


10 
Te iiS ala EMU., 


= vR, 


h = 6545 x 107% erg. see., 
c = 3x 10? em./sec., 
Copper Ka, y/R = 5928. 
* A. Muller, Phil. Mag. xlii. p. 419 (1921). 
R 2 
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92. UnasiUvM (Oxide). 
Remarks. Intensity. 7H. »/R.  5028—v/R. Origin. Other values of v/R. 
Uranium 
3 2003 92769 3159 Mor M32 
4 2214 — 3188 740 Muy Myy =2740 
5 22011 — 3324 2604 My M, =261-0 
2 2739 4868 1060 Ny N; =1066 
,9 (d 500:3 92:5 Nir Ny, = 957 
b 9824 517-3 15:5 Nin Ny 771 
Double: not m 6 988-7 510-4 594 { Ny Ni = dde 
separated Ny, Ny = 596 
2-3 2028 . 5058 910 Oxygen K? Oxygen K — 368t 
N : Ny, = 234 
Head of a narrow | Sas EIAS 2g. vp P vi a 
band T J 3 295 7 9606 8 26 0 | O, Nyu = al 6 
2 208-4 S771 157 Oir. Oirr O= 124 
Head of a narrow : i: , "n 
T } 93 3017 5899 29 Oy, OY P P = 21 
* When two lines are too close to be separated, only the one with larger 
rli can be measured—i. e., the one corresponding to the smaller term in i 
the X-ray spectrum. 
* Mean of values: Kurth, Mohler and Foote. 
90. TioniUM (Nitrate). 
Remarks. Intensity. rH. viR. | 5028—y/R. Origin. Other values of v/R. 
Thorium 
1 181:0 213:3 319:5 Mj M, =381°6 
1 191:1 2911 3551 My Mg —3544 
3 213:2 2958 2910 Mmi Min =2980 
1-5 2268 . 3945 258:3 Mıy M,y =256°6 
5-6 2315 3483 244:5 My M, —2149 
2-3 279:5 506:8 86:0 Nu Ny, = 902 
3-4 2542 — 5238 69-0 Ny, Nyy= 7Vy2 
Double: not quite ) 5 289:8 5444 484 Nyy Nyy = 512 
separated ...... DN, Ny = 487 
3 2930 — 55064 36:4 Oxygen K Oxygen K = 3638 
Narrow band...... {2-3 9001 — 5684 244 ín Ny Ny, = 248 
Nitrogen K Nyy= 210 
2 2982 576°5 16:3 O,? = 
3 39017 59071 27 P P= 21 


mi in AAO OE i 


Remarks. Intensity. rH. »/R.  09028—vw/R. Origin. Other values of »/R. 
Gold 
2 2286 3398 253:0 M, M, =2529 
3 2358 o61:4 2314 Mi Mq —2351 
6 245°6 391:9 200:9 Mitt M rr = 2028 
Ü 2558 4251 1677 My My =169:3 
o 25018 431:6 161:2 My M, =163:0 
3 2577 536:7 56:1 N; N, = 580 
4 290°] SADT 471 Ni Ny = 49:1 
4 202-3 553:9 98:9 Noy Ny; 428 
Narrow band (double). 5 2002 o08*6 242 Nw Ny N. — 250 
Narrow band...... 3 30916 55905 Jd Nyo Nyi O Oy = 08 
33. ARSENIC (Oxide). 
Remarks. Intensity. rH y/R. 502 3—vw/R. Origin. Other values of y/R. 
Arseuic 
6 12 4808 112:0 L, 
fnüceurate: not 19 Tu . Be — 10027 *& 
quite resolved, } 6% 2iog 4014 1014 Lj L, =100°7 
6 276 a 40670 96'S Lary Lin= 98:4 * 
a nod | oa 2028 — 5558 370 Uxygen K Oxygen K = 308 
Narrow band: 3-4 209-8 3923 10:3 Y M 
dilfuse edge... gai naed ia M M= 112 
* Interpolated from Walter, doc. cit. 
25. MANGANESE (Oxide). 
Remarks. Intensity. rH. r/R. 959028—»/R. Origin. Other values of »/R. 
Inaccurate: on two | Manganese 
plates only. | 1 1314. — 1127 — 4804] K K—45244 
Doubtful line. 
Head of a broad 60 ors. Fluorescent 384 8— Mnka,* 
bind NUN 6 H33 Seb — — { Ebo -öll 
Head aes a ore CERN EA Fluorescent 4305: 6— Mnk,* 
dilfuso ihe } 38. me4 o 430 — | KLeo —45°5 
Inaccurate: barely 4 9579 5375 553 L 
resolved | ......... I 
9 ORQ: 0140 47:9 l Ly Ly, =487 
a ama Ó : E - 
Li, L;2-179 
2 20239 . 5361 367 Oxygen K Oxygen h=36'8 
EUN unde ) 2 are 5895 33 M — 
ditfuse ............ 


Ct 
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19. GoLp (Leaf). | 


* Manennese Ka.. 


v/R—4954: K3,, v/R-4791. 
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29. TrrANIUM (Oxide). 
Remarks. Intensity. rH. v/R. 592:8— y/R. Origin. , Other values of »/R, 


Titanium 
3 187:2 2983 364:5 K K =365:4 
as Fluorescent 291 '5— Tika, * 
Head of a band...... 4-5 215:9 295 $m { K-L ete. — 34°8 
Fluorescent 333: 0=TiKB, * 
Wa 35er sa 2 996:3 333:0 — { EL ets -20:9 B, 
Band 22i 3 951:8 41r8 -— 
Band suse Rdiieres 9-3 2664 460°6 — 
4 — 2098 5558 87-0 DL | Lm=322 
Band ccv oore r 55i i Oxygen K " 9 


* Titanium Kæ., v/R-3323: Kj3,, v/R=363°2, 


^ 


The values of v/R given for comparison have generally 
been taken from the tables of Bohr and Coster f. Other 
tables of X-ray terms have appeared more recently—e. g. 
those given by Hjalmar f, Walter $, and. Nishina || ; these 
do not, however, differ very greatly from the tables of 
Bohr and Coster, even for terms which in the earlier tables 
had to be obtained by interpolation. In any case the 
Bohr and Coster values are sufficiently accurate for the 
present purpose. 

The “intensities” are again estimated on a 1-6 scale, 
6 being the strongest. 

It will be seen that the general nature of the distribution 
of intensity among the sub-groups follows closely the lines 
indicated in R.S.1; taken in conjunction with the older 
experiments, the present set show quite clearly that so long 
as the critical absorption frequency of a group is not too far 
removed from the frequency of the incident radiation, most 
of the secondary electrons emitted come from the “ softer ” 
sub-groups (t. e. those with higher suffixes in Bohr’s notation). 
Taking, however, groups with smaller and smaller critical 
absorption frequencies, a progressive change is observed 
in the distribution among the sub-groups; this consists in 
a gradual transference of the maximum intensity from the 
* softer? to the ** harder " members of the group. There 
is now no doubt that this holds generally in the M and N 
as well as in the L sub-groups. Similar effects are cited 


t Bohr & Coster, Zeitsch. f. Physik, xii. p. 942 (1923). 
t E. Hjalmar, ibid. xv. p. 65 (1923). 

§ B. Walter, ibid. xxx. p. 357 (1924). 

| Y. Nishina, Phil. Mag. xlix. p. 521 (1925). 
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by Ellis and Skinner * in the case of the 9 rays excited by 
y rays. The same effect is also shown in a rather different 
way in some other experiments by Skinner f. In these ex- 
periments Skinner photographed the fluorescent L-spectrum 
of cerium when excited by primary X-rays varying in wave- 
length from approximately 0:6-1:5 À.U. He found that 
as the wave-length of the exciting radiation was diminished, 
the cerium emission lines belonging to the Ly sub-group 
gradually increased in intensity relatively to those of the 
Lii and Lyr sub-groups. These results completely confirm 
the view expressed in R.S. 1, p. 475, that the probability 
of the ejection of an electron from a given sub-group is 
governed by other factors than the simple number of 
electrons in that subgroup. This is clearly a point of great 
intrinsic interest: it seriously complicates, however, the 
problem of obtiining evidence from the corpuscular spectra 
about the distribution of electrons among the subgroups 
(cf. Stoner, loe. cit. p. 132). The experiments in which 
only copper K rays are used are necessarily restricted 
in range, and in order to extend this range experiments 
have been begun with molybdenum K rays; it is hoped that 
the results of these will soon be available for publication. 
Another experimental disadvantage which accompanies the 
use of a soft primary radiation like copper K has been 
brought out clearly in the present experiments. The photo- 
graphie plates employed show a marked diminution in 
sensitivity for electrons with energies corresponding to v/lt 
less than about 200. Thus the calcium and sulphur K levels 
appear very readily on the plates, about equal in intensity 
(using a CaSO, target). Titanium K is appreciably less 
intense, and vanadium K very faint. Manganese K has 
been identified on two plates only, and that with no great 
certainty, in spite of some very prolonged exposures. The 
manganese K level would be expected to be a very efficient 
absorber of copper K radiation, and there is in fact ample 
evidence of this on the plates; by far the strongest line 
observed here is a * fluorescent? line due to the fluorescent 
K rays excited in the target itself (see table of results). 
Of course slow electrons are in any case at a disadvantage 
as compared with faster ones, as tliey cau only escape from 
very small depths in the target, but the photographie 
plate is also responsible for the feebleness of these lines. 
The effect cannot be due to scattering bv residual gas in the 

* C. D. Ellis and H. W. B. Skinner, Proc. Roy. Soc. A, ev. p. 186 
(1924). 

+ H. W. B. Skinner, Proc. Camb. Phil. Soc. xxii. p. 379 (1924). 
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camera, as such low-velocity lines as have been obtained are 
equally sharp whether recorded in strong or in weak mag- 
netic fields: à. e. the sharpness of the lines is independent of 
the length of the path travelled in the camera. 

The same reason probably accounts for the complete 
failure to observe the Mr and Mir lines of uranium. In any 
case these lines would be expected to be very faint, but 
they should be detectable. I have searched for these on 
a large number of plates, without getting sufficiently definite 
evidence. There are always a number of slight gradations 
of intensity in the plates, which might possibly he inter- 
preted as spectral lines, mand some "ot them undoubtedly 
correspond to faint lines in the fluorescent corpuscular 
spectra, or possibly to electrons extraeted from multiply- 
ionized atoms, as suggested by Wentzel *. I have felt it 
safer to ignore * lines " of this type. With thorium, I have 
fortunately two plates in which M; and My; stand out fairly 
clearly, so have been able to include these lines, though 
without much confidence as to their accuracy. It seems 
likely that better results would be obtained with Schumann 
plates in the region of low-velocity electrons t. 

There are a few points to be mentioned in connexion with 
the estimates of intensity, though a detailed discussion is best 
postponed until the completion ‘of the work with molybdenum 
ravs, in which the complication of variation in photographie 
sensitivity should be less troublesome. In the present work, 
the visual estimates of intensity have been supplemented by 
photometric records. These records were taken with the 
photoelectric cell photometer used by Professor R. A. 
Sampson in his work on stellar spectra 1, and I am deeply 
indebted to Professor Sampson for permission to use the 
instrument, and to Mr. E. A. Baker for making the records. 
The comparison of the visual estimate with the photometer 
records has been most interesting. The most obvious dif- 
ference is that the eve seems rather more impressed than 
the photometer by differences in intensity. Thus, compared 
with the photometer, the visual estimates somewhat ex- 
ageerate the differences in intensity. [t must of course 
be remembered that the photometer is just as arbitrary 
in its judgments as the human eye, though it may be more 
consistent. 

Records of two plates taken under identieal conditions 
with a gold target are reproduced in Plate V. fig. 1, the 

* G. Wentzel, Ann. d. Phys. lxvi. p. 457 (19211. 


t Cf. J. A. Becker, Phys. Rev, xxiv. p. 478 (1924). 
t R. A. Sampson, Monthly Notices R. A. S. Ixxxiii. p. 174 (1923). 
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two records being placed together for comparison. The 
high-velocity end of the spectrum is on the left, and the 
extreme sharpness of the high-velocity edges of the lines 
is well brought out in the records. (The ‘slight deviation 
of the trace from the vertical is partially attributable to the 
‘finite width of the photometer slit.) The small serrations 
in the trace are due to the granulations in the photographic 
emulsion (both plates were over-developed almost to the 
commencement of chemical fog). Considering the lower 
record, which is the clearer of the two, reading from right 
to left, we have M; and My appearing as two small humps, 
then Myr as a very well-marked hamp. Miy and My are 
clearly separated, though not very far apart: the distance 
between the two high-v elocity edges i in the original negative 

is0-89 mm. Following M , aftera space Nr, Nirn Nnr appear 
together in a broad hump (one of the four “notches” shown 
in the group is accidental, and does not appear on other 
records), Nyy and Ny incompletely separated in a narrower 
hump, and finally the Ner, Nyrr, and O lines all together. 
The same lines can be seen less clearly in the upper record. 

A comparison of the two records shows the different 
characteristics of the two kinds of plate used. The lower 
one is from an Ilford Process Plate, the upper an Ilford 
X-ray Plate—the latter possibly over-exposed. Although 
the lower plate vives a much clearer record, there is very 
little to choose between them for measurements under the 
micrometer. 

The photometer curves bring out very clearly the diffuse 
nature of the low-velociry sides of the lines—p: urtly dud to the 
geometry of the apparatus, but mainly to the “straggling ” 
of the electrons from the deeper lavers of the target. 
Visually, the lines of the corpuscular spectrum appear 
well under 1 mm. in width, except in the case of very 
strong lines ; the Aaea: of the low-velocity edges is 
obvious, but not very obvious to casual inspection. The 
photometer shows the effect stretching for several centi- 
metres along the plate (this is more clearly shown in other 
records, where the lines are fewer and. more widely spaced, 
as in the case of a calcium-sulphate target). The low- 
velocity end of the plates is thus always more or less fogged 
by straggled electrons belonging to the groups at the high- 
velocity end. This feature of the photographs was re- 
cognized from the first *, but, as Stoner points out (loc. cit. 
p. 733), it may not have ‘been sufficiently emphasized. 


* Robinson and Rawlinson, Phil. Mag. xxviii. p. 250 (1914). 
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The actual photographs, though very clear, are not in 
general suitable for reproduction. The lower plate of 
fig. 1 has, however, been reproduced in fig. 2. My friend 
Mr. Drummond Young very kindly placed. his sonsilers blo 
skill in photographic work at my disposal, and obtained 
this print after intensifying the original plate with mercuric 
chloride *. The prints in my possession are extremely 
beautiful, ‘and show all the detail given in the table of 
results, including the separation of Ny, Ny, and Nrrr: they 

may, in the nature of things, lose some detail in a further 
reproduction. As in the case of the photometer curves, the 
high-velocity edge is to the left. This reproduction is from 
an original negative on a “ Process” plate. It is worthy of 
note that a reproduction from a similar photograph on an 
X-ray plate (corresponding to the upper photometer curve) 
shows the strong lines of the N group about equally intense 


with Miry and My (cf. R.S. 1, p. 474). 


I wish to express my thanks to Professor Barkla for 
providing facilities for this work and for his interest in its 
progress ; also to the Committee of the Moray Research 
Fuud for a grant towards the purchase of apparatus and 
" materials. 


University of Edinburgh, 
March 31, 1925. 


XXVI. On the Statistical Theory of Emission of Electrons from 
Hot Bodies. ByS.C. Roy, M.Se., Ghose Research Scholar 
in Physics, University College of Science, Calcutta T. 


$1. Introduction. 


i is well known that the classical electron theory of 

metallic conduction, as developed by Drude, Lorentz, 
Thomson, and others, is inadequate to give a satisfactory 
and consistent account of the various outstanding physical 
properties of metals such as their specific heats, their optical 
properties, and supraconduetivity. In fact, the ditheulty of 
working out a correct law of radiation on the basis of the 
law of equipartition for the motion of the metallic electrons 
compels us to abandon the classical theory. 

On the other hand, there is an impression that the facts of 
the thermionic emission of electrons from hot bodies favour 


* 'The photometer record was made before the intensification. 
Tf Communicated by Mr. R. H. Fowler, M.A. 
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the kinetic electron theory. This impression is probably due 
to the fact that a fairly satisfactory representation of the 
phenomenon is given by the law of emission, 


Le Aw Tce", 


as originally deduced by Richardson * on the supposition 
that the electrons both inside and outside a hot body are 
aes by the same laws of classical dynamies. This 
act, however, cannot be accepted as proving the validity 
of the classical electron theory of metals. Asa matter of 
fact, the experimental results of Davisson T and Germer on 
the latent heat of electron emission, as measured by the 
cooling effect, are definitely against the classical theory of 
metallic conduction. Their measurements lead to the con- 
clusion that electrons inside the metals possess zero or 
negligible kinetic energy. We sre thus forced to abandon 
the law of equipartition for the motions of the metallic elec- 
trons and to adopt Planck’s law of quanta as governing their 
energy-content. We therefore suppose that the metallic 
electrons, instead of forming an ideal gas, constitute a con- 
densed solid and are distributed in space-lattices like the 
atoms in a crystal. Ina previous paper { I pointed out that 
one can use these ideas in deriving a law of emission of the 
form 


I = AT/e-^7, 


where A is a universal constant equal to 2amek?/l3, provided 
the electron frequencies be so large as to make Av large 
compared to AT. 

In the course of this paper, 1 propose to present this law 
as a theorem in statistical mechanics moditied to include the 
modern quantum theory and to show that the law takes 
the same form if the mechanism of emission be supposed to 
be radiative. The machinery required for the statistical 
calculations has been completely set up by Darwin and 
Fowler in a series of papers§. One has simply to tran- 
scribe their results in terms of electrons to obtain the 
thermionic law of emission. The application of this new 
method of statistical mechanics to the present problem 
brings out into clearer view all the assumptions involved, 


e Camb. Phil. Proc. ii. p. 286 (1901), 

T Phys. Rev. xx. (1922). 

t Phil. Mag. xlvii. p. 201 (March 1924). 

$ Darwin & Fowler, Phil. Mag. xliv. pp. 450, 823 (1922), papers 1 
and 2; Proc. Camb. Phil. Soc. xxl. p. 262 (1022). paper 3 ; p. 392 (19 23), 
paper 6; Fowler, Phil. Mag. xlv. pp. 1, 407 (1923). 
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In the next paragraph, therefore, I shall give an account of 
the new method and the principal results in as much detail 
as is necessary to understand their salient features, and then 
adopting some of the results proceed directly to the deductions 
of the law of emission. 


$ 3. Summary of the New Method of Statistical Mechanics 
and its Principal Results. 


In a series of papers * Fowler and Darwin have discussed 
at length the general distribution laws of an assembly of 
various sv stems. by a special method. The essential feature 
of the new method is the caleulation of Aver rages by means of 
Integrals whose Integrands are simply expressed in terms 
of certain functions which they call partition-functions, 
equivalent to the “ Zustand-Summe " of Planck. 

For every type of systems in an assembly, quantized or 
classical, there eee a partition function which depends on 
the motion of that svstem alone so long as it is not too fre- 
quently interfered with. Such an assumption of limited 
interference is fundamental in all statistical calculations. 
This function is originally defined for quantized svstems, and 
is then extended by a limiting process to systems obeving 
classical laws. All the physically possible: statos of the 
system are enumerated. These form a series of discrete 
states for a quantized system with energies €, €j, €2 ... etC., 
having weights (à priori possibilities) py. pis pis .. ete., and 
the partition- -function is defined as a function of a complex 
variable Z by the equation 


f(Z) = X, A, £i See we Au) 


summed over all permissible states. 

The partition-function for a group of N such systems is 
[7(Z)]*. For the classical systems obeving Hamiltonian 
equations, the available phase-space is divided into cells 
whose dimensions are ultimately made to tend to zero, the 
weight attached to any cell being proportional to its exten- 
sion. The summation (1) is repli aced by an integral, and it 
is shown that this limit can be used in all formule without 
any restriction. 

It is next shown that, for every group of systems in an 
assembly in statistical equilibrium, the parameter Z must 
have a unique real value $, which is the temperature of the 
assembly measured on a special seale, and is related to 


* Loc. cif. 
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the absolute temperature of the second law of thermo- 
dynamics as follows : 


gus PEL iu à idw wow 42) 


The mathematieal principles emploved for obtaining adequate 
approximations are the Multinomial theorem, and the method 
of Asymptotic expansion by steepest deseents. The con- 
ditions and the range of applicability of these theorems to 
statistical calculations have been fully discussed by the two 
authors. 

I will relate here some of the typical results which apply 
directly to the deduction of the thermionic law of emission. 
The partition function for a Planck’s line vibrator, which 
takes energy in multiples of quanta e= hv, is 


; 1 
fO) SFZ e (3) 


The partition-function for a free monatomie molecule of 
mass m confined in a volume V is, 


(2mm)? .V 
[log 1/$]??" . . e. . . (4) 


The partition-function for temperature radiation has also 
been constructed. The radiant energy is regarded as the 
energy of a single system, ether, which is in general 
heavily degenerate ; but for purposes of statistical calcula- 
tions all questions of degeneracy are ignored on reasonable 
grounds, and the partition-function for the radiant energy 
contained in a volume V takes the form 
: 8r’. V 
R(3) = exp-iz js (oe a on os (5) 
The same method has enabled the authors to translate 
Born’s results on the mean energy of a crystal into results 
of partition-functions K,(3). Setting aside the higher fre- 
quencies due to the motions of the electrons as distinct from 
the complete atoms, 


H(3)- 


- 2 3 1 "48j 2: Vig 
log K, (3) = — log (1/5) . ieri A à log (l1—e-77) de 
3(5—1) 
—2, log (1—9), (6) 
J= 


where S is the number of atoms in the elementary cell of 
the atomic space-lattices of the crystal, and ©; and v; are 
constants characteristic of the crystal. 
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In any discussion in which the atoms are considered to be 
the only structural units, one can legitimately ignore the 
electrons, but if one imagines the solid to be constituted of 
independent atomic and electronic space-lattices, one cannot 
afford to leave the electron frequencies out of consideration. 
The partition-function of the electronic lattices, however, is 
easily constructed in the form 


3n 


log Ka(9) =- € log (1-9), . . . (7) 


j=l 


where n is the number of electrons contained in each lattice. 


§ 3. Application of this Method to the Phenomenon of 
Electron Emission from Hot Bodies. 


In the present problem, we have to consider the tempera- 
ture equilibrium of a hot metal erystal with the radiant 
energy of the «ther and with an atmosphere of gaseous free 
electrons confined in an enclosure of volume V. The metal 
crystal is itself constituted of two different systems—atomic 
(ionic) lattices and electronic lattices ; so that the assembly 
for our statistical calculations embraces four different types 
of systems—ether, free electrons, electronic lattices, and 
atomic space-lattices. To ensure no loss of generality we 
should formally inelude all the four systems in our sta- 
tistical considerations. It is, however, implied that in the 
specified assembly the atomic lattices preserve their indi- 
vidualities. 

Let us suppose that in any example of the assembly we 
have N free gaseous electrons, genuinely mon-atomic, and 
M electronic lattices each containing n electrons and a 
number S of the atomic lattices which remains constant in 
all such examples. We have first to determine the total 
number of essentially different ways in which such examples 
of the assembly may be built up out of a total of X equal to 
(N+ MM. n) electrons, the other systems—atomie lattices and 
eether—remaining undisturbed. Each time we choose a 
group of N electrons out of the total number X for the 
vapour-phase, we are left with M.n=(X—N) electrons to 
be arranged in lattices inside the metal ervstal. The total 
number of different ways in which the X electrons can be 
divided into two groups of N and (X —N) is equal to 


X! 
NI(X-N)!' e. . e e e (8) 


x 
Cy = 
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Now, since the present method * of calculation of the parti- 
tion-function for the translational motion of the gaseous 
electrons allows for all possible interchange of positions 
amonyst them, any one group of N electrons in the vapour 
phase cannot be permuted over again to yield more than one 
distinct mode of forming the assembly. But any group of 
(X — N) electrons in the condensed phase can be arranged in 
lattices in (X — N)! ways, and each of these arrangements 
corresponds to an essentially different mode of building the 
metal crystal. Hence the total number of essentially dif- 
ferent ways of forming the specified assembly is proportional 


to 
X  (X-N) X! 


Cy. P =: Ew & x. & 49 
Nun NU (9) 


where X = N + M.n = constant. 

Next, let us define the state of zero energy of the assembly 
to be that in which all the free electrons have zero kinetic 
energy and all other systems of the assembly are in their 
lowest quantum state. Let y be the work necessary to 
remove one electron out of the crystal to the free state. 
with zero kinetic energy, the assembly being in zero state 
of energy as defined above. x in fact corresponds to what may 
be called the latent heat of evaporation of an electron at the 
absolute zero of temperature. If E be the total energy for 
any example of the assembly relative to the conventional 
zero, then the energy available for distribution among the 
partition-functions with N free gaseous electrons is given by 

F=H—Ny ...-.. . (10) 
But the number of weighted complexions ¢ for any example 
of the assembly of S atomic lattices, M electronic lattices, 
N free electrons, and ather in a volume V with energy F 
available for distribution is given by 
l (' aZ 
c= Iri Wash 


R(Z) . [K,(2))5 . [K:(2)]". [H(2)]" 


m. m RZ). [R302]8 [KS (2)] Y. [H(Z) . Z*]"; 
d $ x. 4) 


the contour y is any circle round the origin of radius less 
than unity. The number of such examples of the assembly 
* Cf. footnote, p. 743, of Darwin and Fowler's paper on “Some 


Refinements of the Theory of Dissociation Equilbria," Proc. Camb. Phil, 
Soc. xxi, part 6 (1923). 
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being proportional to 1/N *, the total number of weighted 
complexions is proportional to C, where 


1 Cc _ 1 dZ r - S Ca Xjn N=X B® 
C= gm ga d ze D SAP (Ra 2.7 RT 
(12) 

HZ IZES uoo we bb 


= [K 


If X and E be taken sufficiently large and n a small integer, 
all the conditions laid down by Fowler and Darwin for the 
evaluation of such integrals are satisfied. The asymptotic 
NzX BS . 


expansion of > x CS exp. B. 
0 - > 


N= 
Also we have 
Se ec. 1 ` dZ = z s e um Xn N-X NBN 
CN = ai | ze R(Z) .(R:02)]* . [K:(2)] > at 
= + ( 2 nz) .rK(Z)]. [Ke(Z)]2" 
ZU Elda eee: 


--—- 


It now easily follows that 


& l H(S) . 9% 
= (9) = — cs *) 
N = B(9) Es) e ee = (15) 
wherein 3 and E are related by the equation 
E23 ò log R(3) +892. log IK1(3) 4- MS ò log K($) 
^09 ee N^ ne m x 
4 N52 log H(3)-2- Ny. (16) 


o3 
The relation (15) on substitution gives 
0 N : [T 32 m 
n = 2 Umm) . ec X^1 bum X (17) 


V= PRAI) , 


where n is the average number of free electrons per unit 

volume in the temperature equilibrium with the hot metal. 

The thermionic current * per second per unit area is therefore 
+ + *» 

* [f allowance is to be made for the reflexion of electrons from metals, 
the expression for I has to be multiplied by (1— r), where r is the frac- 
tion of the incident electrons sent back by reflexion. For most metals 
r has the value near ‘5 (Gehrts, Ann. der Phys. xxxvi. p. 995, 1911). 
This fact, if taken into account, would reduce the universal constant to 
half its value. 
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equal to 


=h.e = pus. l).€ X7,  , (18 

KT) ( ) 
On à priori ground, we cannot, probably, neglect the energy- 
content of the electron-lattices at all temperatures and put 
function RK,(T) 21. According to Haber's law, electronic 
and atomic frequencies are related to one another by the 


equation 
Ve _ (= 12 
Va meJ ` 


The general space-lattice theory of Born also confirms this 
law. One cannot, however, deny the approximate nature of 
this law. But in any case this relation points out that the 
electronic frequencies are much higher than the atomic fre- 
quencies. One can also gather some idea of the electronic 
frequencies from another consideration. It is well known 
that the specific heats of metals exceed the Dulong-Petit’s 
limit 3R at high temperatures. For example, the specific 
heat * at constant volume for potassium at 300° A. is about 
0:56 calorie above Dulong-Petit’s value 3H. This excess 
must, then, represent the thermal energy of the electrons. 
One can therefore roughly estimate the order of the elec- 
tronic frequencies on the supposition that the excess of 
specific heats of metals at high temperatures over Dulong- 
Petits value is contributed by the vibrating electrons 
according to Planck's quantum law, and can use as a first 
approximation Eiustein's simple expression 


Tow 2 
l=; ( kT ) 2armek 


Drm 


Coe ec. — 3h . ERE 
where "e hv 
— ET? 


Below are given the values of electronic frequencies of 
some metals roughly estimated from specifie heat data f :— 


Metals. Electronic Frequency. 
| m 25 l 
hr ee 3.10!3 
E 15,10" 
NE coins 17.10 
C nsidnesiis 2:0.10H 
LY RICH 2:2. 10% 


* Lewis & Adams, Phys. Rev. iv. p. 331 (1914). Latimer, Phys. 
Rev. xliii. p. 818 (1921). " 

T Koenigsberger, Zettsch, Electrochem. xvii. p. 289 (1911). Lewis, 
Adams, & Latimer, loc. cit. 


Phil. Mag. S. 6. Vol. 50. No. 295. July 1925. S 
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No reliance can, probably, be laid upon the actual numerical 
figures quoted above. But they show that the function 
ENT) cannot differ much from unity even up to the melting- 
point of these metals. So that for all practical purposes we 
can regard K,(T) as equal to unity in the equation (18). 


$4. Photo-electric Theory of Emission. 


It is of considerable interest to look at the problem from 
another point of view. For a statistical theory of emission 
it is immaterlal whether the mechanism of emission be radia- 
tive or a collision one. It is, however, very probable, as 
Wilson" pointed out, that the thermionic emission of elec- 
trons is really due to the radiation of the hot body itself. 
The argument against this view is that the magnitude of the 
auto-photo-electric currents determined experimentally is 
much lower than the thermionic currents. This is to 
be expected, for by impinging radiation from outside on 
metals we do not really attain to the condition of radiation 
due to the hot body itself. 

If the emission of the electrons be supposed to be due 
to radiation in equilibrium with the hot body, then onef 
can show, on the basis of the theory of unit mechanism, 
4mv*+y=hyv, as developed by Kramers i and Milne § that 
the law of thermionie emission is the same as given by the 
equation (18). 

To adapt Kramer's reasoning to the present problem, it is 
necessary to modify our idea of the metallic electrons. We 
have to suppose that they exist in some modified quantized 
orbits, and constitute Bohr vibrators instead of Planck's 
line-vibrators. 

We start by supposing that the hot body is in a field of 
“black radiation " at temperatures T° A., and that there 
exists inside the hot body a state of dynamical equilibrium 
of radiation such that the amount of energy gained at any 


* Ann, der Phys. xlii, p. 1154 (1913) ; Roy. Soc. Proc. A, xciii. p. 359 
1917). 

t Since this paper was written, Prof. O. W. Richardson has given a 
very interesting and illuminating discussion on the Photo-electric Theor 
of Emission, essentially on the same line (Proc. Phys. Soc. Lond. xxxvi. 
August 1924), and has considered emission from systems with multiple 
thresholds. His assumptions regarding the chance of capture of an elec- 
tron by the atom are, however, different from the simple one adopted 
here. So he obtains an expression for emission of electrons slightly 
different from the one considered here [equation (47), p. 3904]. His 
expression, however, agrees in form with the one deduced here. 

t Phil. Mag. xlvi. p. 840 (1925). 

$ Phil. Mag. xlvii. p. 209 (1924). 
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instant by any portion of the hot body by absorption of 
radiation is exactly balanced by the amount lost by it by 
emission of radiation. We next adopt the supposition that 
the absorption or emission of radiation by matter takes place 
in quanta, and is an additive effect of the actions of individual 
atoms. The absorption by an atom of a radiation quantum 
(if large enough to provide for energy necessary to release 
an electron from the restraining forces) results in the expul- 
sion of an electron from the atom, while the emission of the 
radiation-quantum is attended by the binding of an electron 
to the atom. If these two processes of energy-exchange be 
completely reversible, then, in the steady state of radiation, 
the rate of photo-electric captures of electrons in any volume 
V inside the hot body must be exactly equal to the rate of 
photo-electric ejections of electrons. 

The unpolarized radiation between the stretch of fre- 
quencies y and v+dv emitted through a surface element do 
of the hot body in time dt in the cone of solid angle dw is 
equal to 
2.dt.de.cos8.do.K,.dv, . . . (1) 


where @ is the angle between the normal to do and the axis 
of the cone, and K, is defined by Planck * as the specific 
intensity of radiation of frequency v. 

In the same way we can write for the number of electrons 
emitted in time dt through do in the cone dw in the direc- 
tion Ó by the stretch of radiation between v and v4- dv the 
expression 
dt .do .cosQ .deo.F,.dv, . . . . (2^) 
where F, may be defined as the specifie intensity of photo- 
electric ejection of eleetrons. 

In the steady state the radiant energy emitted or absorbed 
in volume V of the hot body in time dt between the fre- 


quency range v and v- dv is 


dea N V Na otal, Xo wr a (35) 


where N is the number of atoms per unit volume and «, is 
the atomic aborption-coetticient of radiation. The coefticient 
a, needs a word of explanation. It has the dimensions of an 
area, and may be interpreted as the “ effective cross-section ” 
of the atom which absorbs all the radiation of frequency v 
impinging on its surface, so that V.N .«, represents the 
total effective area presented by all the atoms in volume V 
to the absorption of radiation of the same frequency. 


* Planck, * Warme Strahlung." 


3 2 
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The total number of quanta absorbed in the specified 
volume in time dt is equal to 


dt.V.a,.8r.K,.dv 


lw 


The expression (4') represents the number of photo-electric 
ejections of electrons in volume V in time dt by the absorp- 
tion of radiation between the frequency range v and y+ dv. 
This number is also given by the expression, 


di.N NB 4meE,des w 4 e (M) 


where 8, is the atomic absorption-coefficient of electrons. 
This coethcient 8, may be interpreted as follows :—Each 
atom acts as a sphere of cross-section 8, such that a free 
electron is bound to the atom with the emission of radiation 
only if it strikes this area. 

Wquating (4') and (5') we get a relation between K, and 
F, as follows : 

ph. 2 a hy 


ar CD 


The physical meaning of relation (6^) is that the number 
of electrons emitted by radiation v is directly proportional 
to the intensity of radiation K, and inversely proportional to 
the size of the quantum if «,/8, were constant. 

The quantum theory tells us nothing about the mechanism 
of absorption or emission of radiation, so that we cannot 
calculate the coefficients æ, and 8, directly. But the process 
of absorption of radiation by the atoms with the consequent 
ejection of electrons, and the reverse process of binding of 
electrons in an atom with the simultaneous emission of radia- 
tion, must be governed by the laws of probability in the 
same manner as absorption and emission of radiation are 
treated in Einstein's theory of temperature-radiation. On 
the basis of such probability considerations Kramers has, in 
developing a theory of absorption of X-rays, obtained a 
relation between e, and 8, in the form * 


a, MÊ PR" 


me (l ) " 
"=~, g. EME =—,,. (hv— "e" 
Bou e PIX X^ (7) 
where a isa numerical constantt. Using the above expression 


* Kramers, loc. cit. equation (17), p. 843. 


T The numerical factor a is determined hy the * à priori probability " 
of an electron remaining bound to the atom. ` 
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for a,/8, in relation (6^), 


2mc? .. 
F, = qwe Q»-X. o... . (8) 


T e e . 
Now, in the bigh-frequenev region 


po 


K, = -7. e7 Av ^T (9^) 


Hence we have 
2m 
F, =... (ly — SANER i 
"o al ( X) .€ 00 4 5 (10) 
Substituting this expression for F, in (2') and integrating, 
we obtain for the number of electrons emitted from unit area 
In unit time by radiation of frequency range v and v+ dv, 


9 ‘1 1 el "1/2 
dn = n (hy — Xx) . eT dy. dt ( wo | d$ | cos .sin 0 d0 
a0 "LU «0 a/ 0 
2am | 
DUE (h»—xy).ec^"Tdy, . . . . . . . . (Al) 


Hence the number of electrons emitted per second per 
unit area by all frequencies of radiation higher than the 
threshold frequency vo — y/A is 


Imm U 


pes E 
clit " XA 


(hv — x) e- AT dy 


_ 2mm eT? | (a) gc AT h dv 
a x^ 


— al? "au ` ET 
9T m? 
= gor cutis „ET XAT, oe oe Sow us 012) 


Thus we arrive at practically the same law of thermionic 
emission as given in equation (18). 


$5. Summary and Discussion. 


In this paper the law of thermionic emission, in the form 


2T mek? 


mL: c , T2, e-XxiT 
lKa T) i t i 


? 

has been presented as a theorem in statistical mechanics. 
The function Ks(T), which depends on the frequencies of 
metallic electrons, appears, from evidences of excess specific 
heat of metals over Dulong-Petit’s value 3R, not to differ 
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much from unity up to the melting-point of metals. It has 
next been shown on the basis of the theory of complete 
reversibility of physical processes that the emission law is 
the same if the mechanism be supposed to be radiative. 

The arguments advanced in the deduction of this law are 
of quite general character. The apparatus of chemical con- 
stants and Nernst’s Heat Theorem, by which one can get at 
this law on thermo-dynamic reasoning, is quite uncalled for 
in the present method. The assumptions adopted are :— 

(1) The electrons inside the metals form space-lattices like 
the atoms in a crystal, and share in heat energy according to 
Planck’s law of quanta. 

(2) The external electrons are regarded as constituting an 
ideal monatomic gas, and are sup posed to be emitted with 
Maxwell’s law of distribution of velocities. 

The idea of electronic lattices is not new. Such and 
similar ideas have already been adopted by Lindemann®, 
Haber f, Borelius f, and recently by Thomson § to explain 
electric and thermal conduction of metals and other metallic 
properties on the electron theory. The assumption with 
regard to the external electrons has been widely accepted. 
The recent experiments of Jones || have proved conclusively 
that electrons are emitted from hot bodies with Maxwell’s 
distribution of velocities. 

It must, however, be noted that the law of emission con- 
sidered here applies only to low concentrations of electrons 
emitted inside an ideal vacuum. In cases where the emission 
is profusely dense, the space-charge effect has got to be taken 
into consideration. 

I have said nothing here about the nature of the work 
function xy, for I have discussed this point at some length 
in a previous paper. There I have pointed out that it is 
possible to evaluate xy from the constants of atomic space- 
lattices. The question of identity of photo-electric and 
thermionie work functions is probably uncertain. But the 
close correspondence between the two is unmistakable. Both 
are functions of the atomic volumes, and are much smaller 
than the ionization potentials of the elements in the vapour- 
phase. This shows that the closeness of atoms in the con- 
densed state releases the force of restraint on the superficial 


* Phil. Mag. xxix. p. 127 (1915). 

t Berl. Akad, Ber. i 919 ; PP 506. 990. 

t Ann. der Phys. lvii. p. 978 8 (1918). 

$ Phil. Mag. xliv. p. 657 (Oct. 1022). 

|| Proc. Roy. Soc. cii. pp. 734-751. 

€ Proc. Ind. Aes. Cult. Sc. ix. part 1, p. 4 (1924). 
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electrons, so that the ionization potentials of the atoms in 
the condensed phase are lower than those of atoms in the 
vapour-phase. 


In conclusion, I wish to thank Mr. R. H. Fowler for 
looking into the manuscript and for advancing helpful 
criticisms, 


Note added in proof, June 11.—J. J. Weigle (Phys. Rev., 
Feb. 1925, p. 187) has recently presented us with very 
interesting calculations of the heat of evaporation of 
electrons from (1) the space-lattice constants and the 
coeflicient of compressibility, and also from (2) the heat of 
evaporation of the metal, its ionizing energy, and the radii of 
the ions. The values so calculated agree well with each 
other and also with these determined from the thermionic 
emission data. ‘This agreement is in further support of the 
idea of electron space-lattices in metal crystals. 


XXVII. The Laboratory Construction of Nernst Filaments. 
By Harry D. GRIFFITH, B.A., Carnegie Teaching Fellow 
in the University of Aberdeen * 

"HE author has been put to great inconvenience while 

conducting an investigation on short Infra-Red 
radiation through inability to obtain Nernst filaments. There 
is no source available as effective as these are in the region 
of the spectrum to he studied (up to 54), but they are not 
now obtainable commercially. No information on the old 
manufacturing process seems to have been published except 
for patent specifications which do not deal with the main 
difficulties. The working out of a method for making the 
filaments was a matter of some difficulty, and this paper is 
published in the hope that it may be of service to other 
investigators faced with a similar problem. 

The construction of the filament itself is quite a different 
problem from the subsequent sealing-in of the electrodes, 
and is a far simpler matter. For the filament, the following 
mixture is suitable :— 


Zirconium Oxide .......... Sess. 80 per cent. 
Thorium Oxide ........ jours VO sy 
Br ——— ont TC: ee 
Magnesium Oxide ..... — M "E. 
Borie Acid csse textos theod ... a trace 


* Communicated by Prof. G. P. Thomson, M.A. 


2041 The Laboratory Construction of Nernst Filaments. 


This is ground very fine in an agate mortar, with glycerine 
or a solution of sugar, so as to yield a thick, creamy paste, 
which is then extruded into threads with a simple extrusion 
press with nozzle diameter 1:2 mun. and piston diameter 
3 mm. The ratio between piston diameter and nozzle 
diameter should not be greater than this, and the paste 
must be worked until it is of a suitable consistency before 
extrusion. The threads are extruded onto a sheet-iron 
plate covered with a thin layer of magnesium oxide, and 
then left to dry. They are then heated slowly until the 
sugar chars, when they will be strong enough to ‘be handled, 
and are cut into leneths of about 3 em. These lengths are 
then passed through a small carbon are taking about 
3 amperes, after which they will be quite white, hard, and 
of the consistency cf china. 


Sealing-in the Lleet odes. 


The attachment of the negative electrode offers no 
difficulty, A fine platinum wire (diam. ^1 mm.) is bent 
into a loop, and slipped over one end of a piece of filament. 
The point of attachment is moistened with thorium nitrate 
solution, and covered with a layer of filament paste, diluted 
somewhat with thorium nitrate solution. The seal is slowly 
dried off in air till it is hard. 

The positive seal gives more trouble, since during the 
running of the filament oxvgen is evolv d there, and this 
tends to force the platinum away from the paste, starting an 
are which soon destroys the seal. The oxygen can be got 
away harmlessly through the presence in ihe seal of iron, 
manganese, or best yttrium. Jt is also necessary to have 
a considerable active area of platinum. 

Five or six platinum wires diam. *1 mm, are twisted 
together, and their ends arranged to clasp the filament as a 
jewel is held in its setting. The filament is inserted, 
the clasp damped with thorium nitrate solution, and then 
covered with a layer of a paste composed of equal parts of 


Yttrium Oxide, 
Thorium Oxide, 
Cerium Oxide, 
Zirconium Oxide, 


made pasty with thorium nitrate solution. 

The whole is dried out slowly in hot air, then ignited 
strongly to convert the nitrate to thoria, and is then Teady 
for mounting. If both seals are made in this way, the 
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filament would, presumably, work properly on alternating 
current. One end of the filament may be rigidly clamped, 
but the other should be attached only to a bent flexible wire 
(copper 40 S.W.G.), or the filament will be broken through 


expansion and contraction . 


The Series Resistance. 


Since the resistance of the filament decreases if the current 
through it increases, the circuit will be unstable without 
a suitable balancing resistance, which may consist of 
tungsten lamps. For a filament of diam. L3 mm., 
length 20 mm., two 60 watt 220 volt lamps in parallel 
are satisfactory. The current passing is then :24 amp., 
and the pressure drop across the filament 96 volts. 

The first time the filament is used it will be necessary to 
heat it and the seals red hot before it will conduct, but 
afterwards a much lower temperature suffices, Eilnients 
made as described give a somewhat yellower light than the 
old commercial Arm but if a whiter light is required it 18 
probable that slight changes in the filament paste, such 
as the inclusion of cerium oxide, would have the desired 
effect. 


Dept. of Natural P. ilosophy, 
University of Aberdeen. 


XXVIII. The Theory of Molecular Interaction in the Liquid 
State. by G. N. Axronorr, JJ. Sc. (Manch.) *. 


Introduction. 


MV I began to work 25 years ago on liquid systems, 
the only theory that was then generally accepted 
was that of van der Waals, which can be described as a 
purely physieal theory. There existed also the the ‘ory of 
De Hed. a kind of a chemical theory, but it did not receive 
general recognition, and can be regarded as practically 
abandoned. The same may be said about the theories of 
solutions. The predominant view ignored any interaction 
between either homogeneous or heterogeneous molecules. 
This view had many supporters and an extensivo literature, 
together with a fair amount of quantitative relations which 
seemed to support the theory. On the other hand, the 
* chemical theory " (that of Mendeleieff and others) was 


* Communicated by the Autbor. 
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regarded for a long time merely as a suggestion having 
few followers and little or no quantitative relations capable 
of supporting it. However, in the course of time, a number 
of investigators * showed that the van der Waals theory, 
although giving a general picture fairly satisfactorily at 
first sight, did not show a sutlicient agreement with the 
experimental data, and in this sense, in spite of its apparent 
success, the van der Waals formula cannot be regarded as 
an expression of a true law. 

Although I was never a follower of either of these theories, 
I realized long ago that any theory which ignores : altogether 
the interaction between the molecules cannot be of a com- 
prehensive character. 

In this paper I publish some evidence which enables one 
to formulate certain general laws which take into account 
the molecular state of the liquids. The theory here set forth 
formed itself in my mind as a result of my own experimental 
work, but at the present time advantage can be taken of 
quite different methods to corroborate my view. 

In the first place such methods as ‘the X-ray analysis 
throw light on the intimate structure of liquids ; and parti- 
cularly the statement made by Sir William H. Bragg in his 
lecture to the Chemical Society on **The Significance of 
Crystalline Structure” to the effect that “the ultimate unit 
of crystal structure or elementary parallelepiped is not the 
chemical molecule, but is a complex formed by the union of 
two, three, or four molecules f. 

The question arises whether the above unit remains the 
same when a erystal is melted and becomes a liquid, or 
whether it disintegrates into individual molecules. An 
attempt to answer this question ean he found in the works 
of C. V. Raman (see * Nature,’ ibid.), who worked out special 
optieal methods with the object of studving the intimate 
structure of liquids. The question cannot perhaps be 
regarded as definitely settled, but his evidence is iu favour 
of the view that the above unit preserves its structure in the 
liquid state. 

According to my theory it is necessary to assume that in 
some liquids, especially the associated liquids, the number 
of units in the molecule is sometimes more than four. 

On the above assumption it becomes clear that the process 
of molecular disintegration between the melting-point and 
the critical point w hen the molecules become gaseous will be 
discontinuous, and will take place in several stages, for 


* Young, Proc. Roy. Dublin Soc. xii. p. 874 (1910). 
T See * Nature, cxi. p. 428. 
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example, as follows :— 
A, 7A, + A, 


This scheme is in agreement with the facts described in 
the following pages. 


The Theory. 


The outlines of the theory described in my paper 
(Phil. Mag. xxxvi. p. 377, 1918) were originally applied 
to the systems liquid-liquid. In the above paper I have 
shown that the law connecting the surface tensions of the 
two liquid lavers in equilibrium with the interfacial tension, 

a a — 49 
where ajo is the interfacial tension and a, and a; are the surface 
tensions of both lavers, implies the equality of molecular 
concentration of the two layers. This is a condition of 
equilibrium, and is supported not only by reasons purely 
mathematical, but also by the physico-chemical evidence. 

As, however, the concentrations of the two layers are very 
different from one another, it is obvious that the liquids 
must consist of different kinds of molecules. The fact that 
the two layers have the same vapour-pressure and the same 
composition of vapour (Konoyalov’s law), I can only explain 
by assuming that the molecules forming the gaseous phase 
are uniformly distributed throughout the system. They 
thus have the same concentration in both liquid layers, and 
this concentration must be substantially identical with that 
of the gaseous phase. This is the only possible condition 
under which the so-called Konovalov’s law can be interpreted 
physically. 

Having observed during a long period the properties of 
the systems liquid-liquid *, I have always held the view that 
they are not only in many ways analogous to the systems 
liquid-gas, but that they are governed by similar physical 
laws. 

I therefore apply without hesitation the just-exposed view 
to the systems liquid-gas. l assume that the process of 
formation of liquids is due to the formation of associated 
molecules, and that the molecules forming the gaseous 
phase penetrate the liquid phase without sutfering any sub- 
stantial change in concentration. In my recent paper 


* I.e. systems consisting of two liquid layers. 
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(published in Zeit. Ph. Ch. Bd. exii. Heft 5/6, p. 461) I 


deduced an empirical law for the variation of ò with the 
temperature. Jt should be remembered that 


026,— Ôr, 
where ô= the density of the liquid, 
P 4 5 » vapour. 


From the above point of view the quantity 6 has a definite 
physical meaning, and represents the concentration of the 
associated molecules. I assume that if there were no changes 
in the molecular state of liquids with change of temperature, 
a linear law ought to be expected as in gases. 


dà 
dT 
where T is the temperature reckoned from the critical point 
downwards. However, owing to the molecular association, 
dò K.dn 
dt dt” 
where n is the number of associated molecules per unit 


volume. The Jaw connecting n with the temperature must 
be of the form 


= Ik, 


dn K 
di^ T+B° 
Thus 


k .d@T 
Oar T+ 3B 


=K.dIn(T+B), 
6+c=K.In(T+B), 


which expression, by putting Kæsa can be represented in 
the form 


APTF sr a a, cx XL) 


In the critical region it is essential that A=B ; the 
equation then satisfies the condition 8-0 when T=0. The 
expression (1), deduced on the above theory, is identical 
with the empirical expression on p. 462 of my previous paper 
(loc. cit.). 

The experimental data show that the 6 curve (see fig. 1, 
on which the fivures for ethyl acetate are plotted) T 
discontinuous in its character, as will be shown later on, and 
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consists of portions, each satisfying the equation (1), with 
different constants for every subsequent portion. Thus, 
from the critical point downwards, the whole curve can be 
represented by a series of equations : 
P M 

A^ =T+A, 

Aj,e$—T- D, 

rp 

AAs LT. B», 


and so on. 
And this is a general law for all liquids. 


Pis. T. 


100 | 
LI LIII 


It will be shown later on that a law of the same form 
holds true for the latent heats of evaporation, L : 


Cereb =T+C, 
Cyeribz T4 D;, 
Ce; =T + D,, ete., 
where C, D, and yw are constants for a limited part of the 
curve between two kinks. 
It has been suggested before that some sort of molecular 


clustering must take place in the liquid state (see Jeans, 
‘Dynamical Theory of Gases, p. 203. The fact that the 
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curve is discontinuous suggests the idea that the clustering 
or molecular association takes place according to Dalton’s 
law of multiple proportions. 

According to this theory all liquids must be regarded as 
associated, but they may differ in the nature and degree of 
association. 

I am not in a position yet to formulate the difference 
between the normal and associated liquid exhaustively, but 
I think I am justified in making the following statement :— 
Some liquids undergo between their melting-point and the 
critical temperature a greater number of the above changes 
than other liquids. In other words, the continuous portions 
of the ô curve are shorter and more numerous. It may be 
that the corresponding states are connected with the number 
of the above changes. 


Experimental Evidence. 


In my previous paper I plotted 6’s against the surface 
tension for benzene, and the curve obtained was distinctly 
discontinuous. I therefore assumed that it must be probably 
due, at least partially, to the discontinuity in the ô curve 
itself *. However, the discontinuity of the 6 curve is not so 
obvious at first sight, even i£ the curve is drawn on a large 
scale, but the mathematical treatment which I have given is 
much more sensitive and demonstrates it quite clearly. 
Each portion of the 8 curve can be represented in terms of 
an exponential function with a remarkable accuracy. If two 
exponential curves with different constants intersect in a 
given point, the discontinuity is beyond any doubt. 

It is therefore necessary to consider whether the existing 
data are accurate enough to support my theory. This 
question, of course, is not easy to answer. As all my 
conclusions were based not on my own, but on other people's 
experiments, I felt that I was not myself in a position to 
form an opinion as to their accuracy. In the first instance 
I consulted on this subject Prof. J. Timmermans, of Brussels, 
as one experienced in carrying out precision measurements. 
As the question is a very delicate one, he advised me to write 
about it to Prof. Sydney Young, of Dublin, on whose experi- 
mental figures all my results are substantially based. Prof. 
Young was kind enough to give to this subject a very careful 
consideration, and I take the opportunity to express my 
best thanks to him. The nature of his answer is such that 
I could not form a definite opinion as to the accuracy of the 
results, the question being a very complicated one. 

However, he indicates which figures he regards as most 


* See also Dr. J. Geissler, Zeit. f. Electrochemie, Bd. xxiv. p. 101 (1918). 
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reliable, and if I can prove the discontinuity for them I shall 
be on safer ground- 

Thus he does not recommend me to rely on figures for 
benzene which were obtained nearly 30 years ago. With 
increased experience and improved methods the data for the 
paratins, hexamethylene, and the esters, also acetic acid, are 
more accurate than the earlier data. 

In view of the above, I had at first some difficulty in 
working out the experimental data. 

However, in the course of time I found that some other 
properties also show discontinuity, confirming the existence 
of the kinks, always in the same ranges of temperature. 

This enabled me to work out a number of cases from 0° C. 
up to the critical point, and to establish the number of 
changes within the above limits. 

In the following section, evidence will be brought forward 
indicating that, apart from 6’s, several other properties are 
discontinuous: viz., 


Densities of liquids (ô), 
Densities of vapours (6,), 
Latent heats of evaporation (L), 
Viscosity (7), 

Surface tensions («). 


On the Discontinuity of some Properties of Liquids. 


It is very easy to show that the latent heats of evapora- 
tion, L, traced against the temperatures, show a marked 
discontinuity. The most sceptical mind cannot help noticing 
it simply by looking at the drawing, especially near the 
critical point. At low temperatures the curve sometimes 
flattens out and begins to approach a straight line, but on 
the whole the discontinuous character of the curve cannot 
inspire any doubts. 

It is not so with densities. One can draw the densities 
on a large scale, and yet the discontinuity does not appear 
to be so obvious, especially at first sight. 

It is easier to notice the same on 6 curves than on either 
8; or 8, curves, for reasons which will become clear later on. 

I generally draw the 6 curve against the temperature on 
a sufficiently large scale. Dy using a flexible steel curve 
I can detect tho kinks in the regions of low temperatures with 
extreme ease. ‘The curved part between two kinks can be 
fitted very easily and accurately into an exponential expression 
as (1). 

At higher temperatures difficulties arise because of a 
greater curvature, owing to which interpolation becomes 
difficult, and sometimes involves much labour. This work can 
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be greatly facilitated by observing the corresponding L curve 
(latent heat of evaporation), as both methods indicate, as 
a rule, the existence of kinks in the same intervals of 
temperature. 

The following tables give the results obtained for three 
substances of a different chemical nature: viz., a hydrocarbon, 
an ester, and an alcohol, the figures being taken from the 
work of Prof. Young *. 

In these tables T is the temperature reckoned from the 
critical point, ¢ is the temperature from 0? C. In the 
column L the brackets show the position of kinks as indicated 
by the L (latent heat of evaporation) curve. 

In these tables I give the values for 6, experimental and 
calculated by the exponential expression, which is generally 
given above each table in logarithmic form so as to enable 
the calculation of 6 with the least expenditure of energy. 
In each table I extend the calculation on either side beyond 
the boundary within which the given law is valid. By two 
horizontal lines I separate the region within which the 
differences between tle experimental and the calculated 
values are negligible. Outside it the differences begin to 
grow systematically asa rule, and their magnitude is often 
such that it is beyond the limits of experimental errors. 
Near the kinks the figures will be found sometimes between 
two horizontal lines. This indicates that the given point 
either fits into both intersecting curves, or its position is 
doubtful. 

For each substance I also give the exponential equations, 
as such, tabulated together. 


TABLE I. 
Hexamethylene. 


(1) 
log à = log flog (‘T+ 1000-1) — 282141} — 1755470. 


i i t. 6 exp. | ò cale. | Diff. L 
280 0 | "1966 A967 | + ‘0001 j 
210 10 7872 "7812 
260 20 ‘7776 "(111 + ‘0001 
250 30 ‘7680 ‘T7680 | 
240 40 "584 "7583 — ‘0001 
230 50 "7485 7485 | 
220 60 "7384 "(388 + :0004 
210 70 284 7288 + -0004 
200 80 "Ul ‘7188 + ‘OOL1 
190 90 "10608 "7086 + ‘0018 

* Loc. cit. 
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TABLE I. (continued). 
(2) 
log à = logílog (T 4-77:31) —1:39840] — 163000. 
| | 
T. t. | ò exp. 6 calc. Diff. L. 

260 20, 716 | "1:61 | — 0015 | 

250 20 “7680 "1672 — ‘0008 

240 40 "T584 "7579 — 0005 

230 50 "1485 "1488 — :0002 

220 60 "| 384 "384 i 

210 10 “F284 283 — ‘0001 

200 80 WNIT Mrd iini 

190 90 "1068 1067 — 0001 
| 180 100 6954 6954 
| 170 110 ‘6835 6835 
160 120 ‘6711 6712 + ‘0001 

150 130 69805 6584 + 0004 

140 140 :'6442 "6449 + (007 
| 130 150 62975 | 6308 + ‘0010 

(3) 
log è = logflog(T 4-52:93)—1:25990] —:20190. 
j 

200 80 TTT "(181 + :0004 

190 90 ‘7068 "4011 + 0003 

180 100 'G054 '6955 + 0001 

170 110 '6835 "6536 + '0001 

160 120 6711 6711 | 

150 130 *B5805 6581 

140 140 "6442 6442 

130 150 62975 6297 

120 160 6143 6143 

110 170 D981 "D981 

100 180 | -5805 | -ss09 | +0004 

90 | 190 5612 5623 | -+0011 
| 80 200 5406 "5426 + 0020 
90 210 ‘5183 ‘A213 | +0030 
| 60 220 4931 4081 + 0050 | 
| 50 230 4046 4728 + 0032 | 
i l | 
Phil. Mag. S. 6. Vol. 50. No. 295. July 1925. T 
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TABLE I. (continued). 


(4) 


log ò = log {log (T+ 18*71)—-88034} —-31381. 


30 250 3914 | -3919 + 0005 
20 260 3499 3435 | + 0013 
15 265 3108 ^ -3144 + -0028 
10 270 2699 2805 + 0113 
6 214 235; | 9489 | + 0232 | 
(5) 


log è = log{log (T+ 5°20)— 3670} —- 4804. 


40 240 4313 -4261 — -0052 
30 250 3914 3904 — 0010 
20 200 3429 3499 \ 
15 265 3106 ‘3105 — -0001 
10 270 -2692 9605 + -0003 
6 274 22957 2257 
3 oTT 1787 1809 + 00229 
1 219 -1288 | :1407 | + 0119 
(6) 


log à = log{log(T + -0727)—2-8615} —-9590. 


6 274 | 2287 2113 — 0144 


——— | [—7————|————M—————— 
3 277 u787 787 
1 219 "1228 1285 — *0003 
0 280 0 0 


————— A 


Molecular Interaction in the Liquid State. 215 


Formula. 
(1) 66:30e8358 =T + 1000°1. (4) 7:591e*7435 —'T + 18:71. 
(2) 25:03e* 355 = =T+77°31. (5) 2:32869 9615 =T +4 5-20. 


(3) 18:200*9555 =T + 52-93. (6) :0727620915 —'T + 0727. 


TABLE II. 
Ethyl acetate. 
(1) 


log ò = log {log (T+ 459:65) — 2°37501} —1:71189. 


T. t. é exp. ò calc. Diff. L. 
250-1 0 9243 9243 
240-1 10 9125 9123 — 0002 
230-1 20 9002 -9003 ---0001 
290-1 30 -8880 -BRRÜ 
910-1 40 -8754 -8754 
2:01 50 -8624 ‘8627 +0003 
190-1 60 2490 8498 +0008 
180-1 70 8350 -8367 4-0017 
170-1 80 8210 8234 40024 
(2) 


log à = log {log (T + 228:31)—1-87511] — 1-881069. 


250-1 0 9243 9253 +0010 
240-1 10 ‘9125 9133 +0008 
230-1 20 9002 9010 +0008 
220:1 30 S880 ‘8884 4-:0004 
2101 40 ‘8754 ‘8756 +0002 
200-1 50 | 8624 ‘8624 
190-1 60 8490 FARO —0001 |! 
1801 70 8350 'R352 +0002 
1701 80 ‘8210 8210 

1601 90 8065 ‘BUG5 ) 
1501 100 7910 7916 —-0006 
140-1 110 T151 7763 4-:0010 
130-1 120 | 7580 7607 +0027 
1201 130 | 7402 "1445 4-:0043 

T 2 
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TABLE II. (continued). 


(3) 


. log è= log (log(T +62: ae I -302114 — 11289. 


T t | ô exp L ò calc Diff | L 

200-1 50 -8624 -8618 — 0006 

1901 60 RAOQ ‘8487 —-0003 

1801 70 ‘8350 352 +-0002 

1701 80 8210; 821] +0001 

1601 90 8065 -8065 

1501 100 -7910 7910 

1401 110 4151 7750 —-0001 

130-1 120 F580 A520 

1201 130 1402 7402 

110°] 140 7213 7213 j 

100-1 150 7003 014 40011 

90-1 160 6775 6802 4:0027 

80:1 170 “( 6531 6575 4-:0044 

70:1 180 ‘6263 6332 +0067 

(4) 
log è = log {log (T+37-64)— 112678} — 10002. 
| MEN 

1401 110 7770 +0019 

1301 eG 7595 40015 

120-1 402 4410 +0008 

110-1 140 4913 | 7213 l 
a ee d, ee a | | 

100-1 150 7008 7003 | 

90-1 160 (6775 6776 +0001 

80-1 170 6531 6531 

70:1 180 6205 6265 ) 

60-1 190 5966 -5972 ---0006 

50-1 200 5630 5648 +0018 

401 210 5231 284 40052 


301 220 4797 "4871 40114 
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TABLE II. (continued). 
(5) 
log à = log {log (T + 12-80) — 7329) —-2773 


Ò exp. | ô calc. | Diff. | L. 


T. | " 

^ 901 160 6775 ^ 6750 0019 | 
801 170 | 6531 6522 —Q0009 
70:1 180  .  -:6205 6266 4-:0001 | 
60-1 190 | -5966 -5966 | 
50-1 900 5630 "5B —-0002 | | 
40:1 210 | 5231 | 5231 | 
30-1 990  ' 4757 ^ 100 ^  —0007 | 
2071 230 41500 | 4142 —Q008 | 
101 240 32319, 73311 | +0032 | 


(6) 


log à = log flog (T -- 5:60) —-3915} —:3898. 


40:1 210 5231 5170 —:00861 
301 220 4197 "4733 — 0024 
90:1 230 4150 | — ^40 
101 240 3279 | 32:9 
51 246 5599. 72599 | 
3'1, 247 2199 | -2234 4-:0035 
1l 249 ‘ool | W771 4-:0220 


(7) 
log à = log (log (T+ 120)— 10792] —:8127. 


10:1 240 '0279 29071 — 0308 
5-1 245 2599 "29599 —'0077 
gl 247 "2199 "2199 ] 
11 249 20 "155l :1550 — ‘0001 
0 25011 [ 0 0 f 
Formule: 


(1) 237197199 —T.-459:65. | (5) 540061999 — T+ 12-80, 
(2) 94430796 — T4 -229:31. | (6) 2-463e8 61% = T 5:60. 
(3) 20-0542999 — T 4 62:72. (T) 12061498 = T 4-120. 
(4) 1339232557 37:04. 
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TABLE III. 
Propyl alcohol. 


(1) 


log è= log {log (T— 99-60) —2-96080) — 39920. 


T. | t. ò exp. | cale. | Diff. 
263-7 0 8193 8179 | —:0014 
2537 10 :8110 8110 
243-7 20 8034 8037 4-:0003 
33377 30 4959 1059 
993-7 40 ARTS 7874 —-0001 
213-7 50 7782 7182 
203-7 60 7696 7574 — 0122 
193 70 7604 7449 — 0155 
183-7 80 A510 7310 —:0200 
1737 90 7409 7152 — 0247 

(2) 


logo dog og pe: 1:30)—-:43840] — 38505. 


| 


1137 150 6634 `  “G64d4 +°'0010 


243-7 a) “R034 soe | 8019 MM ‘0015 

233-7 30 (059 5043 | —':0016 

22347 40 4873 | 7865 = | = 0008 
213-7 50 |  TT82 E 7782 w 

203°7 60 EM 1G “7696 

193-7 10 “7604 7605 --:0001 : 

183:7 RO 4510 i 7510 | 

1737 90 "7409 410 +0001 

163°7 100 7302) T7309 

1537 110 "IRS i CT]885 

143:7 120 "4060 | °7067 +0001 

1337 130 6034 6937 +0003 

1237 140 6704 6796 4-:0002 
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TABLE III. (continued.) 
(3) 


log ò = log {log (T — 47-40) — 1-2893] —-5817. 


T. t. ! à exp. | é calc. | Diff. | L. 
163-7 100 7302 4975 | | —-0097 
153:7 110 7188 A471 —:0017 
143-7 120 "7066 060 — 0006 
133-7 130 6934 6934 
1257 140 ‘6794 6794 
1137 150 6634 6634 
1077 | 160 (402 | -GHO |  —0013 
93-7 170 6973 | -6226 — -0047 
837 180 6060 '5948 —':0112 
(4) 
log à = log {log(T + 34-30) — 1:0763] — +2157. 
123-7 | 140 6794 6230 40086. | 
1137 150 6634 6657 4-:0023 
1037 , 160 6462 6473 +0011 | 
937 | 170 6273 ‘6273 | 
831 180 ‘6060 6059 — 0001 
1371 | 190 6528 ‘9825 —'0003 
637 200 6567 5568 +0001 
537 210 027 HR +:0010 
43°7 | 220 492 4965 --:0036 
(5) 


log à = log {log (T + 12:33) — 7126] —:3225. 


1377 190 -5828 -5806 —-0092 
63-7 ' 200 5567 5581 —-QUI6 

537 | 210 5273 5269 — ooo ! 
437 | 920 4939 | 4929 | 
337 230 4596 4523 —0003 | 
23-7 | 940 4016 4017 40001 | | 
137 250 3345 3345 | 


! —"eó oo 


3:7 | 260 | 2295 2348 +0053 | 
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TABLE III. (continued). 
(6) Figures not available. 


Formule. 
(1) :09137691625 —'T — 99:60. | (4) 11:90237875 = T -- 34-30. 
(2) 2744695885 =T — 1-30. (5) 5:160c*8595 — T 4 12:33. 
(3) 104769 7886 =T — 47:40. (6) AeS=T+A, 


A look at these equations, as well as at the above tables, 
indicates that these kinks are general for all regions. 
Although in some individual cases the figures may be 
doubtful, I think the number of cases where there can be 
no doubt at all is sufficiently large to allow us to regard the 
fact as established. 

It should be added that I have had experience with a large 
number of liquids, using figures of different authors, and 
everywhere the result is the same. 

I shall now proceed to show that the 8; and 8, curves are 
discontinuous as well. This is not so easy to show, because 
in this case the discontinuity is not quite so pronounced as in 
the case of 6 curves. 

However, it can be shown by the following method :— 


To solve the equation 
ios = 2) 
dus E 


Bok e E) 

for 8, and 6, respectively it is necessary to have another 

equation connecting the above quantities with the T. To 

this end, advantage can be taken of the Cailletet- Mathias law 

of rectilinear diameter in the cases where this law is valid. 
According to this law 


ôte Tc 
"fo Se e de ar aot O) 


a 


é= §,—5,= 


where a and b are constants, 7. e. it is a rectilinear function 
of temperature. 
Or using for the sake of simplicity the symbol A for 
6,— D 
9 ? 
inn PET 


a 


The question is whether this law is general and accurate 
enough. A more close examination shows that probably it 
is not. But for the purposes of this investigation it can 
easily be assumed that a aud b remain constant within a 
given portion of the curve for which A, B, and X are 
constant. I thus assume that a and b also undergo sudden 
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changes from time to time, although their change is minute 
compared with the corresponding change in A, B, and X. 

Thus for a given interval 6; and ô» can be evaluated from 
the equations (2) and (3) or (4) : 


T4 B 
log (=i , 
6;= A443 EC 
[AT —BiBX 6) 
T4 B 
TES «Cx (0) 
? 7 4343 X 


The two expressions differ only in so far as the logarithmie 
term containing A, D, and X comes in with the opposite 
sign. As these constants undergo sudden changes at regular 
intervals, the discontinuity of both eurves is thereby accounted 
for. 

In the expression ô+ 6, the discontinuity is substantially 
coinpensated, at least the part of it due to the change in the 
constants A, D, and A, because the logarithmic term 
disappears. 

On the other hand, in the expression 0; — ê, the two halves 
of the logarithmic expression add up, and the discontinuity 
is of a much more pronounced character. 

For example, I calculated A+46, which is the accurate 
expression for 6; and 6, respectively, for two different 
intervals of temperature, using the following expressions : 


For 220—170 T 
T+594-91 log (T+ 77°31) — 1139840 
21977 3 1:455406 
and for 160—110 T 


T-- 602-35 , , log (T-- 52:93) — 1:25988) (8) 
22233 5*5 — soit 


The results are given in Table IV. 

By prolonging the calculations by the above formulie, one 
can also observe a systematic deviation. ln cases represented 
in Tables 1., IL, and III. the differences are magnified 
owing to the addition of two effects, i. e. of two logarithmic 
terms. 

In the curves ô and 8; the same deviations ought to be 
about half as big, if the effect were due to the half-logarithmic 
term with constants A, D, and X only. 

It appears, however, that there is also a small change in 
constants a and b ; at least it seems to be so in the case of 
hexamethylene. 


I+ 


„= (7) 


I+ 
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TABLE IV. 


T. à exp. | Acale. | 4d calc. | 6; exp. | ò calc. | 6, exp. | 6, calc. 


220 ‘3708 “3708 3692 "1400 "400 0016 0016 
210 “3664 3663 3642 "7306 "7305 0022 *0021 
200 "3617 S617 ‘835885! "1205 "7 206 '0029 0028 
190 "3572 "3571 3534 | "(106 "1105 0038 0037 


180 "3526 3526 39177 "7003 "71003 "0049 "0049 
170 "3481 “3480 34175 6893 6898 0063 0062 


160 | 3435 ' :3435 | :33555! -6791 | :67905] -00796) -00795 
150 | :3390 ' -3390 | °32905: -6680 | -:66805| -00995| -00995 
140 | :3344 3345 | :392] | 6505 | -6566 | -:01227| 01210 


130 | -3209 | -3300 | ‘31485! :6448 | -64485! 01505) -01515 
3954 | -3255 | "30715 -6325 | -:63265| -01918| 01835 
110 | -3210 | -3210 | -29905' -6200 | -62005| -02193| -02195 


The above relations assume the validity of Mathias-Cail- 
letet's law. In cases when it is not valid, it is sometimes 
possible to see the discontinuity of the ô; and 6, curves 
simply by drawing the curves on a sufficiently large scale: 
for example, for propyl alcohol the law of rectilinear diameter 
does not hold true. However, the discontinuity of the 
densities is so sharp in the region between 60? and 50° C. 
that it cannot remain unnoticed. 


Latent Heats of Evaporation. 


The discontinuous character of the mechanism of disaggre- 
gation of liquids is particularly well demonstrated by the 
latent heats of evaporation (L). 

Plotting the L's against the temperature T, one can see 
that the curve consists of curved portions intersecting with 
each other within the same ranges of temperature as in the 
5 curves. The bits of the curve are generally strongly 
curved at higher temperatures, especially near the critical 
point. Although the work near the critical point may be 
diffieult, and involve considerable experimental errors, the 
angle at which the curves intersect with one another is such 
that the existence of the kinks is beyond any doubt. 

The variation of L with temperature can be expressed 
fairly well by the expression of tlie same type as (1), viz. 

Ces. —T +D, 
where C, u, and D are constants for the given interval of 
the curve. 

At lower temperatures the curves often flatten out, and 
sometimes begin to approach a straight line. 


In the following table the results are given for propyl 
alcohol. 
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TABLE V. 


Propyl alcohol. 


L Curves. 
(2) 


log L = log (log (T — 62-70) —:5785 —3:9393. 
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T. t. L exp L calc. Diff. 
183:7 RO 173 173 
173°7 90 169 1687 —03 
163:7 100 164 164 
15037 110 159 1588 —0:2 
1437 120 153 153 | 
| 
(3) 


log L = log {log (T —100:2)— £5659} —2°5281. 


| | 
1337 100 | 137 (MT 
123-7 140 lt | 4 
1137 150 1353 | 1353 
(4) 


log L = log {log (T 4-156:05)—2:0601 ) — 3:4390. 


| 129 


103-7 160 129 
03:7 170 122-8 1224 -01 

837 180 116:3 116:3 

73-7 190 109-6 109:6 

637 200 102-2 102:5 +0°3 

(5) 
log L = log | (log T 4-58:04) — 1:6353} — $6401. | 

537 210 94:5 94-56 -- 0:06 | 
43-7 220 8:3 8575 —005 | 
337 230 15:0 74:97 —003 | 
23-7 240 63-4 63:46 +006 | 
137 250 00:6 50-50 — 0:10 


Formule : 


(2) 3-789¢%07L—T— 6270. 
(3) "00037607791 =T — 100-2, 


(4) 114-2669. T 4 155:04, 
(5) 4d 22,9099L 5 T.L 58-04. 
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Surface Tensions. 


The discontinuity is still more pronounced if the 6’s are 
plotted against the surface tensions; but nothing more 
definite can be said about it until the true law connecting 
the surface tensious and the densities is known. 

Apart from the above, I have also come to the conclusion 
that the surface tensions plotted against the temperature 
show also signs of discontinuity. Although at first sight it 
appears to be a linear function of temperature, a more close 
examination shows that this is not the case at all. Froma 
logarithmic plot it may appear that an expression may hold 
true of the type— 


a= (KT),, 


where « is the surface tension and & and n constants. 

However, the examination of errors makes me believe that 
such a law can be only regarded as a rough approximation, 
and it certainly is not the true law. 

I have come to the conclusion that an accurate law can 
only be found for a limited part of the curve. The experi- 
mental data show that also in this case the law can be 
expressed by means of an exponential formula. If we plot 
the surface tensions (æ) as abscisse, and the temperatures (T) 
as ordinates, the relation will be of the form 


a4-B-AeM, 


Thus for ethyl acetate in the interval of temperatures 
150:1—110'1T the above formula acquires the form 


&4-233:622 33:192 9T. 
and in the interval 100:1 —70:1T 
at 21°32 = 30:934 OST, 


The figures for the above expressions are taken from the 
work of Ramsay and Shields (Phil. Trans. clxxxiv. I, p. 647, 
1893). They indicate the presence of kinks in the same 
interval of temperatures as other properties do. They also 
indicate that near the critical point the surface tension will 
follow very closely the vertical axis, i. e. the increase of « 
with temperature will be only minute at first. 


Viscosities. 
It is generally assumed that the association of liquids 
must be intimately connected with their viscosities. It is 
therefore probable that if the association takes place in stages, 
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as indicated above, the viscosity-temperature curve will be 
also discontinuous. The existing data, although not very 
complete, throw enough light on the subject to make it 
clear that such is actually the case. Fig. 2 represents 
a ô curve, together with a corresponding viscosity curve 
(9 curve) plotted against temperatures T (vertical axis 


Fig. 2. 


BERR Ae 
Tt i | td} | AT 

ptt ttt la Yl 
"LLLLLIEA LL. 
| a de 


common to both curves) for n-octane. The viscosities 
(n x 10*) are plotted on the upper horizontal axis. On the 
lower axis the values of 6 are plotted. The values of 6 are 
taken from Sydney Young (loc. cit.) and the viscosities from 
the Landolt-Bornstein Tables. The figure shows that both 
curves are discontinuous, and the kinks on both curves 
correspond to more or less the same intervals of temperature. 
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lt can also be observed from fig. 2 that the form of law 
will be the same as for surface tensions, viz. 


9) - C2 Det, 


In fig. 2 the viscosities of a liquid were plotted against the 
temperature. More strictly one ought to plot 


7) — 4 — Nv, 
where n; is the viscosity of the liquid and y, that of its 
vapour. However, at low temperatures m, is small, and 7; can 
be readily used as a good approximation for 7. One can 
thus find that the law is of the form as indicated. 


Conclusion. 


The view that liquids contain more than one kind of 
molecules is not novel. Such a view lias already been ex- 
pressed in a paper by C. Drucker *, and also in the works 
of A. Smits t, although the latter author chiefly deals with 
such substances as sulphur and phosphorus, which liquids 
may not be regarded as typical (see also Cohen f and others). 

This paper is intended to demonstrate the discontinuity 
of certain properties of liquids—viz., of the densities of the 
vapour, the densities of the liquid, of the latent heats of 
evaporation, the surface tensions, and viscosities. 

The observation of the results tabulated in the accom- 
panying tables shows that the mechanism of disintegration 
of the liquids proceeds always according to a definite and 
general law. In this sense there is no difference in the 
behaviour of the so-called “associated”? and “ normal” 
liquids. However, the examination of the constants of the 
exponential equations reveals some peculiarity in the case of 
an “associated " liquid, propyl alcohol. Whereas in the case 
of ethyl acetate and hexamethylene the numerical values of 
the constants vary in a certain more or less regular manner 
(for example, the constant B increases as we proceed from 
the critical point, and the constant X on the contrary 
diminishes), their variation is most peculiar in the case of 
propyl alcohol. So the constant B increases at first as in the 
case of “normal” liquids, and then even changes sign. 
Also the constants X and A show a peculiar behaviour. 

It is noteworthy that the equations for the latent heat of 
evaporation (L) are not only of the same form, but they show 


æ Zeit, Phys. Ch. lxviii. p. 616 (1909). 
T Zeit. Phys. Ch. lxxvi, p. 421 (1911); lxxvii. p. 367 (1911). 
I See numerous papers in Zeit. Phys. Ch. and elsewhere. 
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the same peculiarities, viz. the constants B also increase at 
first, change sign, and so on. 

Thus it looks as if L was intimately related to 8. Both 
properties are discontinuous and show kinks in the same 
places, and they both become =0 at the critical point. All 
this can receive a reasonable explanation if the association 
of molecules takes place according to the law of multiple 
proportion. It would then be quite natural to expect a more 
radical change near the critical point. For example, if a 
change 


Ai+ Ay "mue 
is taking place, and is succeeded by a change, say 
Ag+ Ay x As 


the kinks will be well pronounced. On the other hand, in a 
change, say 
Aj tA; Arn, 


the addition of A, to an already complicated molecule will 
produce an effect which may be hardly noticeable at all. 

The examples worked out in this paper indicate on the 
whole that such is actually the case, and the kinks, being 
well pronounced near the critical point, become less and less 
noticeable at lower temperatures (see fig. 1). lt can be seen 
that the increase of 6 per change diminishes as we proceed 
from the critical point, viz. its values are °25, °2U0, °15, 
*10, ete. 

However, in some cases at low temperatures the kinks 
may become of such a nature as to indicate a deeper 
change. 

In this paper I regard the vapour as the dissociation 
product, and in the above schemes it figures as one of the 
reacting bodies. Such a view accounts for the discontinuity 
of the density of the vapour. 

However, at lower temperatures the vapour becomes 
negligible, and yet the 6 curve may sometimes indicate a 
substantial change. 

(‘onsiderations of that kind make me believe that at lower 
temperatures some other change may take place. For 
example, it seems natural to conclude that only the first three 
changes from the critical point in the case of propyl alcohol 
proceed * normaliy," as I may call it. The other three 
changes suggest something different, and particularly the 
last one (numbered (1) in the tables). In the latter case 
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a more substantial change suggests itself. For example, 


Art Arnen LL An 


< 
or something of that kind. 

The fact that in the latter case the curve can be expressed 
by a formula of the same form as above makes me believe 
that in this case also a chemical change must be at the bottom 
of it. 

Apart from the scheme just indicated, I can also think of 
such a change as will consist in an intermolecular re-grouping, 
in which case the form of the ô curve may remain substantially 
the same. 

However, I can quite believe that in the vicinity of the 
melting-point the above relations may cease to hold true, 
Such is, for example, the case with water at about 4° C. 

The explanation of this case can be found in Tyndall’s 
work, * Heat a Mode of Motion,’ 1908, p. 108, where a 
model is given explaining the behaviour of water at about 
4°C. In such a case the molecules are assumed to be in such 
a proximity to one another that the friction becomes an 
important factor in accounting for the above phenomenon. 

It was mentioned in the Introduction that there is some 
evidence of association in the liquid state (Sir Wm. Bragg, 
C. V. Raman), suggesting that near the melting-point the 
molecular unit consists of 2, 3, 4, or more molecules. 

On the other hand, in a gaseous state tho molecular weight 
is known to correspond to a simple molecule (at least in 
cases dealt with in this paper). 

The question arises, where does the association take place ? 
It is highly improbable that it should take place directly 
below the critical point, or that it should take place suddenly 
somewhere else between the critical point and the melting- 
point. 

However, the facts set out in this paper suggest that it 
takes place in several stages, and I do not think the kinks 
here described can have any other interpretation than 
that it takes place in accordance with the law of multiple 
proportions. 

Summary. 


1. In this paper evidence has been collected to show 
that the temperature changes in the liquid state take place in 
a discontinuous manner. 

2. Four properties have been investigated in this paper— 
viz. densities, latent heats of evaporation, surface tensions, 
and viscosities. 
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3. They all show kinks at the same temperatures. 

4. The densities (ô) and latent heats of evaporation (L) 
vary with temperature according to a definite exponential 
law which is general for both normal and associated liquids 
and practically for all ranges of temperature, viz. 


AcézT4-DB and CH#t=T+ D, 


where T is the temperature reckoned from the critical point. 
These formule are valid for an interval between two kinks 
with given constants. For each interval the constants are 
different, but the form of law remains the same. The curve, 
plotted as in fig. 1, is convex towards the horizontal axis. 

5. The suface tensions (æ) and viscosities (7) similarly 
follow a simple and also an exponential law, viz. 


a+B=Ae? and 7+C=Der?. 


Both expressions are such that not the properties (a, 7) but 
T is in the exponential. The curve is concave towards the 
horizontal axis. 

6. The above evidence indicates that the discontinuity is 
an intrinsic property of liquids, and is interpreted as an 
indication of definite molecular changes in given intervals 
of temperature. 


XXIX. The Atomic Structure Factor in the Intensity of 
Reflexion of X-Rays by Crystals. By D. R. HanTREE, 
M.A., Fellow of St. John’s College, Cambridge *. 


$1. Zutroduction. 


IL E intensity of reflexion of X-rays by a erystal depends 

on several variables, one of which is the nature of the 

atoms composing it ; the effect of this variable 1s represented 
in the formula for the intensity of reflexion T. by the intro- 
duction of the number F for each atom, which represents 
the ratio of the amplitude of the wave scattered by this atom 
to the amplitude of the wave scattered by an electron. 
Adopting the classical theory, which at least gives results 


* (‘communicated by Prof. W. L. Bragg, F.R.S. 

T See W. H. and W. L. Bragg, * X-Rays and Crystal Structure,’ 4th 
edition, p. 203 et seqq., where references to the original theoretical work 
of C. G. Darwin and A. H. Compton are given. See also W. L. Bragg, 
R. W. James, and C. H. Bosanquet, Phil. Mag. xli. p. 209; xlii. p. 1 
(1921); xliv. p. 433 (1922). 


Phil. Mag. S. 6. Vol. 50. No. 295. July 1925. U 
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of the right order of magnitude *, it is clear that F must 
depend not only on the atom, but also on the angle of 
scattering, i.e. on the glancing angle, and on the wave- 
length of the incident radiation ; for, if the wavelets scattered 
by all the electrons were in phase, F would be equalto the 
number of electrons concerned in the scattering, but if the 
differences of phase between the wavelets scattered by 
different electrons were appreciable, the amplitude of the 
wave scattered by the atom as a whole would be less than it 
would be if the wavelets were in phase, so that F is less than 
the number of electrons concerned in the scattering ; these 
phase differences vary, and so F varies, with the glancing 
angle and wave-length. ; 

The dependence of F on glancing angle and wave-length 
depends on the dimensions of the atomic orbits, and on the 
distribution of electrons in them. Approximate dimensions 
of the core orbits of some atoms can be found from the results 
of a numerical analysis of the terms of the optical and X-ray 
spectra, and the dimensions of orbits of other atoms inter- 
polated from them, so that it is possible to caleulate approxi- 
mate values of F as a function of the glancing angle for 
any atom ; these values can be represented by a graph which 
may be called an * F-curve." These F-curves may be of 
value in the analysis of crystal structure by X-rays, as will 
be explained shortly ; the object of this paper is to give data 
from which the approximate F-curve for any ion may be 
constructed very simply, and to give F-curves for some 
interesting ions. 

The importance of F-curves for the X-ray analysis of 
crystal structure can be explained shortly as follows. 

For the simplest crystal structures (e.g. the elements 
erystallizing in the cubic system, or salts of the NaCl type), 
in which the positions of all atoms are given by considerations 
of symmetry once the general scheme or space group of the 
arrangement is known from X-ray results, the analysis does 
not depend on the F-curves for the atoms of the crystal; and 
for structures in which the positions of most of the atoms 
can be determined from considerations of symmetry alone, 
but which involve one parameter (e.g. the calcite series), or 
perhaps two, the values of these parameters can often be 
determined very closely from the abnormally low or high 
intensities of a few orders of reflexion from a small number 
of faces, without reference to the relative Scattering. powers 
of different atoms. But for more complicated structures, in 


* Cf. W. L. Bragg, R. W. James, and C. H. Bosanquet, loc. cit. (3rd 
paper, p. 446). 
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which the positions of few or none of the atoms are given by 
considerations of symmetry and the number of parameters is 
large, it becomes necessary to make more use of the inten- 
sities of reflexion of ditferent orders and from different faces, 
and in order to do this fully it is necessary to know some- 
thing about the relative amplitudes of the waves scattered 
by different atoms at different glancing angles *. 

Though the method of calculating F-curves given in this 
paper involves someapproximation and doubtful assumptions, 
it is hoped that the results obtained may form a better basis 
for X-ray analysis than the assumption usually, if not always, 
made hitherto, that the amplitude of the wave scattered by 
an atom is proportional to its atomic number. 


§ 2. General Theory of the- Method. 


It will be assumed that, for the purpose of calculating the 
intensity of reflexion from a crystal as a whole, the total 
effect of all the atoms of one kind, situated at corresponding 
points of different elementary cells of the space-lattice, can 
be treated as if each atom consisted of a spherically sym- 
metrical distribution of scattering material f. 

For reflexion of X-rays of wave-length X at glancing 
angle 8, the contribution to the value of F from an electron 
in a circular core orbit f of radius r is £^! sin £, where 


E-c(AmrsinB)A. . . . . . (21) 


If the electron in a non-circular core orbit spends a fraction 
df of a radial period between radii r and r -- dr, the contri- 


bution from this orbit to F is $e E df, so that the total 


value of F is 
= z f Etsin g df o a w 5. (22) 


tho summation being taken over all core orbits. 

Thus if dfidr is known as a function of r for the core 
orbits of an atom, F can be calculated. For approximate 
evaluation of F the work can be much simplified ; the results 


æ A further discussion and illustration of the use of F-curves in 
crystal analysis is given in a note by Prof. W. L. Bragg accompanying 
this paper. 

t For a further discussion of this assumption, see a previous paper by 
the present writer, Phil. Mag. xlvi. p. 1091 (1923), especially § 4. 

t See Bragg, James, and Dosanquet, loc, cit. (8rd paper, p. 439), and 
D. R. Hartree, Phil. Mag. (loc. ut 2). 
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of numerical calculation of core orbits show that the progress 
of time in all non-circular core orbits is very similar ; more 
precisely, the fraction of a radial period which an electron 
spends between any given fractions of tlie maximum radius 
of the orbit is very nearly the same for all such orbits, so 
that if ry is the maximum radius and r/ry— r', df/dr' is very 
nearly the same function of 7 for them all (see $3). I£ 
we neglect the small differences of df'dr' as a function of 7' 
for different orbits, and write 


£j = (Amrsing)A, . . . . (23) 


we can write the contribution to F from a non-eireular orbit 
as 


, 

C, (E) = meo i e > œ (2:4) 

Eom dr 

a function of & only, i. e. a function of the maximum radius 
ro only, for a given value of (sin 8)/A. Thus if C,(&) is 
evaluated once for all by integration for some values of £,, 
and interpolation for other values, and tabulated, then for 
any partieular non-cireular orbit of a partieular atom it is 
only necessary to know the maximum radius 79 and to 
evaluate £y and look up (5(£) from the table; it is not 


necessary to carry out the integration $ E !sin£ df for each 


separate orbit at each glancing angle. The saving of 
numerical work hereby is very considerable. 

Certainly on account of the different ratios of minimum 
radius to maximum radius of different orbits, the values of 
df/di! for ditferent orbits differ most for small values of 7’, 
for which the value of £71 sin £ is greatest, but the fraction 
of a radial period spent in this part of the orbit is always 
small, and numerical investigation shows that the error 
involved in assuming the same (df/dr' »') curve for all orbits 
is not serious. 

It, corresponding to the contribution C,(£j)) to F from a 
non-circular orbit, we write the contribution from a circular 


orbit (for which E= £j), 
CEN E  wafs we a we ww (29) 
then (2:2) becomes 
F = X,C,(£y) + 2C2(E,), 05. (26) 


suffixes 1 and 2 referring to circular and non-circular orbits 
respectively, 
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$3. Numerical Data on Dimensions of Core Orbits. 


By numerical analysis of the terms of the optical and 
X-ray spectra, it is possible to obtain a rough idea of the 
field of an atom, and from this field the dimensions of and 
progress of time in the core orbit can be calculated. The 
general lines of this analysis and preliminary results for 
Na, K, and Ca* have been given by the writer in an earlier 
paper*: the numerical work has since been revised, and 
similar work carried out for Cl7 (roughly), Cu, Rb, Cs, and 
Tl. The results must be considered as still subject to 
revision, but so long as the general ideas on which this work 
is based are retained, it does not seem probable that any 
modifications will seriously affect the calculated dimensions 
of the core orbits, which are the quantities required for the 
purposes of this paper. 

There are two main results of this calculation of core 
orbits :— 


(a) The determination of d/7dr' as a function of +’ for non- 
circular orbits. 


(b) The values of the maximum radii of the different core 
orbits. 


The first is only concerned with relative times and dimen- 
sions of different orbits, the second with absolute values of 
the dimensions. 

The great similarity of the (uf/d»', 1”) curves for different 
non-circular core orbits is shown by fig. 1, in which points 
on the curves for various orbits of various atoms are plotted 
(the diagram would be too confused if the whole curve for 
each orbit were drawn). The curve drawn is an average 
one f, which has been used in the evaluation of the function 

" 

As to the actual dimensions of orbits of the core elec- 
trons, one result of the numerical analysis is that the 
maximum radii of all non-circular core orbits with the same 


* D. R. Hartree, Proc. Camb. Phil. Soc. xxi. p. 625 (1025). 

t The curve for any actual orbit has a vertical asymptote at the 
minimum value of 7’, which is diflerent for different orbits; the average 
curve has been drawn to stop at 7 =0:05, without a vertical asymptote. 
The curves for the actual orbits differ little for »' 20:2, and the maximum 
fraction of a radial period spent within this radius 15 about 0-06; this is 
also the maximum possible error in C, due to the assumption that (d//dr^) 
is the same function of »' for all core orbits; actually it seems unlikely 
that the error will ever be greater than 0:03. 
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principal quantum number » are very nearly the same *. 
This again shortens the numerical work of calculating F for 
any given atom, since—taken in conjunction with the result 
that the contribution to F from a non-circular orbit is a 
function of the maximum radius of the orbit only—it means 
that all non-circular core orbits with the same value of n 
can be treated as equivalent, so far as their contributions to 
F are concerned ; it is not necessary to consider orbits with 
different values of k separately. This is not exact, but the 
error 1s less than the probable error of determination of 
the maximum radii of the separate core orbits from the 


numerical analysis. 
Fig. 1. 


Showing similar progress of time in all non-circular core orbits. 


5 
© T!2, 
Pond ‘a C T! 4, 
Values wer dur sns. T 
me erbits v TI 52 | 
ae ot ee CTI 5j 
GE DNE » Rb 2, ate 


20 + Rb 3: ; af 
Ld 


The vertical lines in Seale A show the positions of the vertical 
at the minimum radii of the various orbits. 


df —fraction of a radial period spent between fractions r' and 
L . 
r -Fdr' of the maximum radius r,. 


df is plotted against »' for various core orbits of various 
J . 
di atoms, and a mean curve is drawn. 


A we " 
For different atoms, it seems probable that rz, the radius 
of the circular -quantum core orbit, should vary with 


* For example, for Tl the calculated maximum radii of the 4i, 45, and 
4, core orbits are 0:50, 0:53, and 0:52 times the radius of the l, orbit 
of hydrogen; the differences between these values are less than the 
amounts by which they may be in error. It may perhaps be mentioned 
that the calculations for different values of kare carried out almost 
entirely independently of one another, 
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atomic number N approximately according to the relation * 
Tk (N—wyj = const., P P . . (3:1) 
where y, is independent of N, so that 1/r; should be linear 
in the atomic number N ; and it might be expected that a 
similar relation would hold for the maximum radius of the 
non-circular orbit with given quantum numbers ng, except 
perhaps in that part of the periodic table where the group of 
principal number n is being built up—more strictly, where 


the number of electrons in the group of principal quantum 
number n varies with the atomic number. 


Fig. 2. 


Showing relation between maximum radii of core orbits and 
atomic number. 


r, maximum radius of orbit as multiple of radius of 1, orbit of H atom. 
Calculated values of J/p, plotted against atomic number N. 


Writing a for the radius of the 1, orbit of the H atom 
(0:532 A.U.), and r=ap, the calculated values of 1/p for the 
radii of the circular core orbits and the maximum radii of 
the non-circular core orbits, of all atoms for which a 
numerical analysis of the spectra have been made by the 
writer, are plotted against the atomic number N in fig. 2. 


g. 
* See D, R. Hartree, Proc. Roy. Soc. cvi. p. 552 (1924). 
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The agreement with the theoretical relation is most satis- 
factory, considering the approximate nature of the analysis 
and the fact that the calculations for the different atoms are 
quite independent of one another. This agreement suggests 
that it is probably fairly safe to use the straight lines given 
in the diagram in order to interpolate the radii of core orbits 
of the atoms for which calculations have not yet been made. 


§ 4. Calculation of F-Curves. 


The numerical data considered in the previous section will 
now be given in the form most convenient for the calculation 
of F-curves. 


TABLE I. 


Values of C,(E,) for contributions to F from 
Circular Orbits. 


E = (dmn, sin 8).À. B = glancing angle, 


Ci(£) = £^! sin £,. = half angle of scattering. 


Hf 'Ü :] 9 3 d 5 6 “7 8 :S 


0 LOO 100 099 O08 007 096 094 092 090 087 
1| 0841 O81 O78 O74 070 O66 002 058 054 0°50 
2| O45 041 O87 032 0238 024 (020 O16 012 008 
3} (05 O01 —002 —005 —008 —0:10 —012 —014 —016 —018 
4 |—019 —020 —021 —021 —0:22 —022 -022 —-021 —021 —020 
5|—0:19 —018 —O17 —016 —60:14 -013 —0'11 —010 —008 —0:06 
6 
7 
8 
9 
10 


—005 —0:00 -—O0L 000 002 O03 (005 O06 007 008 
009 O10 O11 012 O12 012 OI 013 O13 013 
012 012 O11 011 O10 000 OO8 O08 007 006 
005 004 0:02 001 000 —O 01 —0:02 —0:038 —004 —0:05 
—(W05 —0:06 —007 —007 —008 —0:08 —009 —0:09 —009 —0:09 


11-009 —0:09 —0:09 —0:08 —0-:08 —0:08 —0:07 —0:07 --0:06. —0°05 
12 -005 —004 —0:00 -002 —0:01 —001 000 00l 002 002 
131 003 004 005 005 006 006 O06 007 007 007 
14; 007 007 OUT OOF OOF 006 008 006 005 005 
15; 004 004 003 003 002 001 001 000 —001 —0901 


16 |-002 —O02 —0U03 —003 —004 —0:04 —005 -005 -U05 —0°06 
17 |-06:06 —0:06 —60:06 —006 —0:06 —0:06 —0:05 —005 -005 —0:05 
18 |—004 —004 —0:08 -003 —0:02 —0:02 —0:0] —0:01] 0:00 0°00 
19] 001 001 002 O02 003 003 001 O04 O04 0041 
20] 005 005 005 005 005 005 005 005 005 004 
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TABLE II. 


Values of C4( £j) for contributions to F from 
Non-circular Orbits. 


Eo = (Amr, sin 8)/A. B — glancing angle, 


j sn ér d , 
Calip = g? NT af dr’. = half angle of scattering. 
> 

gy ‘0 ] 2 ‘3 “4 ES 6 1 8 9 
0; 100 100 090 O99 US 097 O86 095 093 092 
1| 090 O88 O86 O83 O8l O78 075 v72 v69 066 
2| 063 060 O57 Ot OSL O48 O44 O41 O88 035 
3| 032 0290 027 021 O21 019 017 O14 O12 O10 
4 | 008 O06 004 O03 002 oul 000 —U01 —0:02 —0'03 
51—003 —003 —004 —0:04 —0:04 —0:04 —0'04 —004 —0:03 —0:03 
6 |-003 —U02 —003 —0€1 -001 000 000 OVL 002 002 
7| 003 003 004 0014 005 OVS O06 O06 006 006 
8| 007 VOT OOF 007 VOT OUT O00; OOF O07 006 
9|, 006 O06 006 005 O05 O05 004 004 O08 0-03 
10; 003 002 Ov2 002 001 001 O00 000 000 —001 


11 j|—-001 —0:01] —0:01 —001 —UUl —002 —0:02 —002 —002 -0:02 
12 |-001 —001 —0:01 —0:01 —001 —001 —001 O00 000 0:00 
13; 000 Qol 001 ovl OOL OVi 001 002 O02 002 
14, 002 002 6002 O03 003 003 003 003 008 003 
l5; w03 0:02 002 002 002 002 003 002 002 001 
16 

7 


00l 001 OO) OOL UV OOO €00 000 000 0:00 
-00l —0:0] —0:01 —001 —O-OL —6001 —001 —6001 —001 —001 
18|—001 —0:010 —001 —001 —001 —0:01 —0:01 —001 000 000 
19| 000 000 000 000 000 000 001 001 001 OVI 
20 | 0001 001 OVL 002 002 002 002 002 002 002 


First, in Tables I. and II. are tabulated the values of C,(£,) 
and (,(&), the contributions to F from a circular and non- 
circular orbit respectively ; they are given by 


Ci(Eo) = Etsin Eo .... . (23) 


sin £y d 
Gd) = GE aes... Qu) 


In evaluating C,, the function df/dr given by the curve in 
fig. 1 has been used. C, and C5 are tabulated to two decimal 
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places, so the numerical error in F is of the order of 1 per 
cent. of the total number of electrons in the scattering atom ; 
this is less than the possible error due to the approximations 
made in treating df/dr as the same for all non-circular 
core orbits, and in estimating the actual dimensions of the 
orbits. 

If po is the maximum value of p for any orbit (i. e. r9 apo), 
then for reflexion of X-rays of wave-length X at glancing 
angle 8 the argument £, of the function C, or C, giving the 
contribution to F from the orbit is, from (2:3), 


E = (4Tap, sin )/A, 
= (6'68p sin B)/A, . . . . (£1) 


if X is measured in A.U. l 

It will be noticed that in so far as £,, and therefore F, is 
a function of the wave-length X and the glancing angle £, 
it depends only on the value of (sin 8)/A, so that if F is 
plotted as a function of sin 8 for any wave-length, the curve 
for any other wave-length will be found by a simple change 
of scale of sin 8. It would, of course, be possible to plot F 
as a function of (sin 8)/A, but it will probably be found most 
convenient in practice to calculate and plot F as a function 
of sin 9 for some standard X (e.g. Rh or Mo Ka). 

In order to have enough points on the F-curve, it is 
advisable to calculate F for a set of values of sin 8 such that 
successive values of (sin 8)/A do not differ by much more 
than 0-1, if X is measured in A.U. For example, for Rh Ke 
X-rays (&—0:615 A.U.) it is best to calculate F for values 
of sin 8 which are multiples of 0°05 ; if it is only calculated 
for sin 8—0:1, 0:2, 03. ...., the points are too far apart to 
define an F-curve properly. 

The values of pg for the various orbits could be found by 
reading off values of 1/py from fig. 2, but on account of the 
rather small scale of the diagram it is probably more satis- 
factory to use formule deduced by fitting linear relations 
between 1/pọ and N, using a larger scale diagram. If we 
write 


Po = K/(N T y), 


then K and y are functions of the quantum numbers nz; 
values of K and y for the straight lines drawn in fig. 2 are 
given in Table III. For circular orbits in a central field we 
must have K=4?. This has been kept in mind in drawing 
the lines in fig. 2. 
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TABLE III. 


Data for the Approximate Calculation of Maximum 
Radii of Core Orbits. 

Max. radius rj—apo, where a is radius of 1, orbit of 
hydrogen atom. 

po = K/(N—wy), where K and y are approximately the 
same for core orbits of the same quantum numbers in 
different atoms. 

Table gives values of K and y. 


Orbit. K. 
| no 1:0 1:0 
2. ———— áH—GÁ— 10 5:2 
M. EEE Es re 4:0 43 
Quis. o a AE a 17:0 9:5 
e E ESA O 9-0 12:0 
[o D EE 32 20°5 
Bex, ontUxipts amatis cee 16 30 
ON cct 54 33 


The only other question we have to consider is the distri- 
bution of electrons among the different n, orbits ; and since, 
so far as their contribution to F is concerned, all the non- 
circular orbits with the same principal quantum number are 
equivalent to the order of accuracy required, all we need to 
know is the distribution of eleotrons in the circular and non- 
circular orbits. 

Two general arrangements of electrons have been sug- 
gested—one by Bohr*, based chiefly on arguments as to 
symmetry, and concerned with the distribution of electrons 
among groups characterized by the two quantum numbers ng; 
and one recently by Stoner f, from considerations of inner 
quantum numbers and from experimental evidence, in which 
the distribution of electrons among groups characterized by 
the three quantum numbers »,;is considered. The inter- 
pretation of the quantum numbers—especially the inner 
quantum number j—cannot be taken as yet certain, but 
assuming that for both distributions the quantum numbers 
ny can be correlated with the ordinary principal and azimuthal 
quantum numbers of an orbit in a central field, the circular 
orbits are given by n= and the non-circular by nk. 

On this assumption the distribution of electrons between 
the circular and non-circular orbits according to the two 
schemes is given in Table IV. for the inert gases (and ions 
of the alkali metals) and for the ions Cut, Agt, and Aut, 
which represent important stages in the building-up of atoms. 

* N. Bohr, Zeit. f. Phys. ix. p. 1 (1922), or ‘The Theory of Spectra 
and Atomic Constitution,’ Third Essay. 

t E. C. Stoner, Phil. Mag. xlviii. p. 719 (1924). 


300 Mr. D. R. Hartree on the Atomic Structure Factor 


| 
e | at | sr et | o 8p |[92|z | 8 | e 
oa | et at | or 8 | oe] gI 
g er losg |92]|-z | g 
sı | OL 8 yZ] z| 
g | ol 8 93 | 8 
os | aa] & 
e |o9gz| 32 
$ «| 
Z 


9 G F 


| 
'Aeuo]s 03 Sutp1020y | 


8 Fc 9 cl Lá 
8 6 9 Gl F 
8I 9 aI F 

8I 9 cl L4 

8 9 GI p 

9 cl Ld 

8 F 

Ld 


— —Á— — | 1m 


GL ETTI] F eSI $ cI | 6 I I eL | Set! F Sal & cl G 


F g 


og 07 durpioooy 


NAN N 


MO 0M 0n 0 0M 9M 0B 00 a 
231 2A NA 


ec 


— — | — 


'SuoJ) 
-oe|[ 


Iequinwr 


08 
84 
Fe 
OF 
9€ 
86 
8I 
OI 


loud 


6 


Jo 


COQA8 ON 


Uu uy 


Us) "ex 
U4qu y 
e) QD 

et 4) ‘y 
+ UNN 
uy OH 


“NOT 
AQ 


OPE 


"Suo[ pus SULOP V SNOLIV A ul 811q.1() IU[n9.10)-UON pur AVJNOATT) UL SUOTZIO [ST Jo uomMq Lgs 


"AI 38V], 


yd 
e 
eo 
"E 
S LFW 
bac] 
=> ROC 
O LM 
=> 69 
2 0-9 
S" ORG 
S e 
o OF 
À Db 
S 6c 
'2 0I 
© I 
m sl 
> 
=> 020 
* ^ 
S 
A 
S 


0-/$ 88€ 
LIS 6-12 
FFE  O9I 
6-4 0-6 
6-9 G.L 
T-9 8.9 
rG 6.G 
Lb $.d 
9. Lc 
f£ 6-6 
£I 9-1 
8-1 FI 
9.T 9-1 
79:0 09-0 


ouy Fuur 


"UOI 947 ur su0J399[0 JO .requinu er 03 [eribo srej2uv Surouv]3 O19Z 10J Aq 
'ee1u85 eAoqu ai) Zurje[uo[vo ur petunsse UO99q SBY 8JIq.10 9.100 Ut SU01JI9]9 JO uotjuqt3sip 8.190098 


6-0F Lep 
I-65  9FfG 
Lip €6I 
£01 OZI 
6-2 €-8 
GL 0-8 
6-9 8-9 
8.G 69 
L-G 6-9 
DA I-G 
L6 9-6 
0-1 9-0 
LT L-T 
9-0 06-0 


‘DY OW Joy g uis 


'CO'y TL-0=%) shey-x wy OW 210] 
ID e 40 suorjoun.Tq SU sSuoT SIOLIUA 40] A 10J sonJe A PoyepNoley) 


"A IIAV], 


8:9 ROG FFG $880 FE9 189 OTL GEL TLL O82 
ble 606 GCE SFE FLE LOF 84b  L6F 929 O+ 
906 816 966 88 CCF — 8/6 O08 GEE GEE 0-98 
OFT T9 LSI 6-06 ce TE 8° O16 L216 08o 
4-8 r8 G-$ 66. FOL OSI TFT 09I QL OSI 
€S v.8 r8 L8 9-6 GIt Gel 9S1. LT OST 
LL r8 L8 £8 8.8 2.6 S11 StI OLI OST 
8-9 LL 9-8 8-8 L8 L6 LOT LST LOT OSI 
6-9 G-L 0-8 €-8 6-8 £.6 9-6 8.6 6-6 0-01 
6-¢ 6-9 DA 6-2, ¢-8 1-6 0-6 L-6 6-6 0-01 
££ Lr IS 0-9 0-2 0-8 L-8 F-6 8.6 0-0T 
9-0 6-0 S-I FG eg e F9 G8 ¥-6 0-01 
8-1 S-I 6-1 6.T GT 0-6 0-6 0-c 0-6 0-c 

9-0 OFO S£0 08:0 G0 060 SLO OLO S900 00-0 


e+hL 
eee ag 
xni pi 
c-8 
94- 8 
rS 


**"09580680909»49*92929 


*99*:959e6002002250090069599 


***9.e69«702506*99500€9090209 


**5.999920*2009009809026 


euog 


302 Mr. D. R. Hartree on the Atomic Structure Factor 


The differences between the values of F calculated from 
the two distributions are not usually very large ; expressed 
as a fraction of the whole value of F they are most impor- 
tant for the lighter atoms, and particularly for the negative 
ions with the neon structure (e.g. O77). For the numerical 
examples of F-curves given in this paper, Stoner's distri- 
bution will be used unless the contrary is specified. 


§ 5. Some Numerical Results. 


Values of F as a function of the glancing angle 9 for 
Mo Ka radiation, calculated from the data of $ 4, are given 


Fig. 3. 
60 
50 
40 Cs* 
F 
30 
Cut 

20 

ad -2 

s*6 S 

101— L5 2:573 

Q 2 m» 
oO 

o Q-1 0:2 03 0-4 oS 0-6 07 


Sin P for Mo Ka. 


F-curves for various ions. Calculated values of F are plotted against 
the sine of the glancing angle 8 for Mo Ka X-rays. 


for various ions in Table V.*, and F-curves for some of these 
ions are shown in fig. 3. The F-curves show two striking 
features: firstly there is the slow initial decrease of F with 
increasing glancing angle for tlie compact ions (such as Cu*, 
S9), compared with that for the ions of greater size (e. g. Cst, 
O^?); and secondly there is the very small ditlerence 
between the values of F for the same element in different 


* The differences between the values for both Nat and C17 and the 
values given by the writer in a previous paper (Phil. Mag. loc. cif.) are 
due partly to a revision of orbital dimensions and partly to the adoption 
of Stoner's distribution of electrons in core orbits. 
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states of ionization, except for small glancing angles. These 
features could both have been predicted from considerations 
of the general form of the contributions to F from the outer 
orbits of the atom. 

Apart from these it does not seem possible to draw any 
quantitative generalization from these curves, and for prac- 
tical application it seems best to calculate the F-curve for 
each ion as it is required. 


§ 6. Discussion. 


It has been assumed in the above method of calculating 
F-curves that the electrons in an atom scatter X-rays like 
free electrons in their instantaneous positions would do on 
the classical theory. 

Two doubts arise in connexion with this assumption : 
firstly, are we justified in applying classical laws to the 
scattering of X-rays at all; and secondly, even if the 
scattering by the loosely-bound electrons can be treated as 
classical, is classical scattering applicable to electrons bound 
in orbits of energy of the order of (or greater than) the 
quantum energy of the incident X-rays ? 

As to the second of these points, if it is assumed that some 
electrons (e.g. those in K orbits) do not contribute to the 
radiation scattered (as it seems) classically by the atom as a 
whole, it is probably best to omit their contributions entirely 
in evaluating F. For the ordinary X-rays used in crystal 
analysis, only the K electrons of the heavier elements and 
perhaps the L electrons of the heaviest would have to be 
neglected for this reason; as the values for F for these 
atoms is always considerable, the proportional change in F 
i8 not very important. 

The question whether even the loosely-bound electrons can 
be taken as scattering classically is more fundamental and 
more difficult. All the evidence from the consistent results 
of X-ray analysis of crystals suggests that. each atom scatters 
a wavelet which interferes classically with those scattered by 
other atoms ; a striking example is the absence of the first- 
order (111) reflexion from KCl. Further, if we assume 
classical scattering by an atom as a whole, and assign to each 
atom a number F representing the ratio of the amplitude of 
the wave scattered by the atom to that of the wave scattered 
classically by a free electron, the experimental work of 
Bragg, James, and Bosanquet * on NaCl shows that I? varies 
with the glancing angle in at any rate the same sort of way 


* Loc. ett. 
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as would be calculated by the methods of $4 of this paper, 
assuming classical scattering by the individual electrons in 
each atom. 

Certainly there is a considerable difference between the 
observed and calculated values of F for both Nat and Cl-, 
the observed values being smaller than the calculated ones 
whether Bohr’s or Stoner’s distribution of electrons is 
assumed, as is shown in Table VI.; for O~? the observed 


TABLE VI. 


Comparison of Observed and Calculated Values of 
F for O7?, Nat, and CI7. 


sin 8 (for Mo Ka) ............... 0-15 0:2 0:25 0:3 
ODS -— dentuine ses 56 3°9 2:0 1:5 
F(07?) l E (9) E edes 64 48 35 24 
eue (B) eoe ues 55 3'9 3:0 2:3 
sin 3 (for Rh Ka) ............... 01 02 0:3 04 0:5 
OOS: EE T 8&3 od 94 2-0 0'8 
_ F(Na*) CRICK) ETEEN 9-4 16 5'6 37 2-4 
banc (BY psc. 91 6:3 41 3l 2:2 
GOS: iot oerte ic ios Ic 79 58 4°4 3:2 
F(Cl^ 1 enle. (S) iios turis 15:3 9:1 86 T5 59 
cale CB) idee uo 137 &8 82 70 53 


(S)=Stoner’s distribution of electrons assumed. 
(B)= Bohr's T T) *5 » 


values * of F are smaller than the values calculated. with 
Stoner's distribution of electrons, in very much the same way 
as the values for Nat and Cl- ; for small glancing angles 
the observed values agree with those calculated on Bohr's 


* In a recent paper (Phil. Mag. xlix. p. 1225 (1925) A. J. Bradley 
has given some figures for the scattering power of 077, relative to 
K*-4-5*5223; I have taken these figures, interpolated for exact values 
of sin 8 for the Mo Ka radiation used, and multiplied by the ratio of 
the sum of the calculated values of F for K+ and S** (Table V.) to 
28, to obtain the values of F for O^? given in Table VI. The actual 
values of F for Kt and S*? are probably smaller than the calculated 
values, so that the actual values for O^? are probably smaller than the 
“ observed " values. 
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distribution of electrons *, but for larger glancing angles the 
observed values are smaller, as for the other ions, But the 
effects of some of the other variables which affect the inten- 
sity of reflexion are not yet properly known (the etfect of 
primary extinction f is the most important at small glancing 
angles, and the effect of the heat-motion the most important 
at large glancing angles), and possibly have not been properly 
allowed for in reducing the experimental results to obtain 
values of F. It is also “possible, however, and such evidence 
as there is at present seems to point to the conclusion, that 
for some reason at present unexplained the actual values of F 
are smaller than those calculated on the assumption of classical 
scattering by the individual electrons ; but if such seattering 
-is not assumed, it is difficult to see how a variation of F with 
glancing angle is to be explained, and it 1s also not clear why 
the values of F for small glancing angles should agree at 
least approximately with those calculated, assuming classical 
scattering. 

For the analysis of crystal structure it is at present im- 
practicable to correct the measured intensities of reflexion 
for the effects of heat-motion or of primary or secondary 
extinction; and any difference between actual and calculated 
values of F will simply give rise to another factor in that 
part of the variation of intensity of reflexion with glancing 
anglo which it is not practicable to evaluate for each | particu- 
lar case in the determination of erystal structure. For 
clearness let us consider the intensity of reflexion written 1n 
the form of a product of two functions, d$; and ds, of the 
variables on which it depends, the funetion œ, being one which 
it is practicable to evaluate for given values of its arguments 
in practical erystal analysis, and the function œ, being one 
which depends on the variables in such a way that it is not 
practicable to evaluateit. The effects of heat-motion and ex- 
tinction have at present to be taken into aecount by the second 
function $, and so far the same is true of the variation of 
F with glancing angle. [tis hoped that the use of calculated 
values of E will make it possible to take into account at least 

art of the variation of F with glancing angle in 4, leaving 
only the difference between actual and calculated values of. È 


* This agreement must not be taken as signiticunt, as the “observed ” 
values of F for 077 aro based on values of F for Kt and S*? calculated 
using Stoner’s distribution of electrons, and are probably too large (see 
prev ious footnote). 

t See C. G. Darwin, Phil. Mag. xliii. p. 800 (1922), or Bragg, James, 
and Bosanquet (oc. cif. 8rd paper, p. 446) for explanation of primary and 
secondary extinction. 


Phil. Mag. S. 6. Vol. 50. No. 295. July 1925. X 
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to be taken care of by $,, and so reducing the range of 
variation o£ this function. 


§ 7. Summary. 


In the analysis of the more complicated crystal structures 
by means of. X-rays, it is important to know the F-curves of 
the atoms concerned, 2. e. the relations between the scattering 
power F of an atom, defined as the ratio of the amplitude of 
the wavelet scattered by theatom tothat scattered by an elec- 
tron, and the glancing angle. Assuming that the individual 
electi ons of the atoms in a crystal Scatter classically, the F- 
curve for any given atom can be calculated from the dimen- 
sions of and progress of time in the core orbits ; for some 
atoms the atomic field can be found approximately by 
numerical analysis of the optical and X-ray speotra, and the 
core orbits can then be calculated ; it is possible to generalize 
the results and put them in such a form that an approximate 
F-curve for any atom (or rather ion) can be caleulated very 
simply. Numerical results for some ions are given. 


XXX. The Interpretation of Intensity Measurements in 
X-Ray Analysis of Crystal Structure. [A Note on the 

. paper “The Atomic Structure Factor in tlie Intensity of 
Reflexion of X-Rays by Crystals,” by D. R. Hartree.] 
By W. Lawrence Brace, A.A., Langwort thy Professor of 
Phas The University of Manchester *. 


1. T all methods of crystal analysis by means of X-rays, 

the final test of the structure which is assigned to 
the crystal as a result of the X-ray measurements consists 
in a comparison of the observed intensities of X-ray 
refloxion by different planes of the crystal structure with 
intensities which have been calculated for the proposed 
atomic arrangement. The structure which leads to the best 
agreement between calculated and observed values is chosen 
as the closest approximation to the truth. Anyone who is 
familiar with X-ray analysis will realize the unsatisfactory 
nature of the assumptions usually made in calculating the 
intensity of reflexion to be expected from a given atomic 
arrangement, and the uncertainty of the results due to an 
ignorance of the laws governing the intensitv. Experi- 
mental observations can be made with a high order of 
accuracy, but their interpretation is extremely difficult. One 

* Communicated by the Author, 
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factor which is highly important takes account of the amount 
of X-radiation scattered by the atoms through different 
angles. The assumption is generally made that "the relative 
scattering g powers of theatoms are simply proportional to their 
atomic numbers, but this approximation to the truth is only 
made in the lack of a more complete knowledge. The paper 
on the Atomic Structure Factor by Mr. Hartree is extremely 
interesting, because it gives estimates of the relative scattering 
power of the atoms based on calculation of orbit-dimen- 
sions. Although these estimates may need modification, 
and other factors which will be referred to below must be 
taken into consideration in using Mr. Hartree’s results, they 
represent a great advance on the simple assumption of pro- 
portionality between scattering power and atomic number. 
They are extremely inter esting in showing, for instance, how 
fast the effect of negative ions of low atomic weight falls off 
with inerease in glancing angle, when they are compared 
with atoms of higher atomic weight. 


2. The factors which govern the intensity of X-ray reflex- 
ion may for convenience be divided into two tvpes. In the 
first of these must be classed all those factors which cause a 
general falling away of intensity as the angle of incidence 
increases. The exact forms which these factors assume depend 
on the method of analysis which is employed (spectro- 
meter, Debve powder- photog: "ph, rotating crystal method), 
as these ditferent methods present different geometrical 
problems. ‘They also depend on the shape of the crystal 

sample. For the spectrometer method this may bo an 

extended crystal face, or a very small crystal which is bathed 
in the X-rays. In the pow der method a fine column or an 
extended surface of powder may be emploved. A factor 
must be introduced to represent the allowance for polarization 
of the scattered radiation. These factors are functions of 
the glancing angle 8. 

In ad lition to this the intensity is governed by the 
structure factor S. This is generally defined as the ratio 
of the wave amplitude due to a comple x plane of atoms when 
the phi ise difference introduced by atomic position has been 
taken into account, to the ideal amplitude which would exist 
were all the atoms centred exactly on the successive planes. 
It may perhaps be more conveniently detined as the ratio of 
the actual amplitude to that which would exist if all the 
electrons of all the atoms were arranged exactly on succes- 
sive planes, since we are now allowing: for electronic as well 
as for atomic configuration. 


X 2 
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Any expression for the relationship between incident and 
diffracted radiation depends also on the wave-length of the 
X-rays employed, on the number of molecules per cubic 
centimetre, and the number of electrons in the molecule 
(if this be not already included in the structure factor S). 
In certain cases it depends on the absorption coefficient of 
the crystal, and this in its turn is a most complex function, 
being the sum of the true absorption coeflieient u and an 
extinetion coefficient e which varies with the state of per- 
fection of the crystal structure and with the intensity of 
reflexion itself. 

The Debye effect, or weakening of the spectra due to the 
heat-motion of the atoms, may perhaps be most conveniently 
considered as being included in the structure factor S, since 
its effect on the amplitude may be caleulated by the laws of 
interference which govern the structure factor. 


3. The two points about which most uncertainty exists 
are: («) the correct method of calculating the structure 
factor S for any given atomie arrangement, “(b) the relation 
of the intensity to the structure ‘factor S. In certain 

ases it is possible to determine atomic positions accurately 
without making any precise assumptions about scattering 
power, and with the most approximate experimental deter- 
minations of intensity. This is the case for simple structures 
containing two or three parameters, which can often he 
evaluated one at a time by considering certain groups of 
planes, and it is also the case for structures of the elements 
where the atoms are all alike so that at any given angle they 
scatter equally. In more complex crystals it is absolutely 
necessarv to make some assumptions in order to fix the 
atomic positions. 

The following point must be emphasized in this connexion. 
Even though the dependence of intensity on structure factor 
is so very eat ‘ure, an accurate method of calcul: ating the 
structure factor furnishes by itself a sufticient e uide to 
the analysis of a structure. If the observed intensities show 
a parallelism to the calculated structure factors when both 
are arranged in order of increasing glancing angle, the 
assigned structure must be right. In comparing each plane 
with the next at a higher angle, a rise in structure factor 
should correspond to increased Intensity, and a fall in 
structure factor to a decreased intensity. The absence of 
certain reflexions, which must be accounted for by a very 
small factor, is in particu'ar a most important indication of 


Measurements in X-Ray Analysis of Crystal Structure. 309 


atomic position. The structure factor depends both on 
the positions of the atoms and on their scattering powers. 
Since itis so necessary to know this factor, Mr. Hartree's 
figures should prove most useful. 

In the earlier work on X-ray analysis it was assumed that 
the intensity of reflexion varied as the square of the structure 
factor, other factors being equal. This assumption 1s still 
made in the analysis of the powder-photograplis and of the 
Laue photographs, and it is probably justifiable in these 
cases. However, it has long been known as an empirical 
law that strong reflexions from faces of highly perfect 
crystals measured by the X-ray spectrometer were more 
nearly proportional to the structure factor itself*. The law 
seems to change from one expressed by “Ix S” to one 
expressed by ** 1x S2," as one p isses from the strong spectra of 
low order to the weak spectra of high order. Discussions of 
the intensity of reflexion by Darwin t and Ewald} suggest 
reasons for this. Both these authors agree iu attributing a 
departure from the law “Iœ S?" to the fact that regions 
of the crystal are very highly perfect, so that there are 
sufficient planes in perfectly regular array to give complete 
reflexion of the X-rays over a short range of glancing angles. 
Darwin regards the existence of these small blocks of perfect 
crystal as giving rise to a high extinction coefticient, the 
underlying positions of the crystal not having an opportunity 
of playing their part in reflexion because the absorption of 
X-rays at the reflecting angle is abnormally large and the 
upper layers shield those beneath. Some experimental work 
on rock-salt § made an estimate of the extinction coethcient e 
possible, and it was found that 


Q? 
"EX 


Ix 


for this crystal, where the extinction factor e is proportional 
to the intensity of reflexion I. In tke case of rock-salt, which 
is a highly distorted crystal, e was only about one-half the 
absorption coefficient u for the strongest reflexion. In a 
more perfect crystal e might be much larger than yw. In 


* W. H. Bragg, Phil. Trans. Roy. Soc. See also ‘X-Rays and 
Crystal Structure.’ 

t C. G. Darwin, Phil. Mag. xliii. (May 1922). 

t P. P. Ewald, Phys. Zeit. xxvi. pp. 29-32 (1925). 

$ Bragg, James, and Dosanquet, Phil. Mag. xlii. (July 1921). 
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this case the law 
S S? 
“Te ? may be written * Ix — i 
T : p Tal 
where a is a constant. When I is large this becomes a law 
*I[?2a S?" or “Ta S When I is small it assumes the 
normal form “ I «x S?" 

Ewald shows that, when perfect reflexion of X-rays takes 
place over a short range, this range is proportional to the 
structure factor S, so that a highly perfect crystal should 

ive rise to a law 
8 IzS: 


The number of perfectly-arranged planes which are neces- 
sary to give complete reflexion increases as I diminishes, so 
that a erystal which obeys Ewald’s law for low orders might 
obey the law *Ie S?" for the weaker reflexions of high 
order. "This is again in agreement with experience. 

These examples show how much caution must be exercised 
in comparing caleulated and observed intensities of reflexion. 
One is on far surer ground in correlating structure factor 
and intensity by tabulating both in order of increasing 
glancing angle and seeing w hether they rise and fall together. 
The necessary data for such a comparison are provided by 
any means of observing the intensity of reflexion by all 
planes of the crystal under equal conditions, With the 
spectrometer this is done, for instance, by comparing them 
all with some common standard. 


9. In testing the figures for the scattering coefficient given 
in Hartree’s paper, "there are indications that the actual 
coefficients fall away rather more rapidly with increasing 
glancing angle than those which he gives. This may be 
partly or wholly due to the heat-motions of the atoms, for 
which no allowance has been made. Figures for sodium, 
chlorine, and oxygen given in the paper illustrate this point. 
Nev ertheless, the author is convinced that these F-curves are 
a closer approximation to the truth than the assumption of a 
scattering power proportional to atomic number, and that 
with their help more reliable estimates of atomic configuration 
can be made. 
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XXXI. X-Ray Analysis of Copper-Zine, Silrer-Zinc, and 
(rold-Zine Alloys. By ARNE WESTGREN and GÖSTA 
PHRAGMEN * 

[Plates VI.-XI.] 


1. TAE CHEMICAL NATURE OF METALLIC PHASES. 
NVESTIGATIONS on metallographic equilibrium dia- 


grams are usually not considered to be complete if they 
do not result in stating whieh chemical compounds the phases 
found represent. This endeavour to label metallio pliases 
by chemical formule has probably its root in the idea that 
it would be possible in this way to obtain a general survey of 
intermetallic reactions in the same way as order has been 
brought into other domains of chemistry by the use of 
chemical notation. As is well known, this attempt has led 
to little success, nothing except some rather vague rules 
concerning the intermetallic reactivity having been derived 
in this way f. 

There are many causes for this failure. One of the most 
important is evidently that methods hitherto used to deter- 
mine the chemical nature of metallic phases are inadequate, 
which is most clearly illustrated by the fact that different 
investigators examining the same system usually differ widely 
as to the statement of formule for the chemical compounds 
found. Tv quote an example, some authors have supposed 
y-brass to be CuZns, while others believe that it is a solid 
solution of zine in Cu,Zn3 1. To the y-phases of the Ag—Zn 
and Au-Zn systems have been ascribed the formulae Agog 
and AujZn;. As will be seen in the Following, all these 
formule are incorrect, as none of them is compatible with 
the fact that the elementary parallelepiped of the piace 
mentioned contains 52 atoms. 

The difficulty in arriving at correct definitions of inter- 
metallic compounds is evidently due to the faet that metal 
atoms may easily substitute each other in many lattices—4. e., 
the solubility of the components in many metallic com- 
pounds is comparatively high. The domains of homogeneous 
phases are thus usually extended to relatively wide ranges of 


* Communicated by the Authors. 
t G. Taminann, Lehrbuch der Metallographie, 3. Xutl. Leipzig, 1923, 
. 255. 

t Unlike most investigators of the Cu-Zn system, S. Shepherd has 
restrained himself from proposing any formule for the Cu-Zn phases, 
He has taken the scientifically more valid standpoint of regarding all the 
Cu-Zn phases as solid solutions. Journ, Phys. Chem. viii. p. 421 (1904). 
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composition. In the case of an intermetallic compound dis- 
solving very little or practically nothing of its components, 
its chemieal formula is of course found as soon as its compo- 
sition is established, but cases of this kind are so rare that 
they may be regarded almost as exceptional *. 

As it might thus rightly be presumed that a great number, 
if not the majority, “of the formule hitherto assigned to 
intermetallic compounds are wrong, it is no wonder that the 
attempt to find any laws governing intermetallic reactivity 
on the basis of these chemical symbols has met with little 
success. 

In the following the authors will try to elucidate the 
question to what extent X-ray analysis may contribute to a 
deeper insight into the chemical nature of metallic phases. 
But before that topic is treated, it is necessary to discuss the 
fundamental question of the differences between solutions 
and chemical compounds in solid systems. 

Different opinions have of late been expressed on this 
matter. It has been suggested that the term chemical 
compound loses its physical meaning in ranges of low 
temperatures, where no diffusion in solid svstems is possible, 
and where thus the only movement of the atoms consists in 
vibrations about the points of the latticef. This conception 
is evidently absurd as, aecording to this view, substances such 
as for instance aluminium oxide and sodium chloride would 
cease to be chemieal compounds when cooled down to a 
sufficiently low temperature. It is highlv improbable that 
at any temperature diffusion would take place within a 
NaCi-erystal in such a manner that a Na-atom would always 
move tovether with a Cl-atom, and yet solid sodium chloride 
is certainly a chemical compound, A definition of what is 
essential in solid chemical compounds is evidently not to be 
based ou any assumptions concerning the mobility of their 
atoms. 

W. Rosenhain f has recently put forth the hypothesis of 
the atoms being more intimately combined in intermetallic 
compounds than in solid solutions, whien would bring 
about that the interatomic distances in the first-mentioned 
substances would differ markedly from the normal ones. 


* During the examination of ten binary systems by means of X- -rays 
the nithors have met with few phases of this kind. The translation 
group has been determined for three of them, viz. FeSi,, CuAL, and 
Fe,C, the first two of these being tetragonal and the last one ortho- 
Shonibie: 

t G. Tammann, /oc. cit. p. 832 (1923). 

t ‘Nature, exii. p. 822 (1023). 
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Confronted with reliable experimental facts, this view has, 
however, already turned out to be amenable. The distances 
between the atomic centres in intermetallic compounds do 
not seem to diller perceptibly from those in other crystals. 
Rosenhain’s supposition has evidently its origin in the very 
common idea that the forces holding together atoms in an 
iutermetallie compound are of another kind, or at least 
stronger than those acting betweeu atoms in a pure metal or 
in a solid solution. The validity of this view has, however, 
never been proved. The bonds probably being non-polar in 
all cases, there seems to be no reason not to believe that the 
interatomic forces should be essentially the same in a solid 
solutionasinacompound. They are certainly as “chemical” 
in the one case as in the other. 

According to the authors! opinion, the fundamental 
difference between solid chemical compounds and solid 
solutions lies in their structure. Jn an ideal chemical com- 
pound structurally equivalent. atoms are chemically identical. 
fn an ideal solid solution all atoms are structurally equivalent. 
In the latter case some of the atoms of the solvent are 
replaced by atoms of another kind, which take the place 
of the former, and which are distributed quite irregularly in 
the parent lattice * 

Of these two extreme types of structures the first one 
seems to occur comparatively seldom in metallic phases, 
while the second one is met with frequently. A multitude 
of metallic phases seem, however, to represent an inter- 
mediate stage between these two extreme cases, forming 
what might be characterized as solid solutions in chemical 
compounds. 

Comprehensive investigations on the corrodibility of binary 
solid solutions have led Tammann f to conclude that in the 
case of simple proportions between the atomic concen- 
trations of the solute and the solvent the atoms of the 
former have a tendency to arrange themselves in a regular 
manner in the parent lattice of the solvent. This adjust- 
ment in the structure of solid solutions ‘may, however, be 
expected to take place only if the alloys are annealed for 
a considerable time at a temperature just below the 
melting-point, where the mobilitv of the atoms is great 
enough to allow of their changing place. 


* In exceptional cases this substitution may be of a complex nature 
(comp. Journ. Inst. Metals, xxxi. p. 204, 1924, and Journ. Iron & Steel 
Inst. cix. P. 171, 1924). 

Tue ammann, ! Mischkristallreiben und ihre Atomverteilung,’ 
Leipzig, 1919 
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The X-ray testing of this hypothesis has led to contra- 
dictory results. Several investigators have failed to 
confirm it*. Bain f has, however, reported the discovery 
of some supernumerary interferences in the photograms of 
annealed gold-copper alloys containing 25 atomic per cent. 
gold or copper, and he thinks these might be explained 
according to the view of Tammann. Quite recently one of 
the present authors has also found that in a solid solution 
of 25 atomic per cent. of silicon in iron the silicon atoms are 
orientated in a face-centred cubic lattice of a parameter 
twice that of the body-centred a-iron latticet. At this 
composition the substituting silicon atoms are thus arranged 
in a regular manner, and "the solid solution is transformed 
into the chemical compound I'e;Si. 

So far,it has not yet been made out how complete this 
rearran gement of the dissolved atoms in solid solutions may 
be, and it is still unknown whether its occurrence is confined 
only to some very narrow ranges of composition. Of course, 
it seems most probable, however, that, sometimes at least, the 
readjustment of the atoms may be only partial, and it takes 
place even if the composition differs a little from the values 
where it sets in most easily. This grouping of the atoms 
would thus also give rise to systems of a kind which, like so 
many other imetallie phases, might be considered to fon" an 
intermediate stage between the two ideal structures defined 
above. A complete readjustment of the atoms causes the 
formation of an ideal chemical compound. 


. ANALOGIES BETWEEN DIFFERENT METALLIC 
SYSTEMS. 


While examining alloys by means of X-rays §, the authors 
accidentally came across a very strange resemblance between 
a Cu-AI phase containing 31 atomie per cent. of aluminium 
and a Cu-Zn alloy holding about the same atomic percentage 
of copper |l. The A-ray photograms, which were very 


* P. Scherrer, Gaye rend, Soc. suisse de Physique, ag Sr 
Aug. 27th, 1921. F. Kirchner, Ann. d. Physik, [4] lxii. p, 69 (1922 
F. W ever, according to G. Tammann, Ann. d. Physik, (4j Ixxv. p. 214 
(1924). A. E. van Arkel, Physica, iv. p. 93 (1924). 

t Giga. & Met. Ing. xxviii. p. 63 (1923). 

t G. Phragmén, f Stahl u. Eisen, xlv. p. 299 (1925). 

$ E. R. Jette, G. Phragmén, and A. F. Westgren, Journ. Inst. Metals, 
xxxi. p. 193 (1924). 

| Comp. Nolin cxiii. p. 123 (1924), where X-ray photograms of 

ilicis alloys are reproduced. 
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similar, proved that in both cases the substances were cubic 
and contained 52 atoms per elementary cube. One of the 
compounds thus corresponded to Cu,Al, and the other to 
Zn,Uu,. 

Such analogies in structure between metallic phases of 
different composition are evidently common. Already the 
Shape of the equilibrium diagrams gives in some cases 
evidence of a close relationship between different systems. 
H. C. H. Carpenter * has thus pointed out how similar the 
diagrams of the Cu-Zn, Ag-Zn, and Ag-Cd alloys are, and 
he has suggested an explanation of this fact by assuming 
an analogous formation of the different phases of these 
Systems. 

Problems of this kind might, of course, advantageously be 
penetrated by means of modern X-ray methods, and the 
authors have, therefore, in this way investigated the systems 
Cu-Zn, Ag-Zn, and Au-Zn, which could be supposed to 
show far-reaching analogies in structure. The melting-point 
curves and the state of these allovs at ordinary temperature 
as derived from microscopical examination and from X-ray 
analvsis are schematically demonstrated in fig. 1. 

The Cu-Zn diagram in that figure is in entire agreement 
with that given by S. Shepherd f. The investigation of 
Ag-Zn has confirmed the results of Carpenter ł with the 
exception that the decomposition of the @-phase into a and 
y atabout 200° C , stated by him, has not been verified. The 
Cu-Zn and Ag—Zn systems have been found to be completely 
analogous ; each phase found in one of them has been met 
with also in the other, All these phases with their different 
characteristic grouping of atoms recur also in the Au-—Zn 
allovs, but in addition to these there have been found two 
more phases in the latter system. This is therefore a little 
more complicated than the other ones, which is in agree- 
ment with the Au-Zu diagram recently suggested by 
P. Saldau §. His diagram has not, however, as will be seen 
in the following, been verified in all respects. 

The Cu-Zn and Ag-Zn alloys have already previously 
been the subject of some X-ray investigations. E. C. Bain | 
has determined the lattice dimensions of their «-phases, and 


* Intern. Zeitschr. f. Metallographie, iii, p. 170 (1913). 
T Loc. cif. 

t Intern. Zeitschr. f. Metallographie, iii. p. 175 (1913). 
$ Journ. Inst. Metals, xxx. p. 351 (1923). 

|| Chem. & Met. Eng. xxviii. pp. 2I, 65 (1923). 
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M. R. Andrews *, as well as E. A. Owen and G. D. Preston f, 
have analysed the Cu-Zn systems throughout its whole 
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* Phys. Rev. xxi. p. 245 (1921). 

T Proc. Phys. Soc. Lond. xxxvi. p. 49 (1923). When the work of 
Owen and Preston was published, the authors had nearly finished their i 
X-ray analysis of the Cu-Zn alloys. 
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range. The latter investigations are, however, incomplete as - 
to the y-brass, as Andrews has totally overlooked this 
phase, while Owen and Preston have not succeeded in deter- 
mining its crystal form. 


3. PREPARATION OF THE ALLOYS. 


The metals used in the investigation were silver and gold 
containing more than 99°98 per cent. of the pure metal, 
electrolytic copper, and zinc from Kahlbaum. The meltings 
were made in porcelain crucibles in a carbon resistance 
furnace. 

Because of their relative expensiveness, the gold alloy 
specimens could not be made larger than a few grammes. It 
was, however, found to be quite easy to get even those small 
meltings sound without using any protecting slag. The 
zine mixed with gold was molten very cautiously, after which 
it dissolved the wold rapidly. Ata certain state of dissolu- 
tion a reaction suddenly occured, through which an amount 
of heat was liberated, just sufficient to raise the temperature 
to a point where all the gold was solved. This practice 
made the loss of zinc through evaporation very small. 

Whena melting was finished, the crucible with its content 
was lett to cool in the air. It is thus possible that the 
decrease in temperature in some cases was too rapid to give 
a state of the alloy corresponding to true equilibrium at 
ordinary temperature. As the chief purpose of the investi- 
gation was not, however, to control the boundary lines of 
the equilibrium di: (grams but to makean examination o£ the 
erystal structure of the different phases of the systems, 
it was nevertheless considered that the alloys in most cases 
could be used without any further heat treatment, coy 

The composition of the alloys was controlled by che mical 
determination of the copper, silver, or gold content. It 
differed only a few tenths of one per cent. from the percen- 
tages aimed at iu the weighing together of the metals before 
melting. 


4. EXPERIMENTAL ARRANGEMENTS, 


The X-ray apparatus and most of the instruments used 
have been described in previous papers*. Some new 
ameras have, however, also been employed which were 
constructed on the basis of the focussing principle, 
introduced by H. Dohlinf. His camera type has the 

* Journ. Iron & Steel Inst. evi. p. 241 (1922); cix. p. 159 (1924). 


Journ. Inst. Metals, xxxi. p. 193 (19 5. 
T Ann. d. Physik, [4] lxi. p. 421 (1920). 
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advantage, over the ordinary arrangement for taking 
powder photograms, that it makes use of the radiation from a 
larger part of the focus on the target. A considerable 
increase in dispersion may thus be attained without length- 
ening the time of the exposure. Some Au-Zn photograms 
taken in one of these new cameras covering the diffraction 
range 33—62° are reproduced in fig. 5 (Pl. IX.), and may there 
be compared with the corresponding photograms obtained in 
the ordinary camera. ‘The dispersion in the former is about 
seven times as great as in the latter. Besides tliis precision 
camera, another new one of a similar kind has been used 
photographing the interferences in the range 59-113°. 
These Bohlin cameras have been calibrated empirically, 
whereby the fundamental spacing of rock-salt, d= 5:628 Å., 
has been used as a basis *. 


258 ; . 
The mean error of the sin? 5 values (8 being the diffraction 


angle), derived from the precision photograms, might be 
estimated at + 0:001 in the ranges 0:070-0:259 and 
0:636—0:987, while it might be considered to be + 0:002 in 
the range 0:259—0:636. Being somewhat more uncertain, 


the Hane values obtained from the ordinary powder 


2 
photograms will be marked off by smaller types in the 

following. 
All photograms except the Laue patterns have been taken 
with iron radiation (AK, = 1:932 A. * AKa2 = 1:934 A. ; 


5. RESULTS OF THE X-RAY ANALYSIS. 


The analogy between the three systems displays itself 
already at a glance at the series of photograms given in 
figs. 2-4 (Pls. VI.-VIII.). Every kind of diffraction pattern 
occurring in tlie Cu-Zn series is met with also in the other 
ones. Phases denoted in the same way must thus have 
an analogous structure. 


A. The a-Phases. 


The diffraction patterns of the a-alloys are all of the 
copper, silver, or gold type, and thus confirm that these 
phases represent solid solutions of zine in these metals. 


* M, Siegbahn, ‘Spektroskopie der Rontgenstrahlen,’ Berlin, 1924, 
p. 20. 
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Precision photograms of pure copper and of a-brass con- 
taining 32:2 per cent. zinc have been taken beside each 
other on one and the same plate * (Pl. X. fig. 6, I.). The 
displacement of the interferences caused by the larger volume 
of the substituting zinc atoms stands out very distinctly on 
this plate. The X-ray data obtained from this plate, together 
with those derived from precision photógrams of pure gold 
and of pure silver, are given in Table I. hı, hg, and A; denote 
the Miller indices, diow the edge of the elementary cube, and 
I the relative intensity of the interferences. The latter is 
indicated with v.w.— very weak ; w.— weak ; m. —of medium 
strength ; st. —strong. i 


TABLE I. 


Precision Photogram of Copper, «-Brass (32:2 per cent. Zn), 
Silver and Gold. 


0 2 sin? doo 
Substance.| I. | Sin?2, | Radiation. | A h, _4 in 
2 Àh EAS FAS | 
m. | 06185 | Kg 311 005895 — 
v.w. | 07075 Kg 299 005896 
Copper. st, | 0-789 Ka 311 007173 | 3610 
m. | 0861 | Ka 222 0:07175 
—— | — — —— —_ 
a-Brass --L-- - | t 
na t. | 07575 | Ka 311 006868 — |, 
containing Bards O0. SANG 3:688 
32-9 % Zn. 0-826 Ka | 222 0:06883 | 
st. | 06745 Ka 222 005621 
m. | 08765 | Ke 331 004613 
silver m. | 0-8985 E. 400 005615 +080 
| m. | 0:923 Kg 420 004015 
| ————- n ee —— — — eee 
| st. 0678 | Ka 229 005633 
m. | 08805 | Kg 331 004634 p 
| Gold, m. | 0:902 | Ka 400 0:05638 4073 
m. | 0:9255 Kg 420 0-04628 


The average weight of the atoms constituting the a-brass 
investigated is 64:14 . 1:650. 107% g. (1:650.10-?! g. being 
the weight of an atom with the atomic weight 1); the 
density of the alloy determined by weighing in the air 
and in water has been found to be 8:45, and its lattice 
parameter is 3:688 A. (A.=10-8em.). If the number of 
atoms per elementary cube is calculated on the basis of these 
data, the number 4:009 is obtained, ?. e. four within the limits 
of error. The statement of previous investigators is thus 


* Comp. Journ. Inst. Metals, xxxi. p. 202 (1924). 
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confirmed that a-brass is formed by a simple substitution of 
copper by zine atoms. 

The dissolving of 32 per cent. zinc into copper causes an 
increase in the lattice parameter from 3:610 A. to 3:688 À., 
i. e. about 2 per cent. The powder photograms of the corre- 
sponding Ag—Zn and Au—Zn phases indicate that the lattices 
of these allovs are somewhat smaller than the lattices of 
silver and gold. The zinc atoms are evidently considerably 
“larger” than the copper atoms, but slightly “ smaller ” 
than the gold and silver atoms. 

It was considered useless to take precision photograms of 
the a-À g-Zn and a-Au-Zn alloys, as their interferences were 
found to be very cloudy. The real cause of this diffuseness 
of the lines still remains to be unravelled. Attention 
might also be drawn to the fact that not even the pure 
metals—copper, silver, or gold—have given precision photo- 
grams of tlie same distinetness as other substances, such as, 
for instance, iron or aluminium *.. The most deviated K- 
interferences of the latter metals are easily resolved into 
distinct doublets, but in the precision photograms of Cu, Ag, 
and Au the Ka and Ka lines flow together. 

Saldau has found a maximum in the electrical conductivity 
of the Au-Zn alloys at a composition of 25 atomic per cent. 
Zn, and from the fact that this maximum shifts at 250? C., 
he concludes that a transformation takes place at this tem- 
perature giving rise to a phase corresponding to the com- 
pound Au;Zn. In order to produce this phase, an alloy 
having the composition of AugZn was annealed during 
10 hours at 250° C. 

The powder photogram of the annealed specimen turned 
out to be exactly identical with that of the unannealed 
a-phase, and thus did not indicate the existence of any 
compound Au;Zn f. 

According to previous determinations, the lattice of gold 
should be somewhat larger than that of silver. Already the 
ordinary powder photograms indicate, however, and com- 
parative precision photograms have proved conclusively, 
that the contrary is right. Wh. P. Davey 1. has recently 
stated that the lattice “parameters of silver and gold are 
4:058 -- 0004 and 4:076 + 0:004. A. respectively. The Values 
found dy the authors are, however, for silver 4:080 A., and 


* See Jette, Phragmén, and Westgren, loc. cit. p. 200, pl. xviii. V. 

T Nole to the proof.—tThe authors have later found that an Au-Zn 
alloy containing about 25 atomic per cent. zinc undergoes a phase 
change when annealed in a cold-worked state. 

1 Phys. Rev. (2] xxii. p. 292 (1924). 
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for cold 4:073 A. Their mean error might be estimated at 
0-4 “003 Å. It seems probable that the silver investigated 
by Davey has not been quite free from copper. 


B. The B-Phases. 


Andrews, as well as Owen and Preston, have stated that 
B-brass has a body-centred cubie structure. The powder 
photogram of this phase obtained by the authors is in fair 
agreement with that statement. A thin plate was, how- 
ever, also cut out of a coarse-grained -brass sample and 
examined according to the Laue method. When the incident 
rays were parallel to [100], a Laue pattern (VI. XI. fig. 7, I.) 

vas produced showing tetragonal symmetry, and w hen the 
SERA: X-ray beam was parallel to [111] a photogram of 
trigonal symmetry was obtained. As the Cu- and Zu-atoms 
ditter very little in diffractive power, it cannot be settled 
from the X-ray data if -brass is to be regarded as an 
ideal solid solution or not. The powder photograms of 
B- Ag-Zn and B-Au-Zn prove, however, that the elementary 
cube in this case is primitive. The re slative intensity of the 
interferences agrees with that calculated on the assumption 
that the lattice is built up of two simple cubice lattices 
centring each other (CsCl-structure). It is thus constituted 
of two groups of atoms, structurally inequivalent, and the 
f-phases might accordingly be considered to form solid 
solutions having the compounds CuZn, AgZn, and AuZn for 
bases. 

As to B-brass, this conclusion may, of course, be drawn 
only if it is presumed that its Sin ti is analogous to 
that of 8-Ag-Zn and 8-Au-Zn, but there is no reason 
to believe anything else. There is thus very little reason 
for the opinion recently expressed by ltosenhain * that 
B-brass might be regarded as a solid solution of zinc in a 
body-centred cubic modification of copper. It is very im- 
probable that B-brass is an ideal solid solution. 

Though it might thus be taken almost for granted that 
8-brass ‘has the compound CuZn as a basis, an alloy of this 
composition is not homogeneous at ordinary temperature, 
but consists of a aie of y-br: iss and a phase, Corre- 
sponding to CuZn, where about 5 per cent. of the zinc atoms 
are substituted by copper atoms. To form a -brass that is 
homogeneous and stable at ordinary temperatures it is thus 
necessary that a few per cent. of copper are dissolved into 


CuZn. 
* Journ. Inst. Metals, xxx. p. 23 (1923). 
Phil. Mag. S. 6. Vol, 50. No. 295. July 1925. Y 
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The Laue investigation of the large -brass grains has 
proved that they are real crystal individuals. As already 
stated by I]. Imai *, as well as by Owen and Preston, it is 
therefore very improbable that the thermal effect observed 
in -brass at about 470? C. f should be caused by any 
polymorphic change. The same seems to be the case as 
to the analogous “phenomenon in 8-Ag-Zn observed by 
Carpenter ł. In any case, the thermal effect in this phase at 
260^ C. can hardiy be explained i in the way suggested by bim— 
i. e. by a splitting-up of 8 into « aud y at this temperature. 
An AgZn alloy of a composition corresponding to AgZn 
(4l per cent. Zn) was annealed for 10 hours at 250€ C. 
The powder photogram of this specimen was, however, quite 
like the photogram of the same alloy qnenched in Water 
from the liquid state, and it is thus proved that no erystallo- 
graphic change had taken place at annealing. 

The compound AvZn has a greater capacity than AgZn 
and CuZn of keeping either of its components in solution 
at ordinary temperature ; for instance, an alloy containing 
30°2 per cent. Zn has a homogeneous B-strueture. This 
alloy may thus be considered to be AuZn (25 per cent. Zn), 
in which ey very filth gold atom is replaced by a zinc atom. 
In spite of the very considerable divergence from the ideal 
CsCl-strueture, the interferences in the powder photogram 
of this alloy (Pl. VILI. fig. 4, V.) are quite distinct ; even those 
fainter Ke-lines whieh are caused by the diferen in 
reflective power between the gold and the zine atoms are 
plainly visible. 


X-ray data of the 8-phases are given in Table II. 


go 


C. The y-Phases. 


A sliver, cut ont of a coarse-grained y-brass specimen 
(65 cent. Zn) was investigated according to the Laue 
method. QOneof the photograms obtained showed tetragonal 
(Pl. XI. fig. 7, II.) and another one trigonal symmetry. They 
both proved hace -brass is cubic pl O, or 0) and has a 
lattice parameter of about 9A. 

The sliver was also mounted in a camera for taking 
rotation photograms §, and while rotating round one of its 


* Science Reports, Tohoku Imp. Univ. xi. no. 5, p. 313 (1922), 
t Carpenter & Edwards, Journ. Inst. Metals, Y. p. 127 (1911). Q.F. 
Hudson, Journ. Inst. Metals, xii. p. 59 (1914). 
T Loe. cit. p. 159. 
$ Journ. Iron & Steel Inst. cix. p. 161 (1924), 
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tetragonal axes, it was illuminated by a narrow beam of iron 
radiation. The diffraction pattern obtained (P1. XI. fig. 7, IIT.) 
contains 81 interference spots (K,- and K,-interferences), 
all in perfect agreement with the equations: 


sin? zz (0*0119 (hy? + hy? +h?) eee (K.a), 


wÙ D 


z0:0098 (hy? +h + Ag?) see (Kg). 


sin? 


bo) S5 


The relative intensity and the indices of the interferences 
observed in the rotation photogram are given in Table III. 


TABLE III. 
Photogram of a y-Brass Crystal rotating about [ 001 ]. 


| 


| | | 
Lo ^ AAA Lo)AAA. i | AM. | L | AA. fe oe PA 
st. 330 | w. 321 | s | 222 w. 123 | w. 294 
we o3» d 3E 411 w. | 312 at. 303 || st. 424 
m. 510 [|| w. 50] | v.w 402 || st. 323 st. 444 
vw. . 440 | w. | 591 ! m. | 332 | vw.| 433 | w. | 534 
st. 600 m. | 611 m. 429 V.W. 528 Ww. | 604 
| st. 550 m. | 631 w. 512 "LL 613 w. 624 
| m. | 600 | st | 721 ; wm. | 442 "| ow. | 5433 [| oat. | LH 
m. | 190 | w. | 651 V.W. 532- al ost. 633 
m. | 800 |! st. | thg st. 712 | W. d. "709 |o 
et. | 820 | w. | 83 | w. | G42 | m. | 733 
st. 660 || st. |  N4l m. 732 | m. 653 
w. | T50 | s | 94 ! m | 802 | m | 813| | 
gu 810 at. R22 st 843 | | 
orn 910 | ik. 662 | | 
| st, 702 | | 
| | | | 


The y-phases of the three zine alloys resemble each other 
strikingly, and are also very like the phase occurring in 
the range 16 to 25 per cent. aluminium in the copper- 
aluminium alloys. All these substances are extremely 
brittle and have a vitreous and lustrous fracture. This 
likeness is evidently due to a similar grouping of their 
atoms. The X-ray data, obtained from the powder photo- 
grams of y-brass, y-Ag-Zn, and y-Au-Zn are set out in 


Tables IV. and V. 
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The values of the lattice parameters derived from the 
precision photograms are given in Table V1., together with 
the data necessary for determining the number of atoms 
per elementary cube. 


TaBLE VI. 


Lattice Dimensions and Number of Atoms per Elementary 
Cube in the y-Phases. 


Percent Average | i Number of 
Alloy. Zu | Atomie | Density. ' dio, in A.| Atoms per 
n. à 
weight. | | elementary cube. 
PEDEM. RC ee ur ER aa eae eae Stas 

Cu-Zn ... 617 61:67 8:04 8:850 | 52:29 
Cu-Zn ... 617 6472 1:99 8:861 52:05 
Cu-Zn ... 677 64°78 1:02 8:887 | 52°02 
Ag-Zn ... 50:3 81:29 8:66 9:327 52:37 
Au-Zn ... 30:9 113:07 12:25 9:268 52:21 
Au-Zn ... 411 10771 11:76 9:223 51:06 


t 


As might be gathered from the table, and also from the 
comparative precision photograms reproduced in fig. 6, II. 
(Pl. X), the lattice dimensions of y-brass increase in size 
with rising content of zinc. The lattice of y- Au-Zn, however, 
becomes smaller the more zine it contains. The lattice di- 
mensions of the y-phases change in the same way as they do 
in the a-phases, and corresponding to what might be expected 
if copper and gold atoms are replaced by zinc atoms one by 
one. The substitution seems to be simple. This is conclu- 
sively proved by the fact that exactly the same number 
of atoms per elementary cube, viz. 52, has been found 
in all the y-phases investigated. 

These 52 atoms cannot be strueturally equivalent, and 
accordingly the y-phase must be regarded as a sold 
solution in a chemical compound. It is impossible, however, 
to state definitely what formula this compound has, as long 
as nothing is known concerning the function of the atoms in 
the lattice. The only way of dividing the 52 atoms into 
two groups of structurally equivalent atoms is obviously 
in the proportion of 4 to 48. That leads up to formule of 
the types AB,. and A,B, but such compounds can hardly 
be the bases of the y-phases, as they fall far out of the 
composition range- of the phases. The atoms within the 
elementary cube must thus be composed of at least three 
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groups of structurally equivalent individuals. As there is 
a great number of combinations of that kind possible, and as 
it is unknown which of them corresponds to reality, it is 
impossible as the case now stands to find out the bases of 
the y-phases. 

By way of conjecture, the formule Cu,Zn,, Ag,Zn,, and 
Au,Zng may, however, possibly be suggested, as they 
correspond to compositions coinciding with one of the 
homogeneous y-phase ranges *. 


D. The e- and n-Phases. 


As all attempts to obtain a single crystal of any of the 
e-phases failed, the determination of their structure had 
to be carried out by means of powder photograms only. 
Generally this procedure is not as reliable as the investigation 
of crystal individuals, but in this case there are very good 
reasons to believe that the results obtained are trustworthy. 

The photograms were all very simple, and compared with 
the graphs of A. W. Hull and Wh. P. Davey T, they proved 
to be of the type corresponding to a close-packed hexagonal 
lattice, having au axial ratio of about 1°6. This confirms 
the statement of Owen and Preston concerning the structure 
of e-brass. But as zinc and copper atoms differ very little 
in diffractive power, Owen and Preston were not able to 
decide if the two kinds of atoms in e-brass were orientated 
in lattices of their own or if they were irregularly mixed in 
a common laitice ; they considered it possible that the 
elementary parallelepiped of e-brass actually was larger than 
indicated by the photogram. As, however, diftraction 
patterns of the e-phases of the Ag-Zn and Au-Zn systems 
are quite like that of e-brass, being both of the type corre- 
sponding to an element of close-packed hexagonal structure, 
it can hardly be doubted that the e-phases are to be regarded 
as ideal solid solutions. 

As might be expected, the 7-phases were found to have the 
structure of zine, being close-packed hexaxonal with an 
axial ratio of about 1:9. These phases must be considered 
to be solid solutions of copper, silver, and gold in zine. 

The lattice of the e- and y-phases would thus be of the 
same kind, only differing as to their axial ratios. As is well 
known, the close-packed hexagonal elements may be divided 
into two groups, one having the axial ratio of about 1'9 


* Thisis also the case with the y'-phase of the Cu-Al systems, which 
accordingly would represent a solid solution in the compound Cu,AÀ1,. 
Comp. Jette, Phragmén, and Westgren, loc. cit. p. 204. 

t Phys. Rev. xvii. p. 649 (1921). 
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(the Zn-tvpe), and the other an axial ratio of about 1:6 
(the Mg-type). When the atoms of a zine lattice are 
substituted by copper, silver, or gold atoms to a sufhcient 
extent, the lattice is thus changed from the first of. these 
types to the other. As pointed. out by Hull, the first of 
these lattices may be considered to be ‘built up of atoms 
having the form of prolate spheroids and the other one may be 
regarded as formed of spheres or slightly flattened spheroids. 


. of ; -- 
The sin 5 values obtained from precision photograms of 


the e- and g-phases are given in Tables VII.-X. The 
Taste VII. 


Precision Photograms of e- A g- Zn. 


| 60°) per cent. Zu. TS] per cent. Zn. 
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TABLE VIII. 


Precision Photograms of e-Brass. 


80:8 per cent. Zn. 


~ obs. | 


0:302 


| 


0:363 
07408 
0:4955 
0:511 
0:576 
0:5855 
0:6215 
0:662 


sin? d sin* : 

2 comp. 2 obs 
0:303 0'301 
0:368 0:367 
0:408 04025 
0:406 0:491 
0:511 0:5105 
0:575 0:570 
0:586 0:079 
0:622 0:6215 
0:661 0:6555 


TABLE IX. 


Precision Photograms of e-Au-Zn. 


67:5 per cent. Zn. 


0:5975 
0:632 
0:6695 


0:680 


n? Lal sin? : " 
0990 | 0290 
0353 | 0353 
0380 | 0389 
0474 | 0474 
0490 | 04915 
0349 | 05495 
0559 | 05535 
0597 | 0599 
0039 | 0632 
0609 | 06695 
QUEE TT 
0-679 


döl per cent. Zn. 


um 
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0:655 


12:3 per cent. Zn. | 
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TABLE X. 


Precision Photograms of Zinc, n-Brass, and 7-Au—Zn. 


Zinc. Au-Zn, 95:0 7 Zn. Cu-Zn, 96:5 % Zn. 
possil Sn — P i 
sin? 5 sin? á sin? 9 sin? 9 siut sins 
2 ob 2 comp. 2 obs. 2 comp. 2 obs. dil 
NU AAA, PUN EEG ES -— ERIE RBA 
K3 1012 | 0271 0:271 0-273 0273 | 
K, 1012 | 0:329 0:399 0:331 0:331 
Kg | 1013 | 0428 | 0428 ( 0430 | 
0:432 
Kg | 1120 | 0434 0:434 0:433 | 
K, 1013 | 0:520 0:521 0:593 
0:525 | | 
E. 1120 | 0528 0-528 0:526 
Kg | 1122 | 0560 0:560 0:559 0:559 | | 
Kg | 2020 , 0578 0578 | | 
Ky 2091 | 0610 0:610 0:606 0:605 | | 
K, 1122 | 0681 0681 0:680 0680 | 06815 | 0-681 | | 
K, | 2020 | 0704 | 0704 | 0697 | 0697 | O7015 | OT702 | 
K, | 2021 0742 | 0742 | 0737 | 0736 | 0740 | 0-740 | 
E 1014 | 0789 | 0789 0:801 0802 | 
K 2022 | 0858 0-858 0854 | 0854 0-856 0-856 


values of the intensity 


J comp, given in Table VII., are 


deduced from the product of the relative occurrence of the 
reflecting planes and the factor of structure. 

In fig. 6, III. (Pl. X.) comparative photograms are repro- 
duced of two Ag-Zn alloys, one containing 60:5 per cent. Zn, 


and the other 78:1 per cent. Zn. 


It may be seen in this 


figure how the interferences of these hexagonal substances 
are displaced unequally when the composition of the phase 


is changed. 


The lattice dimensions vary as the zinc is substituted by 
silver, but the two parameters of the lattice are not altered 


in the same proportion. 


unequal change in the sin? 


the diffraction angles of the different e-phases always satisfy 


In spite of this considerable and 


f values with varying composition, 
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an equation of the type corresponding to a hexagonal 
lattice : 


..0 X A? 
sin^ = 3a: in fus + hg) 4- "ELE 


where X is the wave-length, and a, and a, are the side and 
height respectively of the elementary prism. 

This perfect agreement forms the most important support 
for the conception that the e-phases have a hexagonal 
structure. 

The intensity values observed agree with those computed 
for a close-packed hexagonal lattice, with the exception that 
for some of the allovs the reflexions against the basal planes 
show up a little stronger than expected. This is probably 
due to the fact that the grains of the alloys at the powdering 
have been pressed into thin lamellw, the largest faces of 
which are parallel to the basal planes. Thus the crystal 
individuals have not been orientated completely at haphazard 
in the specimens investigated, but a disproportional number 
of them have got an orientation parallel to the axis of the 
rod, or to the surface illuminated. 

The density values and the final X-ray data of the e- and 
7-phases are included in Table XI. In the close-packed 
hexagonal lattice there should be two atoms in the elemen- 
tary parallelepiped, and within the limits of error this nuniber 
has in fact been obtained for all the phases investigated. 
It may be noted in the table mentioned that in all the 


. . a *. . . 
phases the axial ratio + is approaching towards 1:63 with 
ai 


increasing content of copper, silver, or gold—+. e., the more 
atoms of the latter kind the lattice contains, the more it gets 
the shape of one built up of spherical atoms. 


E. The y'- and y”-Phases of the Au-Zn System. 


From powder photograms of the Au-Zn alloys in the 
range 49-55 per cent. zinc it could be concluded that two 
phases existed in that range to which no analogies were 
found in the Cu-Zn and Ag-Zn systems. One of these 
phases, called y', is stable at ordinary temperature, and is 
homogeneous within a composition range range of only 1 per 
cent. at about 50 per cent. zinc. The other, y", was found 
to be stable only at higher temperatures. Alloys containin 
53 to 55 per cent. zinc consisted of the three phases y, y”, 
and e. A gold-zine melting with 53:5 per cent. zinc 

uenched in water from the liquid state gave a photogram 
(Pl. IX. fig. 5, VI.) where the y''-interferences predominate, 
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When the same specimen was investigated only one day after 
quenching, the interferences corresponding to y’ and e had 
already become consilerably more distinct, which may be 
seen in the precison photograms VIII. to X. in fig. 5 (Pl. [X.). 
It is thus evident that y” splits up spontaneously into y’ and 
e at the ordinary temperature. 

The y''-phase could never be obtained quite free from the 
adjacent phases, and, unfortunately, all attempts failed to get 
t single crystal of y'. The investigation had thus to be 
confined to the powder method onlv. Some of the photo- 
grams obtained are shown in fig. 5 (Pl. IX.). 

As may be seen in Table XII., the y'-interferences are in 
accordance with the formule : 


sin? = 0°01506 (hy? +A? +h) ... (Ka), 


sin? = 0°01238 (A? + h+ hy ... (Kg). 


As every line of the photogram agrees perfeetly with 
these formule, it is highly probable that they really represent 
the correct quadratic forms of the y'-phase. The y'-crystals 
would thus be cubic with a parameter of 7:880 A. 

Density measurements on three y'-alloys containing 48:3, 
90:2, and 50°5 per cent. zinc gave the values 10:88, 10:63, 
and 10:56 respectively. Of these specimens the one con- 
taining 50:2 per cent. zinc consisted of only y’, while the 
first wasa mixture of y’ with some y, and the third contained 
some y" beside y'. The average weight of the atoms in 
the homogeneous "specimen was calculated to 98:1. 1:650 
x107” gm. and consequently the number of atoms per 
elementary cube in that phase would be 32°17, i. e. 32 within 
the limit of error. As the homogeneous Y'-phase contains 
75 atomic per cent. zinc, its elementary cube would thus be 
occupied by 8 gold and 24 zine atoms, and there is accord- 
ingly nothing contradicting the statement of Saldau, that 
the phase consists of AuZn;. 

As may be seen in fig. 5 (Pl. IX.), the photograms of the 
quenched alloy containing 53:5 per cent. zinc (VI. and VIIT.) 
are not quite free from interferences corresponding to the y'- 
phase (V. and X.). Yet a striking resemblance between 
photogram VI. and the y-photogram (VII.) may be noted. 
In fact, at a hasty glance these diffraction patterns seem to he 
identical. A closer inspection shows, however, that there is 


a distinct differenee between them. The cin? values of 


the five strongest interferences are in both photograms in the 
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proportion 3, 6, 9, 1l, and 12; but there are some lines 
corresponding to the y"'-phase which are incompatible with 
the quadratic formula of the y-plase. Among these are the 


e . 0 
least deviated interferences, which give the sin’ 5 values 


0:008 and 0:033. If the y''-phase is cubic, which seems 
most probable in view of the simple relation between the 


sin? T values of its strongest lines, the constant of its quad- 


ratice form must thus be equal to or less than 0:083-0:068, 
i. e. 0015. In fact, half of this value, 1. e. 0:0075, gives a 
suitable constant. Every K,-interference of y” can be 
explained by the formula : 


int = 0:0075 (hy? + h? +h’). 

The (4? +h? hy) values of the five strongest lines would 
accordingly be 27, 54, 81. 99, and 108. The formula gives 
a lattice parameter of 11 17 A.; and, as the density of the alloy 
was found to be 10:2, there would thus be about 90 atoms in 
its elementary cube. As the specimen investigated was not 
homogeneous, the results of the X-ray investigation must, 
however, in this case be considered to be somewhat 
uncertain *. 

According to Saldau f, AuZng; should be subjected to 
transformations in the solid state. An attempt was made to 
test if an alloy of that composition really solidifies in some 
other form than y’. For this purpose it was quenched in 
water from a temperature above its melting-point, by which 
procedure at least some part of the phases stable at higher 
temperatures might be expected to be retained. The photo- 
gram of this product was, however, completely identical 
with a y'-photogram ; no new interferences whatever 
appeared. ‘The negative result of this experiment cannot, 
however, be considered to settle the question, as eventual 
transformations may very well be complete, even at a most 
rapid quenching 1. 


* The authors have recently commenced an analysis of the Au-Cd 
system, and have found that an Au Cd alloy containing somewhat 
more than 75 atomic per cent. Cd gives a powder photogram which is 
similar to that of y’-Au-Zn. It seems, thus, as if the Au-Cd system 
should have a phase that is analogous to y'-Au-Zn, but stable at 
ordinary temperature, A closer i investigation of this phase will, perhaps, 
throw some light also upon y'"-Au-Zn. 

+ Loc. cit. 
t Comp. note on p. 320. 
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6. CoNcLUDING REMARKS. 


Ata general survey of the results of the X-ray analysis, 
it might seem as if in somecases the chemical characteriza- 
tion of metallic phases could not be performed much more 
definitely by this new procedure than has been possible by 
previous methods. When it cannot be settled if chemically 
identical atoms of a metallic phase are structurally equivalent 
or not, a chemical formula can at the utmost be suggested 
with a certain degree of probability ; its validity is not to 
be conclusively proved. 

From the fact that the ordinary valency rules do not hold 
for intermetallic compounds, it follows, however, that the 
chemical constitution of these substances is not defined by 
their chemical formule to the same extent as is, for instance, 
the case with electrolytes or gaseous compounds. Even if it 
were possible to find out the correct formule for the bases 
of metallic phases, it would certainly not bring about any 
deeper insight into the question of intermetallic reactivity. 

The X-ray analysis makes, however, a penetration of this 
problem possible. Chemically related. phases give photo- 
grams of a similar type; and even if these photograms some- 
times cannot be completely unravelled, they prove in an 
incontrovertible way the relationship between different 
phases and display analogies between different metallic . 
systems. 

What, however, makes this X-ray research of alloys seem 
most promising is the fact that some types of structure seem 
to recur frequently in the metallic systems. Thus the atomic 
arrangements of the 8- and y-phases, described above, seem 
to be. common; and in a preliminary investigation of the 
A g-Cd, Ag-Al, Cu-Sn, and Ag-Sn systems the authors have 
got photograms indicating that in all these alloys a phase is 
present which has the same structure as the e-phase of the 
Cu-Zn, Ag-Zn, and Au-Zn alloys". 

X-ray research will therefore undoubtedly, to a very high 
degree, contribute to the unveiling of the laws governing 
the combination of the atoms in composite metallic phases. 


7. SUMMARY, 


1. According to the authors’ opinion, the difference be- 
tween solid chemical compounds and solid solutions hes in 
their structure. The terms ideal solid chemical compound 
and ideal solid solution are defined, and it is poiuted out 
that most of the metallic phases represent intermediate 
stages between these two extreme types of structure. 

* Comp. Zsigmondy- Festschrift, Erg.- Dand der Kolloid-Zeitschr. xxxvi. 
p. 86 (1925). . 
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2. X-ray analysis of the Cu-Zn, Ag-Zn, and Au-Zn 
systems has proved that the five different types of structure 
occurring in the first-mentioned of these systems are met 
with also in the other ones. In addition to them there are 
two more phases found in the Au-Zn-system. 

The 8- and y-phases of the Cu-Zn system have been 
investigated in the form of single crystals; in other cases 
the analyses have been performed by means of the powder 
method only. Arranged according to rising content of zinc, 
the structures common to the three systems have turned out 
to be the following :—a, face-centred cubic ; 8, cubic of 
CsCl-type; y, cubic with 52 atoms in the elementary cube ; 
e, close-packed hexagonal with an axial ratio of 1:55-1:60 ; 
and n, close-packed hexagonal with an axial ratio of 
1:80-1:90. An Au-Zn phase (y) containing about 50 per 
cent. Zn was found to be cubic, very likely with an ele- 
mentary cube occupied by 32 atoms ; another phase (y^), 
obtained by quenching Au-Zn alloys containing 53-54 per 
cent. Zn, seemed also to be cubic, with about 90 atoms in its 
elementary cube. The powder photogram of the y^-phase 
has a peculiar similarity to those of the y-phases. 

3. In accordance with the definitions made, the a-, -, and, 
with great probability, also the e-phases represent ideal solid 
solutions, the first one having Cu, Ag, or Au, and the last two 
Zu, as solvent. The other phases may be regarded as solid 
solutions in chemical compounds. The solvents of the 
B-phases are CuZn, AgZn and AuZn. By way of conjecture 
the formule Cu,Zn,, Ag,Zn,, and Au,Zn, are proposed for 
the bases of the y-phases, and it is most likely that the 
y -phase of the Au-Zn system corresponds to AuZn;. 


The Metallographic Institute, Stockholm, 
February 1925. 


XXXII. Optical Interference axperiments with Multiple 
Sources. By JOHN J. Dow ina, M.A., Plast P., M.R.1. A., 
and J. A. C. T&EGAN, M.Se.* 

‘Plate XII.] 


Wwe the possible exception of the Lummer parallel plate 

interferometer, there does not appear to have been 
any attempt made to extend the investigation of the class of 
interference phenomena associated with tlie names of Young, 
Fresnel, and Lloyd to the cases where there are more than 
two sources. The ordinary diffraction grating may be con- 
sidered as equivalent to a large number of equally-spaced 

* Communicated by the Authors. 
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sources; but it seems of interest to describe briefly some 
results we have been able to obtain with an arrangement 
giving four (and eivht) coherent sources grouped in any 
desired symmetrical arrangement. 

A brief statement of the theory may be stated thus :— 

rin o : . r - " r » ^ : : . s 

The light proceeding from a source Z (fig. 1) arriving 
at P yields a vibration 


s=A sin T [vine]. us 


Je 


Fig. 1. 


If Z be divided (e.g. by a biprism) into two coherent 
sources Z' and Z'' (2a apart), 
| 9 2 
z= Pines [vi 2 US) | 
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A further division of Z’ and Z” each into two sources 
(2b apart) yields four sources, Zi, Lo, Z3, Zs, arranged along 
the line Zi, Z, Zat a+b; a-b; —a+b; —a—b. The 
vibration at P is 
A . 2m T ytath)? 

: sm- À (—c1— geh 
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The separations a and b are effected by two biprixins, 
one mounted behind the other in front of the slit. If a, 8 
are the acute angles of these biprisms, and R and r their 
respective distances from the slit, 


a-(u—1l)&«RM, and b>(p -1)8r. . (IV. 
The grouping is symmetrical, but the most interesting 
case is when b= 2« (or a=2h), the four sources being then 
equally spaced. Here 
; 2 
A sin ea ; s) 
Nn g 


. (2T v 
4 sin P 


€ 
Il 


9 
sin © (Vi— 2). . . (V) 


The illumination distribution, proportional to the square 
of the term in chain brackets, corresponds to that of a 
grating having four openings. 

A further subdivision may now be carried out, using a 
third biprism; and if the spacing constant 2c— 45— 8a, 
we again arrive at the corresponding grating distribution. 

The illumination, as a func.ion of 


2T ay 
SO 
is shown in fig, 2. The upper curve shows the illumination 
Fig. 2. 
^o 2 
4CCos*e = [858] 
8 [Sin se 2 / 
L^ S. n8 
6 a 
4 
2 
30 60 99 120 150 180 270 360 450 


of the fringes due to two sources (Fresnel’s experiment) : 
the lower curve with subsidiary maxima that due to four 
equally-spaced sourees (two biprisms). In Pl. XII. enlarged 
photographs of the fringes are given: A, with the first 
biprism alone; D, with the second ; C, with both biprisms 
in position. The characteristic narrowing and intensification 
of the principal maxima are clearly observable in the part of 
the field indicated by the arrow. 

It was found extremely difficult to locate the fringe 
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systems when three biprisms were installed, so much so 
that we were unable to get a good photograph. The fol- 
lowing considerations afford a clue to why this should be. 
Reverting to fig. 1, it will be observed that the four 
sources, S,, Ss, 83, Sy, are actually situated around a circle 
of radius r, the distance of tlie second biprism from the 
slit S. Let us reconsider the formula for four equispaced 
sources in this connexion. Let æ be now measured from the 
plane AS, S; B alittle in front of S. It will be readily 


found that, since b= 2a, 
£=7,8, + Z48, = -A 0... (VL) 
We must now write, instead of equations (TIT.), 
iX sin | Vt-z— [reo H^) 


| 2. 
Yr sin T {Veep Li Gt DYY 
= 2 cos Pt WAU sin 7 (Vi— z) 
T A cos ^r platt) ‘ sin 7 (Vt —2—£E). 


eer ee occae OCULIS) 
This wil only reduce to the final form of (IlI.) when 


nX 
f= 3 
of the fringes. The value of £* depends on the position of 
the second biprism, and we found that the “ visibility ” 
underwent rapid variations with small displacements of 
that biprism 1n the neighbourhood of the position which 
made b=2a. It was indeed possible, but by no means 
easy, to obtain visual fringes of the proper type, using 
three biprisms; but we were unable to obtain a photo- 
graph, for the reason that the fringes were localized in a 
very restricted space, rendering very accurate registration 
of the photographic plate essential. 


and we may regard £ as affecting the *' visibility ” 


* Numerical data:— 
Angular separation by second biprism 


y 7 — 29. EN oe eee 
= 30 = 360! r = 3278 cms. da = 26 = z = 3 cm. 
4 2 * 
pu ~~ = 70x 10-5, à = 5000 x 10-8 em. 


Hence n = 28. 


[ The Editors do not hold themselves responsible for the 
views expressed by their correspondents. ] 
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Grid Condenser Rectification Curve, 


Fic. 12. 


Alternator Voltage (instrument uncompensated). 


Fic. 13. 


Alternator Voltage (instrument compensated). 
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systems when three biprisms were installed, so much so 
that we were unable to get a good photograph. The fol- 
lowing considerations afford a clue to why this should be. 
Reverting to fig. 1, it will be observed that the four 
sources, S,, Sq, Ss, Sy, are actually situated around a circle 
of radius v, the distance of the second biprism from the 
slit S. Let us reconsider the formula for four equispaced 
sources in this connexion. Let « be now measured from the 
plane AS,8; Ba little in front of S. It will be readily 


found that, since b= 
. 4a? 
E=Z,8,+ VIPS "e T e e. e e. . (VI.) 


We must now write, instead of equations (TII.), 
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f= 3 and wo may regard £ as affecting the “ visibility " 


of the fringes. The value of £* depends on the position of 
the second biprism, and we found that the * visibility ? 
underwent rapid variations with small displacements of 
that biprism in the neighbourhood of the position which 
made b=2a. It was indeed possible, but by no means 
easy, to obtain visual fringes of the proper type, using 
three biprisms; but we were unable to obtain a photo- 
graph, for the reason that the fringes were localized in a 
very restricted space, rendering very accurate registration 
of the photographic plate essential. 


* Numerical data :— 
Angular HE by second biprism 


= 30 = 3&p 7 = 82 ‘3 cms. fa = 26 = = Bem. 


fi ur = 70x10-*, A = 5000 x 10-* em. 
Hence n = 28. 
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Grid Condenser Rectification Curve, 
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Alternator Voltage (instrument uncompensated). 
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Alternator Voltage (instrument compensated). 
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Showing coincidence between luminosity at the point (above) 
and interruption of the current. 


Fra. 4. 


Appearance of point: a during normal stage ; b during 
highly resistant stage. 
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Oscillograms of current through break. a, below critical voltage. 
b, just above critical voltage. c, as in 6 with 4j; m.h. self-induction. 


Oscillograms of normal interruptions. a, current graph. 4, potential 
graph (through 2000 ohms). c, potential graph (through 10,000 ohms). 
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I. Laue Photogram of j-Brass. Il. Laue Photogram of y-Brass. 


Projection Distance 4:33 centimetres. Projection Distance 4°45 centimetres. 
A> 0:16 A. À 2 0:16 A. 
Reduced 3 : 5. Reduced 3 : 5. 


III. Photogram of a y-Brass Crystal! rotating around [100]. 
Diameter of Film Cylinder 6'3 centimetres. 
Reduced 3 : 5. 
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Introduction. 

Boo of our ignorance of the precise nature of the 

ejection of electrons by light from solid surfaces, that 
is to say, because of the complexities invclved in the 
photoelectric mechanism for solids which the Bohr theory 
has not yet encompassed, experimental facts of this sort 
do not bear vitally on the Bohr conceptions. On the other 
hand, experimental data on the photoelectric effect in vapours 
have a direct significance in the Bohr theory, inasmuch as 
in this instance the atoms are isolated and free to act the 
róle to which the theory applies. Information of the latter 
sort is meagre. Steubing f has described an experiment 
which seemed to show ionization in mercury vapour by 
light transmitted through fused quartz. Anderson § and 

Gilbreath || have obtained ionization in potassium vapour 

which they attribute to a photoelectric effect in the vapour, 

but which probally resulted from a photoelectric effect 
from the electrodes. Kunz and Williams S have observed 
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a photoelectric effect in cæsium vapour having a threshold 
coincident with the limiting frequency of the principal 
series of the vapour, and Williamson * has indicated that 
the threshold for potassium vapour lies between 2800 A. and 
3100 Å., and has also shown that the efficiency of the light 
in producing the effect increases rapidly with the frequency. 
The present paper is an account of an experimental investi- 
gation of a more quantitative nature of the photoelectric effect 
in potassium vapour. 


FEcperimental Arrangements. 


The investigation o£ the photoelectrie etfect in vapours 
involves. fundamental experimental difficulties, some of 
which are augmented when potassium vapour is used. It 
is well known that potassium is exceedingly active photo- 
electrically and thermionically, and the difficulties in 
differentiating a true photoelectric effect in the vapour from 
thermionic currents and photoelectric currents from the 
electrodes and other portions of the chamber are obvious. 
Various experimental methods were tried, culminating in the 
adoption of a method similar to that which Williamson used 
in his investigation. It became clear that the electrodes 
involved in measuring the ionization had to be kept at a 
temperature low relative to the temperature of the vapour 
requisite to produce sufficient vapour density. To meet this 
condition a jet of potassium was caused to traverse a 
chamber and condense on a liquid.air-cooled surface. The 
ions produced by light passing through the jet of vapour 
were collected by an arrangement of "electrodes in a cool 
portion of the chamber. A “collimating and diaphragming 
system caused the light to traverse the jet without impinging 
on metal parts of tlie chamber, thereby reducing to a 
minimum spurious pliotoeleetric effects; In this way 
thermionic effects were reduced to a negligible order of 
magnitude, and restricted photoelectric effects from the 
electrodes and other portions of the chamber practically 
to effects arising from light. scattered by the vapour. 

The experiment was "primarily a determination of tlie 
magnitude of the photoeleetrie ionization in the vapour per 
unit intensity of light as a function of the frequency. 
Hence a source of monochromatic light sufficiently intense 
to proguce measurable photoelectric etter ‘ts, and a means of 
measuring the light of intensity simultaneously with the 
observation of the effect in the vapour, were essentials. 


* Phys. Rev. xxi. p. 107 (1923). 
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Preliminary experiments showed that quartz-mercury lamps 
were totally inadequate sources of illumination, and that 
light from a Pfund iron are resolved into bands of from 
forty to eighty àángstróms produced measurable ionization 
in the potassium vapour. [t perhaps is of interest to note 
in this connexion that the photoelectric effects in the vapour 
produced by these relatively small bands of wave-lengths 
from the iron are were as large as the effects obtained trom 
the whole spectrum of a quartz mercury lamp. The intensity 
of the light was measured by a potassium photoelectric cell 
which in turn was calibrated by a thermopile and galvano- 
meter. 

Figs. 1 and 16 show diagrammatically the arrangement 
of the apparatus. Distilled potassium K in the reservoir R 


Fig. 1. 


li maf 
Monochromoler bute’ Gee MEER 
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Piund iron arc 


was heated by a furnace, causing a jet of vaponr to issue up 
through a tube T (20 cm. in length) into the ionization 
chamber and on to a liquid-air-cooled surface, as the dotted 
lines indicate. Of course the jet was in no sense of the word 
unidirectional, and a good portion of the vapour entering 
the chamber condensed on portions of the chamber other 
than the liquid-air flask. Dotted lines also indicate the 
course of the light which, originating in the Pfund. arc, 
assed into a monochromator. The band of wave-lengths 
bou the monochromator after collimation bv a quartz lens 
passed through a quartz window into a tube D (50 em. long) 
containing a series of diaphragms. From the diaphragms 
the light passed into the ionization chamber, traversing the 
stream of vapour and ont through a diaphragm into a 
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second tube TT, and finally out through a quartz window 
into an adjacent photoelectric cell. The last diaphragm of 
the series in tube D was larger than the others, so that 
sensibly none of the light in the beam in pinged on it. 
This last diaphragm cut off from the ionization. chamber 
diffusely scattered light in the tube D, which was due to 
reflexions of the beam from the alies of the adjacent 
diaphragms. The single diaphragm in tube TT also was 
larger than the cross-section of the light beam, so that no 
portion of the bean suftered reflexion back into the chamber 
before entering the tube. The diagram does not properly 
indicate the orientation of the quartz window at the end of 
TT, as it was mounted so that the normals of its surfaces 
were at an angle with the direction of the beam of light 
passing through. This caused reflected light to strike the 
walls of the tube and to experience many "reflexions before 
re-entering the ionization chamber. Roth the interior cf 
the tubes and the diaphragms of D and T were black. This 
optical system acc omplished the purpose of preventing light 
from the monochromator ae any portion of the 
chamber appreciably (visible light passed through tle 
chamber in this manner produced no discernible illumination 
therein), As has been mentioned before, this rather 
elaborate system ot collimation of the beam was necessary, 
as without it stray light falling on the electrodes produced 
large spurious effects. This fact revealed itself e: irly in the 
preliminary experiments. 

The photoelectric cell placed at the exit end of TT to 
measure the intensity of the light passing through the 
vapour was of the Hughes * type, consisting of a flask 
coated on the interior with pure potassium metal. Light 
entering the cell through a quartz window experienced 
many reflexions on the potassium surface, thereby producing 
relatively large photoelectric currents in the cell. The 
sensitivity of the cell could have been further increased in 
the well-known manner by the introduction of suitable 
gases, but it was desired to have the potassium surfaces as 
free from contamination as possible, in order that existing 
data on the photoelectrie selectivity of potassium could be 
made use of in a qualitative way. The diagram indicates 
an electrometer E attached to the cell. The electrometer 
measured the currents in some instances by the simple rate 
of deflexion method, and at other times the electrometer 
measured the fall in potential which the photo currents 


* Wuyghes, Phil. Mag. xxv. p. 679 (1913). 


Vapour as a Function of Frequency of the Light. 349 


produced in passing through india ink resistance of the 
order of magnitude of 10! ohms. The india ink resistance 
method ultimately was used entirely, as it was found in 
every respect more desirable. 

The furnace surrounding the reservoir and jet tube was 
of brass tubing wound with resistance coils embedded in 
alundum cement, and was insulated thermally by asbestos. 
It possessed sufficient “ heat inertia" to ensure that tempe- 
rature changes were slow. 

Fig. 1b is a horizontal section of the ionization chamber 
depicting the electrode arrangement. The circle in the 
centre D represents the jet, aud the dotted lines indicate the 
course of the light in its passage through the chamber 
across the vapour. The electrodes G, P are in a cool portion 
of the chamber at the side of the vapour jet. Because of 
the abundance of stray electrons of thermionic origin always 
present, the positive ions formed in the jet by the light 
were measured. An accelerating potential (relative to the 
positive ions) between the w alls of the chamber and a 
grid G drew the positive ions to the grid, where a good 
share passed through and after traversing a smaller retarding 
held impinged on a plate P. An attached electrometer 
svstem deflected this positive ion current on to the plate. 
As was the case for the photoelectric cell currents, in this 
instance also both the rate of deflexion method and the high 
resistance method were used, culminating in the adoption 
in the final experiments of the latter. For simplicity the 
diagram indicates the arrangement for measuring the positive 
ions by the rate of deflexion of the electrometer. The 
modification involved in using the resistance method is 
perfectly obvious. For the rate of deflexion method an 
electrometer sensitivity was used of 800 mm. per volt, while 
for the resistance method the Dolezalek electrometer had 
a sensitivity of 6000 mm. per volt at a seale distance of 
16 m. and was critically damped. The resistances used 
were of the order of 5x 10? ohms, and were made of tine 
roled lines of india ink on paper hermetically sealed in glass 
tubes. 

Construetional details of the apparatus hardly merit 
further description.. Suffice to sav that the ionization 
chamber and the tubes D and TT with diaphragms were of 
brass, and the jet and reservoir and the lHiquid-air flask 
were of pyrex glass and were attached to the brass ionization 
chamber by wax joints. Because of the high temperature 
of the jet an air blast plaved over the wax joint, keeping it 
properly cooled. 
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Mercury diffusion pumps in conjunction with a liquid-air 
trap and McLeod gauge comprised the vacuum system. 


d 


Experi mental Procedure. 


The ionization chamber (and appending parts) was 
exhausted by the pump system to pressures which registered 
on a McLeod gauge less than 107? mm. of mercury. This 
vacuum was maintained during the course of a day, during 
which time potassium metal was distilled into the boiler. 
From the time of distillation of the metal to the completion 
of an experimental run the pumps were kept on the 
apparatus, thereby continually removing gases evolved 
from the metal and other portions of the chamber. After 
the completion of the distillation of the potassium into the 
apparatus immediately the iron arc and monochromator 
were adjusted so that light of maximum intensity passed 
through the chamber. Clearly this was obtained by an 
adjustment for a maximum current from the photocell. 
The furnaces were then turned on and brought to a fairly 
constant temperature in the neighbourhood of 300° C., and 
with suitable potentials on the electrodes the apparatus was 
ready for the observation of the photoelectric effects. 

Preliminary experiments had shown that light of wave- 
length greater than 3000 angstróms apparently produced 
no appreciable photoelectric effects in the vapour, so that 
wave-iengths only of this order cr shorter were used in the 
final experiments. It was found that a fairly intense band 
of wave-lengths emerged from the monochromator set at 
2500 angstróms (with slit-widths of 1 mm.), which produced 
a very readily measurable effect in the 1onization chamber. 
The monochromator was set at this adjustment at the 
beyinning of a run, and when conditions became steady, 
that is to. sav when hoth photo currents were observed to be 
quite constant, their magnitudes were taken down, and 
immediately the monochromator was adjusted to a new 
wave-length setting and the new values for the photo 
currents were noted. Next an observation with the former 
se(ting was made as a check on any change in conditions 
between observations. Clearly this procedure of taking 
observations in groups of three wherein the first and third 
were for the same wave-length permitted a close check on 
the variation of such things as the vapour density in the jet. 
This method of observation was extended over the whole 
range of useful wave-lengths, that is to sav from 2200 
üngstróms on up. Inasmuch as the vapour rapidly distilled 
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out of the boiler, it was necessary to work as quickly as 
possible. Observations were taken at the rate of about one 
per minute, a greater speed being prohibited bv the natural 
period and damping of the deflexions of the electrometer 
needles. However, inasmuch as à run lasted over two 
hours, it was pos-ible to get a fair number of readings over 
the whole range of investigation. Perhaps it should be 
mentioned in this connexion that with advancing time the 
level of the molten potassium in the reservoir lowered, and 
in order to malutain the same vapour density in the jet the 
temperature of the furnaces was gradually raised to com- 
pensate the effect of the change in po-ition. The approach 
of the complete disappearance of the potassium from the 
reservoir evidenced itself very markedly by a lowering of 
the vapour-pre-sure in the jet and consequent ultimate 
disappearance of the photoelectrie currents in. the ionization 
chamber. 

As has been mentioned above, the photoelectric currents 
were measured either by the rate of deflexion of the 
electrometer needles, that is by the deflexion during a 
definite period of time, or by the fall in potential produced 
bv the currents owing through high resistances of india ink. 
The latter case involves simply noting the deflexion of the 
electrumeter when things are in equilibrium, while the 
rate of defexion method is liable to error unless certain 
considerations are recognized. If the observed deflexions 
are to be proportional to the currents, Professor Swann * has 
pointed out that the deflexions must be taken over periods 
of time which are multiples of the natural period of 
oscillation of the electrometer needle. A subsidiary require- 
ment also is that the period of observation must not extend 
from the time of opening the electrometer key, but from a 
short time later—of the order of one or two seconds. With 
this in mind, the two methods gave consistent values for the 
observed currents. 


Results. 


This experimental investigation was begun at the University 
of Chicago during the last academic vear, and has been 
continued during the present year at Yale University. In 
view of the differences in the experimental apparatus at both 
places, it is desirable to present the results separately. As 
wil be indicated below, the results of last year's work 
seemingly are at variance with what would be expected from 


* Swann, Phil. Mag. xxiv. p. 445 (1912). 
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the Bohr standpoint, and the results of the present year 
form a rather significant check on the preceding year's 


work. 


Fig. 2.—' Curicaco Data.” 


Arbitrary Units. 


2200 2400 2600 2800 3000 3200 
Wavelength in Angstroms. 


Ordinates are ratios (arbitrary constant) :— 
Photoeleetric effect in potassium vapour. 
Photoelectric effect in potassium photocell. 


Absciss;e are :— 
Mean wave-length of band of wave-lengths producing photo- 
electric effects simultaneously in vapour and in photocell. 


Both photoelectric currents measured by rate of detlexion 
method with electrodes at following potentials :— 


Walls of ionization chamber 0*0 volts, 
EPIS dia coe pri Ra —]120 ,, 
Plato deberi Por eos —1083 , 


The curve of fig. 2 embodies the results obtained last vear 
at Chicago. This typical curve is for a single experimentai 
run—that is to say, it represents the data obtained during 
the time that a single reservoir full of potassium distilled 
into the ionization chamber. The points of the curve are 
the averages of the observations during the run corrected 
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for changes in the density of the vapour-stream, as indicated in 
a paragraph of the experimental procedure. The ordinates 
are the ratios (times an arbitrary constant) of the photo- 
electric currents trom the vapour to the photo currents from 
the photocell, produced by bands of wave-lengths emerging 
from the monochromator when adjusted at a wave-length 
setting given by the abs isse. It is clear that if the 
photoc cell were equally sensitive to all wave-lengths, and 
the light emerging from the monochromator were mono- 
chromatic, the curve would represent the variation of the 
photoelectric effect in the vapour per unit light intensity 
with the frequency. Neither of these conditions subsisted 
in the experiment, so that the curve representing the 
variation per unit intensity with the frequency has a some- 
what different form. 

A Hilger monochromatic illuminator was used at Chicago, 
and the data of the above curve were obtained with slit-w idihs 
of L2 mm. A spectroscopic examination of the quality of 
the light emerging from the monochromator revealed that 
roughly 90 per cent. of the light was contained in bands 
of from fiftv to a hundred ángstróms (dep ndine on the 
wave-length setting), which were symmetrical with respect to 
the wav-lei th for which the monochromator was adjusted. 
The remaining portion of the hight was distributed through- 
out the spectral range, and of especial significance was the 
fact that there was always transmitted. some light of much 
shorter wave-lengths. With this information it is possible 
to get at the significance of the curves. 

The curve is “represented que closely by two intersecting 
straight lines, and is linear over intervals about the 
experimentally given points through which the curve is 
contructed. This point of intersection strikingly suggests 
itself as the photoelectric threshold for the vapour—that is, 
the abscissa of this point is the longest wave-leneth able to 
produce a photoelectric effect in the vapour. ‘The photo- 
electric effects observed for wave-leneths greater than this 
threshold value represented by the portion of the curve to the 
right of the intersection are attributed to stray light of shorter 
wave-lengths transmitted by the ion bRONISECOFS and to a 
photoelect tric effect from the electrodes due to a small 
amount of scattered light. 

Now let us consider the experimental points making up 
the portion of the curve to the left of the threshold. The 
photoelectric effects here arise from both stray effective 
HOS lengths and the bands of wave-lengths sy mmetrically 
placed about the values given by the abscissm. Because of 
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the linearity of the curve over these bands, it is clear that 
the assigned abscissse are approximatelv the effective mean 
values for the wave-lengths of the bands, and allowing for 
the strav light, this portion of the curve represents the 
variation of the ratio of the photoeleetric effect in the 
vapour to the effect in the photocell with the wave-length. 


Fig. 3.—“ Yate Dara." 


2400 2500 2600 2700 2800 2900 3000 
Wavelength in Angstrom Units. 


Ordinates and abscissz same as Fig. 2. 


Photoelectric currents measured by high-resistance method 
with electrodes at the following potentials, 


Walls of ionization chamber — 0:0 volta. 
Grid ee cette Ye eles —290 


99 


The amount of spurious effect in this region has not been 
determined, but probably is not far from that obtained by 


Vapour as a Function of Frequency of the Light. 355 


extrapolating from the portion to the right of the threshold, 
as indicated by the dotted lines, 

Significant evidence of the trustworthiness of these results 
is given by the more recent experiments at Yaie. The 
curves of figs. 3 and 4 are representative of the later results, 
and are seen to be of the same form as previously obtained 
at Chicago (fig. 2). There were two changes in the Yale 
apparatus of importance— namely, the monechromator and the 
photoelectric cell. A Gaertner instrument was used with 


Fig. 4.—'* Yark Dara." 


Arbitrary Units. 


——ÁÀ eee ee 
2400 2500 2600 2700 2800 2900 


Wavelensth in Angstrom Units. 


Ordinates and abscisee same as for fig. 3. 
Currents measured by high-resistance method with electrodes 
at following potentials :— 


Walls of ionization chamber 0:0 volta. 
Grid rerne a Da boues —110 ,, 


slit-widths of 1 mm. (giving wave-length bands of forty to 
eighty ángstróms). and a new photocell was built similar 
to the one used at Chicago. In view of these changes, it is 
interesting to note the agreement in the threshold values 
obtained, an agreement perhaps more complete than should 
be expected. Of interest also is the similarity of the curves 
to the right of the threshold, which suggests that either the 
two monochromators are quite equally defective in their 
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function of producing monochromatic light, or that in all 
instances the amount of s attered light was about the 
sume. This latter possibility suggests that the vapour was 
responsible for the scattering. The form of the results 
embodied in the above curves is a function of the selectivity 
of the photoelectric cell. This accounts for the more 
pronounced curvature of the Yale curves (figs. 8 and 4). 
Finally, the data indicate that the observed photoelectric 
effects in the vapour are practically independent of both 
the potentials on the electrodes in the ionization chamber 
and the condition of the vacuum. In all cases the photo- 
electric effects observed have been of the form exhibited 
above, although a range of potentials from eight to twenty- 
two volts has been used, and the vacuum, as indicated 
on a MceLeod gauge, has ranged from 107? mm. to 
107? mm. 

Bocause of the ditfieulties in measuring light intensities 
in the ultra-violet, the calibration of the photocell lacked 
precision and was extended only to 2580 ángstróms. It 

was found that the selectivity of the cell was qualitatively 
similar to that of new potassium metal surfaces as found 
by Souder *. On the basis of this calibration, the probable 
'ariation of the photoelectric effect in the vapour per unit 
intensity of light as a function of the wave-length is given 
by the curve of fig. 5. Although a slight curvature is 
exhibited—suegesting a maximum—it is “entirely possible 
that more reliable Intensity measurements will show that 
this is a linear relation. It is hoped that this point will 
be settled in the near future. For the present, it can be 
asserted that only light of wave-length shorter than 2610 
Angstrom units is able to produce a photoelectric  etlect 


in a stream of potassium vapour, and that the magnitude of 
the effect per unit light intensity is greater for shorter 


wave-leneths. 
Williamson t bas interpreted his results as indicating the 


photoelectric threshold at the Bohr theoretical value, 


namely 2856 anustroms. However, it is interesting to 
note that his published data are well in accord with the 
value herein given. It is interesting further to observe 
that the present results confirm his conclusion that light of 
shorter wave-lengths is more efficient in producing the 
photoelectric effect in the vapour jet, and that the general 


ettects observed were independent of the electrode potentials, 


* Phys. Rev. viii. p. 310 (1916). 
t Phys. Rev. xxi. p. 107 (1923). 
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including potentials below the ionization potential of the 
vapour. 


Discussion. 


Researches on the absorption of light in alkali vapours 
reveal that wave-lengths of the principal series are absorbed 
as well as wave-lengths shorter than the series limit. The 
Bohr theory attributes the former phenomenon to the 


Fig. 5. 
Photoelectric effects in stream of potassium vapour 
per unit intensity of light. 
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Ordinates are photoelectric currents produced in vapour 
P um } 
produced by light of wave-length given by abscissx. 


o 
Photoelectric threshold at 2610 anzstróms. 


energy given up by the light in removing electrons from the 
ls to the various p orbits, and the latter to a photoelectric 
effect. Light-quanta of greater frequency than the series 
limit have more than enough energy to eject an electron 
from the atom, and the surplus is used in giving the 
electron a velocity after ejection. 
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Corresponding phenomena vecur in the X-ray region. 
There an absorption is observed which decreases approxi- 
mately as the cube of the wave-length trom the K, L, and M 
limits. In this instance also the absorbed energy goes into 
the jumps of the electrons from various orbits and their 
velocity upon complete removal trom the atom. The 
velocities of these X-ray photoelectrons have been measured 
and found to agree with this view, and in general all the 
experimental evidence supports this photoelectric origin 
of the absorption. 

Continuous optical absorption of wave-lengths shorter 
than the series limit has been obtained by Wood * in sodium 
and by Holtsmark f in sodium and potassium, and more 
recently Harrison f. has published excellent photometric 
measurements of the variation of the absorption with the 
wave-length. Harrison’s results indicate that the absorption 
decreases with the wave-length from the series limit in 
a manner similar to the decrease beyond the absorption 
limits in the X-ray region. By analogy with the X-ray 
photoelectrie data this similarity suggests that this 
continuous absorption is due to a photoclectric etfect in 
the vaponr, in agreement with the Bohr theory. However, 
as has been pointed out, direct photoelectric evidence is 
meagre, and the present research was initiated with the hope 
of obtaining more definite data of this sort. 

Williamson has discussed in detail the experimental 
evidence from which is concluded that the effects observed 
are photoelectric effects in th» vapour. In the present 
instance it is sufficient to say that his evidence and con- 
clusions have been confirmed. Now, clearly, the results 
obtained are completely in disaccord with expectations, 
Neither does the photoelectric threshold coincide with the 
limiting wave-length of the principal series, nor is the light 
of way ve-length just less than fie: threshold: -tlie-anost 
effective in “producing the photoelectric effect. If these 
results are truely representative of the photoelectric effect 
from potassium atoms in the vapour, we have here an 
apparent serious difficulty for the Bolir theory. 

The most plausible explanation of the difficulty is that 
the Vapour Nos of aggregates of potassium atoms, most 
probably in a sort of diatomic molecular forni. Then, if an 
energy of 7:4 volt is assigned to that involved in dissociation, 

* Astrophys. Journ. xxix. 97 (190 '). 
T Phys. Zeit. xx. p. 88 (1919). 
} Phys. Rev. xxiv. p. 466 (1024). 
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we have as the tota] energy required to ionize a molecule 


"4 volt +  43volts = +7 volts, 
(Dissociation) (Ionization) 


corresponding to the energy of a quantum of wave-length 
herein piven as the threshold, viz. 2610 ángstróms. That 
the vapour is in a molecular state receives support from 
other sources. Professor Wood * has observed channelled 
absorption bands in sodium vapour, and more recently 
H. D. Smith f has shown band absorption in potassium and 
other alkali vapours which strikingly suggests that a portion 
of the vapour is molecular. Clearly, if the number of such 
molecules is small relative to the number of atoms, the fact 
that the atomic photoelectric effect is not observed may be, 
stated in another form, namely that the probability of a 
light-quantum ionizing a molecule is greater than that of 
its ionizing an atom. 

Experiments are in progress designed to measure the 
initial velocities of the photoelectrons, and a method of 
positive-ray analysis is being developed to ascertain tlie 
nature of the photoelectric ions. Further theoretical 
speculation will be held in abeyance pending the outcome 
of this work. 


Summary. 


The photoelectric effect in a stream of potassium vapour 
has been observed, and it has been found that light of 
wave-length greater than 2610 ångströms produces no effect, 
and that the ‘efficiency of the lieht in producing ionization 
inereases as shorter wave- lengths are used. Because of the 
inconsistency with the Bohr theoretical interpretation of 
spectroscopic data on atomic potassium, the photoelectric 
effects observed are regarded as most probably due to a 
molecular state of the vapour. 


The writer is very grateful to Professor W. F. G. Swann, 
who suggested the research, for his continued interest iid 
many ins akon ble suvgestions and criticisms throughout the 
course of the work, both at Chicago where the investigation 
was commenced and at Yale w here it was completed. 

Sloane Laboratory, 
Yale University, 
February 2, 1925. 


* Wood, ‘ Physical Optics,’ 2nd edition. 
T Smith, Proc. Roy. Soc. cvi. p. 400 (1924). 
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XXXIV. Note on Mr. Garners Paper on the Critical 
Increment of Chemical Reactions. By C. N. HINSHELWOOD, 
Trinity College, Oxjord *. 


"| VHE occurrence of a bimolecular reaction in a vaseous 
. system seems to depend upon collisions between 
molecules with high kinetie energy. Using an approxi- 
mate form of the Maxwell distribution Jaw this assumption 
leads to the foliowing expre-sion for the velocity constant k 
of the reaction 


k=? x total number of collisions x e-8 8T x P, 


the factor e~@/ T ceiving the fraction of the total number of 
collisions in which the energy is sufficiently great The 
factor 2 is introduced because each fruitful collision involves 
the change of two molecules. P is a faetor depending on 
the shape of the molecules (and possibly on internal ** phase ”’ 
factors) which expresses the probability that a collision 
between activated molecules results in the formation of the 
reaction products rather than in the separation of the two 
molecules in a chemically unchanged state. 

Experimental evidence shows that P is of the order of 
magnitude unity—a result of considerable interest. Unless 
Q could be determined with a quite unattainable degree of 
precision, the nature of the above equation makes it 
impossible to ascertain the exact value of P. Nevertheless 
the knowledge that it is of the order of unity permits an 
absolute calculation of the logarithm of a velocity constant 
from the value of the heat of activation Q, in a manner well 
confirmed by experiment. 

Q is obtained from the temperature-coefficient of $. The 


collision number is proportional to 4/T, whence 


k- constant. yT e-S;RT; 
thus d log &/dT 5 -Q/RF?. 


In a recent communication to the Philosophical Magazine 
(1925, vol. xlix. p. 463) Mr. Garner points out that P 
cannot be exactly equal to unity. But it may be replied 
that in “irreversible”? reactions there is vo reason why P 
should not approach unity almost indefinitely. He also 
suggests that since P itself is an unknown function of 
temperature, the method of determining Q from the effect 
of temperature on the reaction velocity is unsound. 


* Communicated by the Author. 
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Unless I have misunderstood Mr. Garner’s argument this 
criticism is not valid. Perhaps, at all events, it may be 
permissible to state the alternative view. 

Temperature has no meaning applied to individual 
molecules. It defines the statistical distribution of energy 
among large numbers of molecules. Activated molecules are 
molecules with specified energies. Temperature determines 
how many of these exist and how many collisions take place 
between them, Whether a collision between two individual 
molecules with specified energies is ** elastic " or “inelastic ” 
in the chemical sense cannot depend upon the distribution of 
energy among other molecules which are not participating 
in the impact. Thus P would seem to be independent of 
temperature. ‘ Activated " molecules have always the same 
“ temperature” whatever the real statistical temperature of 
the gas may be, because they are ex Aypothesi molecules of 
specified energy. . 

The use of the distribution law in the form e~@®? is of 
course not quite’ unobjectionable theoretically, but is 
justified by experiment within the limits of accuracy 
obtainable in the determination of Q. 


Trinity College, Oxford. 


XXXV. Refraction and Electron. Constraint in Ions and 
Molecules. By CuanLEs P. Sayra, Ph.D., Department 
of Chemistry, Princeton University *. 


ie the problems of molecular structure and chemical 
activity the outer electrons of the atomic shells are of 
prime importance and the constraints under which these 
electrons act may be decisive factors in determining the 
molecular behaviour. An approximately quantitative mea- 
surement of these constraints may be obtained from a con- 
sideration of the force necessary to displace the electrons 
from their positions of equilibrium or to alter or distort 
their orbits in the molecule. In the present discussion such 
an alteration or distortion will be treated as equivalent to a 
displacement of the effective position or position of equi- 
librium of the electron in the molecule. The force necessary 
to displace an electron may be calculated on the assumption 
that, when a small displacement occurs, the force tending to 


* Communicated by the Author. 
Phil. Mag. S. 6. Vol. 50. No. 296. dug. 1925. 2B 
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restore the electron to its original position is proportional 
to the amount of the displacement, that is 


restoring force—/x displacement, 


in whieh f is a proportionality constant. When the dis- 
placement is unity, the restoring force is f, or f is the force 
which would be required to displace an electron one 
centimetre from its normal position in a molecule if the 
restoring force were always proportional to the displacement. 
Obviously, the relation cannot hold for a displacement of 
this magnitude, but, for very small displacements, snch as 
those which cause refraction, it may be regarded as holding 
approximately, The constant f thus provides a measure of 
the resistance to the displacement of the electron. 

In a previous paper * the writer has caleulated f from 
relations which, for the purpose of the present paper, may 
best be expressed by the equation 


m? —1 47Ne? 


mł +2 af i 


in which m, is the refractive index for light of infinite 
wave-length, N is the uumber of electrons in unit volume 
suff-ring displacement, and e is the electronic charge. This, 
by simple substitutions, may be eonverted to | 


Qo Am None d m+ 1) 
Dos d — a TIRES ER LUN je —— A 5 


3 w m? —1 


in which N, is Avogadro's number, 6'061 x 10%, » is the 
number of displaceable electrons per molecule, d is the 
density, and w is the molecular weight ; or 


daN ane? 


[7 pa 


where M, is the moleeular refraction for light of infinite 
wave-length. In the paper referred to f was calculated for 
a number of gases and, as great accuracy was neither 
required nor possible, refractive indices for light of visible 
wave-length were commonly used. 

In a paper immediately subsequent to this, Dorn and 
Heisenberg t have used a somewhat similar expression to 
calculate the deformability, «, of an ion, « being defined by 


* C. P. Smyth, Phil. Mag. xlvii. p. 580 (1924). 
t M. Born and W. Heisenberg, Z. Physik, xxiii. p. 388 (1924). 
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the relation p2 «E, in which p is the moment induced by a 
homogeneous electric field, E. The relation of « to f is 
given hy tlie expression : 


ee gn BN 


By a combination of these calculations from refractive 
indices with deductions from values for tLe terms of spectral 
series, Born and Heisenberg obtained the deformability of 
the ions of a large number of elements. It is evident that 
a is proportional and f inversely proportional to the mole- 
cular or ionic refraction, and l'ajans and Joos * have used 
the refraction as a direct measure of the deformability of 
the electron shells. These investigators have calculated the 
molecular refractions for the D-line, obtaining results in fair 
agreement with those for the D-line obtained by Wasastjerna 
for the rare gas atoms and a number of iens in an earlier 
investigation + and with those caleulated from the values 
of a given by Born and Heisenberg. The refractions cal- 
culated for infinite wave-length should provide a sounder 
theoretical basis for the treatment of the electron constraints, 
but as the ditference in wave-length causes but a small part 
of the differences between the results of l'ajans and Joos 
and those of Bornand Heisenberg, other factors contributing 
more largely, and as in other cases to be considered the 
data are often inadequate for extrapolation to infinite wave- 
length, it seems best in the present paper to use the values 
for. the D-line. Although the differences between the 
different sets of data are, as a rule, too small to affeet the 
conclusions to be drawn, the following tabulation of the 
results lays most weight upon the values of. Fajans and Joos 
because they are obtained for the D-line and because these 
investigators took into account certain complications not 
provided for by W asastjerna. The refractions are those 
which the atoms or ions should have when so isolated as to 
be practically unaffected by the fields of neighbouring atoms 
or ions. Table I. gives below the symbol of ea acor ion 
its refraction for the D-line, and below that the value of n 
for an electron in the outer shell. 

The investigators whose results are shown in Table I. have 
noted the increase in refraction on passing downward in a 
column in approximate conformity to the relaticn observed 


* K. Fajans and G. Joos, Z. Physik, xxiii. p. 1 (1924). 
t J. A. Wasastjerna, Z. physik. Chem. ci. p. 193 (1922); Soc. Scient. 
Fennica, Commentationes Physico-Math. i. p. 37 (1923). 
2 B2 
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by Cuthbertson *, and the decrease in passing along a period 
from left to right showing increase in constraint with 
increasing nuclear char ge. In the paper already referred: to, 
the writer noted the uniform decrease in f on going from 
neon to xenon through the familv of the rare gases, and 
from fluorine to iodine in the diatomic molecules of the 
halogens. In calculating f it was assumed that all the 
elec rotis in the outer lav er of the atom or those whose 
orbits extended farthest out from the nucleus were capahle 


TABLE I. 
Ionic Refractions and Values of f. 
He Lit Bet + Bttt C++++ 

R, 50 20 09 05 03 
fx10-* 232 58 12-9 23:3 38-6 

O-- F- Ne Nat Mgtt Altt+ git+*++ 
R, 7 25 100 50 29 17 2 
fx10-* 66 185 4063 927 16:0 273 46:3 

S- CI A Kt Catt Set +t Toes 
R, 15 87 420 223 135: Zu*** -97 69 
fx10-* 31 .53 110 208 343 399 | 4:78 672 

Se7- Br^ Kr Rbt srt: 160 yt*-* Zrt+++ 
R, 163 122 637 36 225 catt 26 2-03 
fx10-* 28 38 43 129 2-06 | 244 | 178 2:28 

Te-- I- X Cst Batti 190 Lat++  Cett++t 
Rp 244 185 1042 63 43 |Hg** i40 3:05 
fx10-*-19 25 445 ^4 108! 505 | 16 1:52 

: (yD ' 


t The enclosed column is displaced one line A to show that its figures 
should not be directly related to those in the adjacent columns. 


of suffering displacement and thus contributing to the 
refraction, the others being too rigidly bound to have an 
appreciable effect upon the refraction. In the neon and 
argon atoms the number of displaceable electrons should be 
eight, aud the assumption of eight in krypton and xenon led 
to “the unitormly decreasing values of j alre: ady mentioned as 
compared with the fact that the assumption of eighteen as 
indicated by the original theory of Langmuir caused a sharp 
increase in going from argon to krypton followed bv a 
decrease in the value for xenon. 
In calculating the values of fin Table I. eight displaceable 


NO Cuthbertson, vs Roy. Soc. London, ecciv. p. 323 (1905); 
‘Science Progress,’ alt 1 (1908). C. Cuthbertson aud E, B. R. Prideaux, 
Trans. Roy. Soc. London, cev. p. 319 (1t 905). C. Cuthbertson and E. pP? 
Metcalfe, Trans. Roy. Soc. London, ecvii. p. 135 (1907). S. Smiles, 


‘The Relation between Chemical ‘Constitution and some Physical 
Properties," 1910, p. 245. 
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electrons are assumed for all but the elements in the first 
line, which contain but two electrons. The values of fin 
the first period are lower tuau those in the second, possibly 
because of the absence of screening effect in the structures 
of the first period. No distinction can be made between the 
electrons of the same total but different azimuthal quantum 
numbers indicated by the Bohr theory, so that f may be but 
an average value in the case of most of the ions. 

Since Fajans and Joos and Born and Heisenberg, in their 
papers which came out shortly after the writer’s preliminary 
discussion of the quantity f, have given a detailed treatment 
of the refractions and deformabilities of the atoms and ions 
in Table I., discussion of the corresponding values of f 
appears unnecessary. However, some interesting relations 
appear when 7 can be calculated for electrons whick form 
valence bonds betveen molecules. In the preliminary treat- 
ment of the subject f was calculated for the electrons in a 
number of simple molecules, the results thus obtained bein 
averages of the values for electrons in different parts of the 
molecules. The work of Fajans and Joos and Born and 
Heisenberg has shown that the constraint upon an electron 
in an ion is increased by the proximity of other ions or 
molecules, particularly if actual combination occurs. This 
may be illustrated by the comparison in Table II. of the values 


TABLE II.* 
Molecular Refractions and Values of 7 for the Halogen 
. and Hv drogen Halides. 
| R,. fx10-* 
: M TUM ur zt 
Xu XO D SIR X RP FN 03» 
cr d IE CMM OCC DUE C ud xq ME E B^ 
NENNEN 2A q( (U9) ' 291 | Lab | Qa) | 279 
| (O vanitas 87 668 : 1167 03 69 t9 
Dromos 122 , 914 | 1743 | 38 | SL 47 
Potts 185 13875 | 30907 || 25 d4 o. 03D 
| : l 


of Rp and / tor the halogen ions with those for the hydrogen 
halides and the diatomic halogen molecules, the number of 
displaceable electrons in the latter being taken as fourteen 

[f it could he assumed that the attachment of a hydrogen 
nucleus to a halogen ion to form a hydrogen halide molecule 


* The values for the ions are taken from Table I., the refraction of 
hydrogen fluoride is a value estimated by Fajans and Joos, and the 
other “values are calculated from data contained in Landolt-Bornstein, 
5th edition. 
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affected only the two electrons which are supposed to form 
the valence bond, the contribution to the molecular refraction 
of the other six electrons in the outer layer would be three- 
fourths of the ionic refraction, and that of the two binding 
electrons would be the difference between this and the 
molecular refraction. In the case of the hydrogen halides, 
this difference is practically zero, which "might seem to 
Indicate that the binding electrons are under such rigid 
constraints as to be ine: apable of being appreciably displaced, 
but in some cases where the bonds must be more rigid the 
contribution to the refraction of tlie binding electrons 
appears to be a negative quantity when calculated in this 
way, which shows that the e‘ectrons other than those forming 
the bond suffer a loss of mobility, although they are probably 
less rigidly constrained than the binding electrons. Pre- 
sum; ilv, ull the outer electrons contribute to the molecular 
refraction in greater or less degree according to their 
positions in the molecule. The aver: age values of f show 
that the bond in the fluorine inoldcule produces a greater 
decrease in electron mobility than that in the hydrogen 
fluoride molecule, but, with imereasing atomic diameter, ‘the 
effect of the bond in ‘the halogen molecule diminishes until 
the electrons in the T, molecu: are hardiy more constrained 
than those in the I> ion, which is consistent with the 
Increasing ease of dissociation of the molecules with in- 
creasing atomic weight. On the other hand, the effect of 
the bond in the hydrogen halide molecule increases slightly 
with increasing atomie weight, a phenomenon which «i be 
disenssed presently, 

Instead of calculating the average value of f for a number 
of differently situated electrons in a moleeule, it is simpler 
to consider the contribution of this group of electrons to the 
molecular refraction. Contributions of this character may 
be calculated by means of the simple equations used by 
von Steiger * to enleulate bond refractions from atomic 
refrictions and other equations constructed on similar 
principles, of which the following are given as examples, 
the first four, which involve only carbon and hydrogen, 
being those of von Steiger :— 

(C—H)—14 C4 H ; (C- C) -1/2C; 
(C=Cj=C41=; (C20)232C417; 
Cu. l 

0:=1/2C0+0<; C=0:=1/2C+0”; 
c/` A 
O-X: =1/4C+X; Si- Cl: =1/4 SiCl,; S-F : =1/6 SFe. 


CX 
uq 0 c1 C+H+0'; 


* A. L. von Steiger, Ber. liv. p. 1381 (1921). 
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In these equations, each line joining the atoms represents 
a bonding electron pair, aud each dot a displaceable 
electron which does not enter into a bond. The refraction, 
in each case, is supposed to arise only from the electrons 
thus indicated: H, €, O, 0<, O". X, SiC, and SF, 
represent respectiv ely the atomic or molecular Ee icf on 
of hydrogen, carbon, hydroxyl oxygen, ethereal oxygen, 
carbonyl oxygen, a halogen, silicon tetrachloride, and sulphur 


hexafluoride, and 17 and 17 are the refractions assigned to 
the double and the triple bond. ‘The results calculated in 
this manner are given in Table IV., which shows each 
electron group with the value of its refraction to the right 
and a reference to the source of the data used to obtain this 
"lue. Whenever possible, use has been made of the 
average values for the atomic refractions given in well 
recognized tables, such as those of Eisenlohr *, and when 
data on individual substances have been employed the 
reliable results for all available substances have been 
averaged. As a check upon the results, the refractions of 
the electron groups may be used to cleulate molecular 
refractions. The results in Table ITI., which gives some of 
these calculations for widely differing E chosen as 
typical, show that the errors of this method are no greater 
than those due to experiment and to the minor ditferences 
of grouping which are so small as not yet to have been 
explained. 


TABLE III. 


Comparisou of Calculated and Observed Molecular 
Refractions (D-line). 


Calculated. Observed t. 
CN 

n—-C,H,NH,] o, 7 b NUS 1943 
iC "HR n] 300 C 4- (CM) +N: —-18 48 Te 

1 CNo —)]9: 90.7 

. C,IjOH | (C-C)+ 5(C--H)+ g 70: —1296 125 
» — C, H,OH CN : pon 
(CI A ĜOH | XC-C) CH) +4, 20: =22-20 22.02 
(0,H,),8  XC-C)EIu(C-H)4- 6^8: =2365 98-54 
CO, "n = ($84 671 
CS, 90-8: -22022 21:36 


+ The observed molecular refractions are taken directly from Landolt- 
Bornstein, oth edition, or calculated from the refractive indices there given, 


: Landolt-Bornstein, oth edition, p. 955. 
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TABLE IV. 


Refractions of Electron Groups. 


H-H 2908! 
C—H 1705! C—Zn 473? C— Hg 691? 
0-C 1200! C—Si 2305 O-Sn 402* C—Pb 502 
O=C 415! 
C=C 6025! 
H HN, 
HS : 5°63! H-P: 11:98 
H^ H^ 
EN. 5:13! 
H^ 
ON, 
O-N: 481! 
H^ 
Cx, 
C NE 4:65! C-P: 11:28° 


Ho: 376 H5s: gom 
Co: 3:23! 320: ay os: 940" CySe ` 12-348 
CSO: 285 SiSo: 3245 OSS; 918 CySe; 1196° C Te; 17-458 
c70. 339 
0—0:3421 Cz8;. 10:617 
S-E} 195  Se—F: 223" To—F: 2470 
B-Ol: 699 B—Br: 9:98" 
O-F: 1:60" C-Ol: 637! C-Br: 947 c-I: 1451 


Si-C]: 70%! Si- Br: 10-21'° 
Ti— Ol: (9°32)? 


Sn—Cl: 863151 


1 Tandolt-Bórnstein, 5th edition, pp. 961-985. 

2 A. Ghira, Gazz. ehim. ital. xxiv. p. 824 (1894). 

3 A. Ghira, Atti Accad, Lineei, (5) iii. a. p. 297 (1891). 

4 A. Ghira, ibid, p. 332 (1894). 

5 G. Abati, Z. physik. Chem. xxv. p. 353 (1803). 

6 F, Eisenlohr, Spek/rochemie Organischer Verbindungen, pp. 69-72 (1912). 

7 TT. S. Price and D. F. Twiss, J. Chem. Soe. ci. p. 1259 (1912). 

3 S, Smiles, ‘The Relations between Chemical Constitution and Some 
Physical Properties.’ p. 277 (1910). 

? G. Pellini and A. Menin, Gazz. chim. ital. xxx., IT. p. 465 (1900). 

!0 K. Fajans aud G. Joos, op. cit. p. 27. 

u F, Swarts, J. chim. phys. xx. p. 30 (1923). The refractive effect of 
fluorine varies somewhat with the nature of the molecule containing it, but 


the value given for C—F: may be regarded as representative. 


BN, 
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The values in Table 1V. show that the electrons binding 
two carbon atoms are more tightly held than those binding 
a carbon and a hydrogen atom, which, in turn, are more 
tightly held than the two electrons in the hydrogen molecule. 
If it is assumed, as indicated by the dashes connecting the 
atomic symbols in the table, that two electrons are shared in 
the single bond, four in the double, and six in the triple, the 
actual value of f for each electron in these bonds may be 
calculated, as well as the values for other bonds listed in 


Table V. 
TABLE V. 


Values of f for Bonding Electrons. 


Jx:10-* 
H-H ues '56 
UI uio '679 
(UO seis dune 958 
O20 usse 558 
UU Loses "576 
O-Si ............ '504 


We do not know the distance of the hydrogen nucleus 
from the electrons in the C— H bond, but it is apparent that 
the hydrogen exerts less force on these electrons than does 
the carbon nucleus with its larger charge in the C—C bond. 
lf it is assumed, as seems probable from the results of X-ray 
analysis, that the outer electrons in the atoms of the diamond 
have their effective positions located in pairs between the 
atoms, so that each atom may be treated as sharing a pair 
of electrons with each of four other atoms, the value of j 
for these electrons may be calculated from data on the 
refractive index and densitv of the diamond given in Landolt- 
Bornstein (5th edition). The value, 1:10 x 108, is close to 
the figure, °958 x 10°, for the electrons iu the C—C bond, but 
somewhat higher, as might be expected trom the fact that 
the close packing in the diamond lattice probably gives 
opportunitv for a given electron pair to be constrained by 
the force fields of atoms other than the two between which 
the pair lies. Although the silicon nneleus has a larger 
charge than the carbon, its greater distance from the electrons 
in the C—Si bond causes it to exert a smaller force upon 
them so that they are more loosely held than the electrons 
in the C—H bond. 

The looser binding of the electrons in the double and 
triple bonds is in accord with the ease with which addition 
may occur at these bonds, The slightly greater constraint 


370 Dr. C. P. Smyth on Lefraction and 


upon the electrons of the triple bond is in harmony with the 
fact that molecules containing this bond show, on the whole, 
less unsaturation than those containing the double bond, but 
the difference is too small to be significant. In the light of 
these relations, it is interesting to examine an hypothesis 
sometimes advanced to explain the structures of the mole- 

cules containing these bonds, namely, that the arrangement 
ot the cllecnive positions of. the electrons is such that one 
pair occupies each apex of a revular tetrahedron, two tetra- 
bedra sharing an apex in the case of a single bond, an edge 
in the case of a double bond, and a face in the case of a 
triple bond. 

When two tetrahedra share an edge as assumed in the 
case of the double bond, the positive nuclei supposed to lie 
at the centres o£. the feral, are brought closer together 
than in the case of the single bond and consequently” repel 
each other more strongly. This increased repulsion tends 
to increase the distance between the nuclei, thereby in- 
creasing the distance of the nuclei from the bonding electrons 
at the two shared apices. The mutual repulsion of these 
two electron pairs acting along the shared edge tends to 
increase the length of this edge, thereby increasing the 
distance of the electron pairs rout the positive nuclei, but 
this etlect is opposed by the comporents along the edi of 
the attractive forces exerted by tlie positive auclor Tlie net 
result of these effects would probably be an increase in the 
distance of the binding electrons from the positive nuciel 
and, as a consequence, the observed decrease in the con- 
straints acting upon the electrons. In the case of the triple 
bond, the sharing of a face by two tetrahedra should bring 
the positive nuciei closer together than in the case of the 
double bond, the repulsion between the two nuclei being 
correspondingly greater. The repulsion between the electron 
pairs at the three shared apices should be greater because 
each pair would be acted upon by the resuitant of the re- 
pulsive forces exerted by the other two pairs. Since the 
positive nuclet should be closer to the plane in which these 
forces act, the components in this plane of the attractive 
forces ein eli they exert upon the electrons should afford 
greater opposition to the moving gt of the electron pairs 
than in the case of the double bond , but this increase in the 
attractive force shonld not be sc ani to balance the increase 
in the tendeney of the electron pairs to move apart because 
of their mutual repulsion. One would, therefore, predict 
somewhat weaker constraints on the electrons in the triple 
bond than in the double, while the values of f show the 
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electrons of the triple bond to be, if anything, a little more 
tightly held. The hypothesis of two tetrahedra sharing an 
edge in a double bond and a face in a triple bend gives a 
satisfactory explanation o£ the smaller electron constraint in 
these bonds as compared to that in the single bond, but fails 
to explain the almost equal constraints in the double and 
tripie bonds, although the difference demanded by the hypo- 
thesis is not necessarily great and the failure may be due 
to the difficulty of taking | proper account of all the variables. 
It this problem were donsidered from the ordinary point of 
view of atomic refractions, the greater refraction assigned 
to the triple bond would lead to the expectation of. greater 
unsaturation and greater readiness to take part in addition 
reactions than in the case of the double bond. 

The value of f, 245 x 105, calculated for the electron pair 
of the C— Zn bond, shows tli decrease of the electron con- 
straint with increase in atomie diameter. The refraction, 
4°73, calculated for this electron pair from the refractive 
indices of zine methyl and zine ethyl presumably contains a 
small contribution trom the comple ted shell of electrons 
underlying the bonding pairs „as Table I. shows a value of 
-29 for the refraction of the ion Zn**, which must, however, 
be considerably decreased by the proximity of the other 
atoms in the zinc methyl and zine ethyl molecules. The 
refraction, 6:91, calculated for the C—Hg bond from data 
on mercury done thyl and mercury diethyl, contains a con- 
siderable contribution from the underlying shell of electrons 
in the mercury atom. l£ these electrons were unaffected by 
the other atoms in the molecule, this contribution would be 
one-half of the refraction of the Hg** ion shown in Table I., 
or 2:53, but it 1s undoubtedly reduced by the fields of the 
other atoms in the molecule. If the vafne assigned to the 
C— Hyg bond is doubled, the resulting figure, 13°82, is the 
refraction due to the two pairs of binding electrons together 
with that due to the underlying electron sheil. This figure 
is close to the value, 13:94, caleulated from data in Tandole 
Bornstein and given by Fajans and Joos" for the atomic 
refraction of mercury vapour, the atoms of which contain 
two unshared valence electrons. The refractions of the 
C — 8n and (—Pb bonding pairs, which presumably contain 
contributions from the first underlying electron shells, show 
the usual decrease in electron constraint with increase in 
atomic size. 

The rest of the refractions shown in the table are for 


* Op. cit. p. 35. 
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groups of eight eleztrons, one, two, or three pairs of which 
serve as bonds between atoms. The shell underlying this 
group of eight electrons can make no appreciable T ontribution 


to the retraction. The values for the Ti — Cl: and Sn - Cl: 


groups, the first of which loses somewhat in significance 
because of strong dispersion, presumably contain very small 
contributions from the underlying electron. shells in the 
titanium and tia atoms, bat contributions of this character 
should b. negligible in the other groups. 

[n the values for tlie uitrogen electron group, calculated 
from data on ammonia and the amines, it is apparent that 
an attached carbon atom causes vreater electron constraint 


H 
than a hydrogen, the constraint increasing from the H-N: 
OS H^ 
to the CN: group. The difference in effect is less marked 


(^h 
in the larger phosphorus electron group. Similarly, the 
carbon atom produces stronger constraint than the hydrogen 
when attached to an eleetron group of the oxygen family, but 
the difference in effect decreases us the volume of the group 
increases with accompanying decrease in the electron con- 


straint. When a carbon atom attached to the group (0: 


is replaced by the larger atom of silicon, the electron con- 
straint is decreased, "and when the remaining cirbon is 


replaced by a hydrogen to give the group no a further 


decrease in the electron constraint is apparent, although the 
value of the refraction is somewhat uncertain because of the 
fact that it was obtained from measurements upon a solution 
of silicic acid. When a carbon atom is replaced by a boron 
atom with its smaller nuclear charve,a considerable decrease 
in the electron constraint is apparent, and the weaker forees 
exerted by the boron nucleus are evident again in the higher 
values for the refractions of the B—-Cl: and B—Br: 


groups as compared with those for the C — Cl : and C— Br : 


groups. The relative effects of the acho and hydrogen 
atoms in increasing the electron constraint is shown again 


by comparison of the refractions for the C— X: group with 


those for the II -X: group in Table II. A carbon atom 
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attached to a fluorine group produces greater electron con- 
straint than a hydrogen, the difference in the effects is 
smaller for the chlorine group, and, in the bromine and 
lodine groups, the attached carbon actually produces smaller 
constraint than a hydrogen. [t is thus generally observed 
that, with increasing size of the electron group the difference 
between the effect of an attached hydrogen and that of an 
attuched carbon becomes relatively smaller and may even 
reverse its sign. This may be explained by supposing that 
the carbon nucleus with its two electrons in the inner shell 
or K-level does not greatly alter its distance from the 
bonding electron pair as the volume of the electron group 
to which it is attached i increases, but that the hydrogen nucleus 
approac hes more closely to the bonding electron pair as the 
inereasing distance of this pair from the nucleus of the 
electron group makes possible such an approach because of 
the decreasing repulsion of the two nuclei. Such an approach 
might actu: diy extend to a penetration of the outer electron 
shell by the hydrogen nucleus, as suggested by certain 
investigators in the case of the hydrogen halides *. This 
ap proach would increase the force exerted hy the hydroge n 
nucleus on the electrons as compared with that exerted ! DY 
the carbon nucleus, thus causing the effect noted. It is 
apparent that the forces exerted upon the electrons in a 
group decrease as the volume of the group increases, and 
increase as the nuclear charge of an atom increases without 
increase in volume, as is the case in a horizontal period of the 
Periodic System. 

In an attempt to determine the effect of a hydrogen 
nucleus attached to one atom in a molecule upon the electrons 


in the adjacent atoms of the molecule, the value for €—X : 


was caleulated from the molecular refraction of a large 
number of halogen-substituted hydrocarbons, particular 
attention being paid to isomers. A number of cases were 
found in which a nearby hydrogen nucleus appeared to 
increase slightly the constraint upon a chlorine electron, and 
none in which it caused a decrease, but, as the differences 
noted were small, and as nothing definite could be drawn 
from the very limited data available: for testing the other 
halogen compounds, the results were rewarded as incon- 
cse: 

The strong forces acting in the fluorine structure are 


* H. Dell, Phil. Mag. xlvii. A: 549 (1924). M. Born and W. Heisen- 
berg, op. cet. 


374 Refraction and Electron Constraint in Ions and Molecules. 


shown bv the results of Swarts * for unsaturated fluorine 
substitution produets. The replacement of a hydrogen by a 
fluorine atom in a saturated compound ordinarily causes 
a decrease in the molecular refraction of about O 1, while 
a similar substitution at an unsaturated carbon causes a 
decrease of O72 to 06, presumably, because the fluorine 
structure tightens the constraint upon the loosely held 
electrons of the unsaturated bond. 
Comparison of the refractions for the C=0: and C=S: 

1 z "Y 2 


: : : A n NA 
groups with those lor the C/O: and cys: groups shows 


the smiller constraint of the electrons in. the double bonds. 
The exaltation of the retraction in a conjugated system gives 
evidence of a loosening of the constraint upon the electrons 
in the neighbourhood of those in the double bonds, but the 
actual mechanism of this decrease in constraint cannot be 
clear until the phenomena of the double and triple bonds are 
better understood. 

The refractions calculated for the electron groups in the 
hexaHuorides of sulphur, selenium, and tellurium show an 


interesting progression. The value for S— F:, 1:95, 
larger than the value for C— F:, 1:60, by no more than 


might be expected because of the larger size and hence 
lower electron constraint in the sulphur atom, while the 


value for Te— F: differs by a negligible amount from the 
refraction given for the fluoride ion in Table I. The group 
Te—F: would seem to be practically identical with the 


fluoride ion, although the stability and low boiling-point of 
tellurium hexafluoride are properties not ordinarily associated 
with substances whose molecules contain polar bonds. As 
the carbon-fluorine bond is one which would ordinarily be 
classed as non-polar, tlie electron groups under consideration 
apparently show a gradual transition. from a polar to a 
non-polar type of lub: age. One nvght regard the sulphur- 
fluorine bonds in sulphur hexafluoride as polar and consider 


that the refraction of the S-F: group is diminished by the 


attractive forces exerted by the sulphur nucleus, which does 
not ditfer materially from the situation existing if the bonds 
are non-polar. If the bonds are polar, we have fluoride ions 


* p. Swarts, op. cit. 
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arranging themselves more or less symmetrically about the 
central structure but somewhat deformed by the forces 
exerted by this structure. Tf the bonds are non-polar, we 
have an eleetron pair shared between each fluorine group 
and the central structure, but the location of these shared 
pairs may be identical with that which they would oceupy in 
the case of the so-called polar linking, so that the distinction 
between the polar and the non-polar bond in molecules of 
this character is seen to be one merely of nomenclature. 


A similar argument applies to the increase in refraction 
from C— Cl: through Si—Cl: to Sn-Cl: , the value for 


which is only slightly lower that that given for the chloride 
ion in Table I. 


Summary. 


The forces opposing the displacement of the outer electrons 
in ions and molecules are calculated from the refractions. 
When the force cannot be calculated for an individual 
electron, the contribution to the refraction of a group of 
sléchroue is taken as an inverse measure of the average force 

acting upon these electrons. It is found that, where 
unsaturation exists, the constraint upon the electrons is low 
and that, in general, the forces exerted upon electrons shared 
between atoms, as well as those acting upon the unshared 
outer electrons of atoms or lons, decrease as the number of 
underlying electron shells increase and increase when the 
nuclear charge increases without increase in the number of 
underlying shells. 


Princeton, New Jersev, U.S.A. 
November 1, 1924. 
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XXXVI. Multiplet Structure. By ARTHUR BRAMLEY, Ph.D., 


Fellow in Physics, Princeton University * 


Í es equations of motion of an electron, describing a path 
about a central charge, without radiation of energy, can 
be written in the form 
d? 4 N da? da? 
ds? ^P ds ds 
where the I"s are sets of functions depending on the position 
of the charge and electron. 


= 0, 


* Communicated by the Author. 
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The general quadratic solution of the above set of equations 


is of the form 
Jes Ee e] const., 
e 1) "s: = S 


where the ġa is a vector which becomes in the above case the 
momentum of the moving charge in the 24* direction, and 
gij is a tensor of the second order *. 
If the solution is periodic, then 
f padat = nk, 
K = const., 
Pa = momentum in the 27 direction. 


The relative invariant integral 


f Pa dat 
is equal to the absolute invariant integral 
( Óp, 64*, 


where each double integral is taken over the projection of 
the section of the tube of paths on the corresponding p,q, 
plane. The integral 


\f dp. bat = nx 


can be reduced to a system of one degree of freedom in- 
variantly so that we get 


i». da? =nk, 
a not summed. 


This gives the familiar quantum integrals for the three 
spatial components, but in addition it leads to the quantiza- 
tion of the time momentum 


yrs dt = nk, 


which is a necessary consequence of the idea that the spatial 
and time directions have equal significance. 

The above argument has been given for the three spatial 
components by E. P. Adams (c Quantum Theory,’ p. 38). 
The considerations outlined above lead to the conelusion 
that only tubes of paths can exist in the four-dimensional 
manifold which are multiples of unit tubes. 

The fundamental quadratic form associated with the motion 
of an electron about a central charge E is 


* Eisenhart, Trans. of A. M. S., July 1924. 
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H = 2m (E +n (F 
ds ds 


+73 sinto (2) ] — (1- 2 (F) > 


H = energy of the electron, 
m = mass of the electron, 
e = charge on the electron ; 


where 


or 


alt (a) ] 
= am [ (20) e (EY eroe o (Y ] E (y. 


If we consider the spatial quantum integral, e. g. 


| gu (T) dr = «n, 
IE (C) dr = kn, 


dt 
but m ( 1) = n, 


the invariant mass of the electron, and our invariant integral 


becomes 
dr 
2mo È (F) dr = kn, 


the familiar law where 
x = h = Planck's constant. 


then we have 


Considering next the time component, we have 


EC — hn, 


((: — 23 (de) ds = hn. 


But from the integral of the equation of motion, 


d? fa 2 d saw dt 
ds? P lr 98 Ju ds ds . 


or 


= 0, 


we have 
dt 
g«( à;) = const., 
Phil. Mag. S. 6. Vol. 50. No. 296. Aug. 1925. 2C 
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which is analogous to the equation of areas, 


J22 (£) = const. * 


Hence our time invariant integral becomes 


« MES ds = (o J ( ds nh 
K ( 9s ds 944 m ds "m ` 


To a first approximation we have 
dt 2S =, 
(7 ds) gu M 
where S is the length of the periodic path. 


Since S corresponds to the measured time in experimental 
observations, we have 
ay _ 
M 


T — periodic time. 


From the solution of the spatial components of momentum 


integral we have 
(a) 
(a | 2n’ mE 
3 
n= YE m number, 


H= 2T^mE? e? [p " ud = l 
dit. 


whe 


or 


Moreover, since 


we have to a first approximation, since 


ga = 1—1H on the average, 
H= 2m m e? [1- y^ 


TRI hn, 
for 


Mm E 1] M4m ng? 
9 du ME M E 
tides (2 NNUS M +m n,2h? a) dr? Mm He? ) inh, 


using the values of H and T derived for the simple atom 


* Eddington, Math. Th. of Rel. p. 86. 
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and where y is a constant which is introduced from the 
chauge in the units of T. "Therefore 


H = W[1—y'. W!7, n] = energy of the electronic orbit, 


where 


— uo = the highest energy level of the multiplet, 


and 
y' = ym mB e). 


The constant y cannot, however, be determined accurately 
owing to the indeterminateness of the scalar gauge vector in 
the quadratic first integral which is determined from the 
electromagnetic field. 

If v and v' are the frequencies of two lines of a multiplet 
arising from the same initial state (or ending in the same 
final state), then 

hy = H,—H;, 


hy’ => H, —H.’ ; 


SS y—y — ; ; [Ez — Hy] = y(n —n') W >? 
vitae difference of. two lines of a multiplet 
m H, and H,’ have the same nj, but different n’s. 


Thus the frequency separations of the components of the 
lines of a spectral series of any particular element should 

rary as W32, where W represents the highest energy level 
of the components of the multiplet. Further, the ratio of 
the trequency separations of the components of any one 
multiplet should be as the ratio of simple integers, e. g. in 
the triplets of the principal series this ratio is two. 

Since the values of W for the energy of any one particular 
level in the optical series for any set “of similar chemical ele- 
ments is nearly constant, the frequency separations of the 
components of any multiplet should varv as y' from one 
element to another similar element. Now the constant y’ 
should vary as N?, where N represents the atomic number 
of the element, so that the frequency difference of the 
energy levels of similar chemical elements varies as N?, 
according to the law which was first stated by Dunz 
(Sommerfeld, Atombau u. Spektrallinien, p. 454). 

The case of the fine structure of the H and He atoms as 
well as that of the X-ray spectra considered by Sommerteld 
is a degenerate case of the above considerations where s and £ 
become identical. In this case the space degenerates into a 

90:2 


Ld 
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three-dimensional spatial manifold and the invariant integrals 
become the usual quantized action integrals. The theory 
outlined above applies, on the other hand, only to the optical 
spectra of the elements with more than one electron, since 
the constant y depends on the dynamical properties of the 
inner core, t. e. on the nucleus and the inner electrons. 
The introduction of the **inner quantum number " n arises 
through the rotational motion of this inner core with respect 
to the observer. 

The following table contains the computed and experi- 
mental frequency differences for the energy levels of the 
spectra of typical alkaline earth and metals, using the 3/2 
power law. The data are taken from the tables in Fowler's 
Report on Series in Line Spectra. The energy levels of the 
spectra of the other elements of these families has been com- 
puted and compared with the experimental results, the 
agreement being of the same accuracy except in the case of 
Ba (non-ionized) which, however, is non-Ritzean in type. 


Potassium. 
State. Ar exp. Av calc. 
mr 
21065:06 
22020°77 51711 
1028570 
304-39 18°69 18:29 
6001:18 
9:33 815 8:32 
3930:00 
483 4'83 4:34 
2778-27 
80-56 2:29 2-86 
Caleium (ionized). 
mo 
82080:32 
28°73 60°85 
88900:47 
881:30 19:19 19*8 


23017:56 
8:95 8'61 9-0 
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Caleium. 
State. Av exp. Av calc. 
n 
330887 
40946 105:9 
146:9 522 
12730°3 
50:2 19:0 19-1 
( Only the larger separa- 
67118 | tion is oalculuted, the 
85:6 7'8 TT other component being, 
89:6 4'0 | according to the theory, 
\ à simple fraction of this. 
md 
289601 
5052 13:3 
335 22:2 
115564 
526 37 
47:0 36 56 
65614 
297 17 
39 28 24 
42555 
54:0 14 
22 1:8 1-4 


In conclusion, the writer wishes to express his gratitude 
to Professor E. P. Adams for itis interest and assistance 
during the writing of this paper, which is a continuation of 
the paper on “The Motion of an Electric Charge "'*. 


AXXVII. On Certain Postulates of the Quantum Theory. 
By Dr. D. N. MarLiRg, Professor of Physics, Muslim 
University, Aligarh, India f. 

Summa ry. 
ROM Langrange's equations in generalized coordinates, 
... the general quantum condition is deduced in the form 

\E dt - NÀ (where E is the energy of a radiating system 

and N an integer, h being Planck's constant). 


Taking this as the fundamental postulate of the Quantum 
theory, Fermat's law of swiftest propagation of light and 


* Phil. Mag. May 1925, p. 912. 
t Communicated by the Author. 
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Planck’s postulate regarding the equality between the 
frequency in a stationary orbit and that of subsequent 
radiatiou are deduced. 

It is then shown that this equality may be explained as 
well as the Zeeman and Stark effects by considering the 
motion as that in a disturbed circular orbit. This suggests 


a concordance between the Quantum theory and the ordinary 


wav e-theory points of view. 

It is then pointed out that both theories fix attention en 
the mean value of the energy of radiation which can also be 
shown, on the ordinary Electron theory, to be proportional 
in some cases at least to the frequency as postulated in the 
Quantum theory. 


1. From Langrange's equations in generalized coordinates, 
if T, V are the kinetic and potential energies and p's 
the generalized principal coordinates, we have 


d QT 9T , oV 
(255 7 5, + $p P= 0. . . . (1) 


Multiplying this hy dt throughout and integrating with 
respect to t, we derive, provided we can admit that the. order 
of integration is E ‘ent, 


(sor ap AE ;9 c — ipit const. a oy (2) 


This yields equations of the ha pe 
IE? dp-constant, . . . . . (3) 
since p's are independent, admitting 
9 | B 
z| S (T-Vydp =f T-V =0. . 0. A) 


This seems to be reasonable, since the initial and final 
configurations being prescribed, there is nothing to distin- 
ois! curing the infeeration, between the present operator 
Ò and the operator 6 of the calculus of variation. In any 
cuss, tueded-nand side is zero for a close 1 asst. 

Now in accordance with quantum ideas, we may evidently 
take (subject to the limitations specified above) 


iE pen bo x 4 x t2 we. (COD 


wlere n, is an integer in h is Planck's constant, showing 
tore-ustetopalatiop: Uere eldest ien laid quantum den amies, 
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2. Again if E is the total energy of the svstem 


v L T. V aT 1 
al Edi | (2; IE = S | 
i < 3 pt Op dp yat \z 3p dp t YXF,dp 
=3) $5 ap Lao o3 us (6) 
if xir, dp z0, F, being the impulse corresponding to p. 


This, of course, would be true whenever the displacement is 
zero while the impulse acts. 

Assuming this as a condition in the postulation of quantum 
theory, we get 


fEdmNÀ ...... (1) 


from (5) and (6), where N is an integer, since fractional 
vaiues of the coefficient of h are excluded. 

3. It should be noted that equation (3) admits o£ direct 
verification in the case of tlie Bohr model of the hydrogen 
atom. For this (in three dimensional motion) let 

z, Y, z2, be the cartesian coordinates of the electron, 
X, Y, Z those of the nucleus, 

r,O,d polar coordinates of the electron, 

R, 0, @ polar coordinates of the nucleus. 

m, M, the masses of the electron and the nucleus. 


2T = (mt? + MX?) + +=mi(e+X)+..., 


since mx = MXF, ete. 
Hence the equation corresponding to (2) becomes 


or oT oT X oT, 
= z .dY 
lE dat si dyt 5. de ) (Gi -Ò E t+ az d4) 

=|(nå de+MX dX) + +... 

=\(ni dr + MR dR) + f(m? + MRÐÅ dO 

+ (Onr? + MR?) sin? ĝġ do =constani (8) from (2). 

But the last two terms are each of them constant on the 
principle of angular momentum: therefore from (8), we 
have 
\(mrdr+MR dR) = up dp=const.=ngh say, . . . . (9) 
where v ZR — p 
l/m 1l/M lu 

And we have the spacial quantum conditions of Sommerfeld. 


v 
- 
o: 
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4. Accordingly the postulate which serves as the basis of 
the Quantum theory may be stated in the form (E dt — Nh, 


E being the total energy at any time t. 
We have, in fact, 


(EdtZXE,, ©. . . . . (10) 


where t — period of the rth radiation, if 


B,=hy,= owe cat Ee GOLD) 
in accordance with the quantum theory, E, being the energy 
given out during the rth radiation. 


5. If this is postulated, the minimum increment (A) of (E dt, 
i.e. JAM, diuum. uos woo (12) 


on the understanding, however, that for a permanently 
stable configuration or orbital motion 


AJB cec» eom ae X19) 


since E —const., and Vat — const. 

6. Again if A is replaced in (13) by 8, where 6 is the 
operator of the calculus of variation, we get ôf E dt or d\dt=0 
(since E is constant in a ray of light during its transmission) 
which is Fermat’s law. 

7. If A refers to two stationary orbits of a Bohr atom, we 
shall have also from (12) 


(E-E)T-horxh, . . . . . (14) 


where x is an integer, if during a complete period T, A/T or 
Kh[T quanta of energy are given out ; or 


(E—E')= «ho or ha, . . . . (15) 


from (14) where © is the frequency in either of the orbits. 

8. But if A refers to emission of radiation during a com- 
plete period of a vibratory system of simple period 1/v we 
have, from (12) 

E-E’=hy, . . . . . . (16) 
which is a postulate of the quantum theory of spectral 
emission. 

9. If, then, radiation is associated with change from one 
stationary orbit to another, we have from (15) and (16). 


» (17) 


Thus the equation ca=v (x—1,92...) seems to be 
deducible from general considerations alone. 


=V Or KB=yv. 
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10. The following analysis suggests a further explanation 
of this equality. 

Consider the motion of a particle in a central orbit. The 
equations of motion are 


r=r® = =). e 8 o e 5 (18) 


and ld , 
ui Sls. 4% zx o woo (I9) 


1 l' 
j =e? ( — 7 : € | . 
Where XA ze (- + x) for hydrogen atom (Bohr model) 
Let the orbit be slightly disturbed according to the seheme 
r=mn+R, 0-o40; 


we have then for the equation of small oscillation 


R- Ro — non= ER . . . . (20) 


from (18), and d "o 
7 (2npoR -rj0)-0 . . .. . (21) 
( 
from (19). M 
. . 4 2 e 
For a circular orbit, r>=const., o=const., Tow? = Li 
0 


whence substitnting we get, since R and Q vanish together, 
R+oe’R=0. . .... . (22) 


Taking R « cos pt we have p= c, showing that v—« or 
the frequency of radiation is equal to the frequency of 
orbital motion, if radiation is due to tlie harmonie motion 
set up in the disturbed central orbit. 

11. Comparing this with Bohr's theory we gather that a 
change from one stationary orbit to another is associated with 
vibratory motion and consequent emission of radiation, so 
that although the net result is expressible by the equation 


E—E-hv, 


the result is attained through oscillation of period 1/v. 

12. It is worthy of note that tlie present analysis gives 
also the Zeeman and Stark effects. 

13. Thus for the Zeeman etfect, the corresponding equations 
of the disturbed orbit will be 


R—Rw?— 27,02 = oe ue (A+R) (23) 
rg He 
He 


1-0 2.5 " a He y 21 
od VP SOS uc ko de a E) 
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where e is expressel in electrostatic units, LIE i 
c— velocity of light, H being perpendicular to the plane of 
the orbit. 


Hence from (24) 
To Q + (20 + Hek =o, 
uc. 


"CE 


or n Q+ (20+ 2* R0, 0... (25) 


since Q and R vanish together. 
Remembering that for undisturbed orbit, 


ro À He 

wt = -— — — ruo 
0 ry ue row, 
this łeads to the equation 


R+ (o? to=*)R= 0, . . . . (26) 


from (23) and (25), or i£ 
Ræ cos pt, 


e., if Av= frequency corresponding to the Zeeman effect 


and Av 0, when H is in the plane of the orbit. 
16. Similarly for the Stark effect the equations of small 
motion are 


" 9 
R- Ho! — ?2wr Q = Aig eF Ta conf, . . (28) 
"y pod 
aud 29 eE : à 
= = ———— S . r 4 . 29 
n 6) | c> Rasing, (29) 
r=ro+ R 
0—o-410 


where F is the electromotive intensity of the exciting field 
and 
liz lH,cos ( pt - a), 


= hy cos 0, 
observing that the radial resolved part of z (which is in 


A 


. . ad F * . . 
the direction of z)— £ s during finite (steady) motion 
H + 
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and accordingly for disturbed motion the effective part of 


this is 


E Be age s o ae aw @ 189) 


H To 
Similarly for the other component. 
From the second equation (29) on integrating (since 0 — c 
in tlie small terms) we have 


loa eF R | 
T a p P cos Ô+ (rw), + . . (30) 
en 
: l ,. u a = 
Me To [2rylio + r? Oe am : i (31) 


Hence, ultimately, we have 


R+ Ie Ment g dom a 192) 


from (28) and (31). 


oe o 
Hro 
0 if Av = frequency corresponding to the Stark effect 
3 Fe i 
Av= n m 2 ese (33) 


where 1/u=sum of the reciprocals of the masses of the 
electron and the nucleus. 

14. We are accordingly justified in concluding that when 
the motion of an electron is ch: anged by the requisite 
impulse, oscillations are set up, resulting in emission of 
radiation of the same frequency (on the simplest supposition 
at any rate) as that of the steady orbital motion. Since the 
oscillation is associated with radiation of energy, the orbital 
path gradually changes and the final configuration i ls again 
one of steady orbital motion in a new orbit, as postulated lu 
Bohr’s theory. 

15. Thus jm quantum theory by no means precludes the 
supposition that the transfer of energy actually takes place 
[bv quanta] through the mechanism of vibrations set up as in 
the wave theorv. This is alo practically the conclusion 
otherwise arrived at by Sommerteid (p. 263, * Atomic Struc- 
ture and Spectral lines’). 

16. Again, writing the equation (12) in the form 


Al =f shy >. oF wei ge ow. IE) 
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and remembering that the left-hand side is the mean value 
of the energy radiated away during a complete oscillation 
(of period T) we observe that if A refers to this condition, 
the above amounts to the statement that 


hv= mean value of the energy radiated away during 
a complete osciliation. 


17. The physical meaning of this is that on either theory 
we can only certainly tell what happens at the initial and 
final stages of the process of radiation, and also what the 
mean value of the effect is. For it will be recalled that 
the explanation of even the phenomena of diffraction on the 
undulatory theorv is virtually based on the theorem that 
half the mean energy of an undulation is equal to the 
illumination produced. 

18. The quantam theory, however, definitely asserts that 
the mean energy radiated is proportional to the frequency. 
On the undulatory theory also, tlie mean kinetic energy or 
illumination refers to a particular wave-length or frequency 
and is, so far, ascribed a discrete existence. But a nearer 
concordance may be reached by identifving the energy of 
radi: ation with that given by Larmor's expression, viz. 


2 e : : i . 
3 f 2 dt, if we confine ourselves to a vibrating electron 
e 


(e.g. a Bohr electron vibrating in the disturbed orbit of 
art. 10). Now if «= velocity” (vibrational) of the Bohr 
electron (in the disturbed orbit), relative to the steady 
motion, e veg sin pt, id ; then 

22 
2 ads s ast - toy. 
c. c 


3 3 


[This makes vg an eee constant, for 


4 e 
3 T? - ro =h.) 

19. It is, of course, easy to see that the equation (7) 
(art. 2) is really based on two postulates, (1) that the change 
of energy is impulsive, (2) that the impulsive change of 
energy or the time integral of energy is atomic. 

20. With regard to the second principle (that the time 
Integral of energy is atomic) it recalls the familiar equation 
\ dt=(n+n' )e, where i is the electric current and (i df is the 
total charge on 2 4-8 ions, 

This is, perhaps, more than an analogy, for it seems to be 
pretty evident, as Jeans has pointed out, that the atomicity 
of h is associated with the atomicity of e, which has really 
been accepted so far as a fact without any physical 
explanation. 
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21. With regard to the first, it obviously recalls the well- 
known equation in Elementary Dynamics, viz. | F dt — change 


of momentum produced. 

Although this equation is always true, its use is practically 
confined in ordinary Dynamics to the case in which a large 
force (an impulsive force) acts for a very short time, and in 
which, therefore, it is not convenient to consider the force 
and time separately. [n strictness, however, this is the 
more fundamental equation and is, as is well known, 
the basis of Newtonian Dynamies. 

Remembering that A or h/27 is of the same physical 
dimension as angular momentum, as has been pointed out by 
Jeans, the equation (Edt- NI as the basis of quantum 
Dynamics seems to be exactly analogous to the fundamental 
equation of ordinary Dynamics. 

22. In his report on quantum theory Jeans mentions 
Sommerfeld's theory of an element of action represented by 
h/2m or h/4, which servos to explain X-rays, y-rays, and tlie 
photo-electric effect. Without goinz into the exact for m 
of this theory, it is easily seen that such a theory is a priori 
justified in as ‘much as these phenomena owe their origin to 
impulses. The present formulation rather aims at calling 
attention to the fact that just as we are led to the conception 
of finite forces, from that of impulsive forces, similarly the 
principle of impulsive change of energy contemplated in 
the quantum theorv and that of a continuous change of 
energy of classical Dynamics may not be necessarily con- 
tradictory, and that we are apparently led to the same 
mechanism of the propagation of energy on the quantum 
theory as in the undulatory theory. 


XXXVIII. Anew Discussion of Ducherer!s Experiment. 
By G. A. Scuort, F.R.S.* 


1. U. Dorf has published an article recently in this 
Journal with the above title, in which he claims that 
Bucherer's f well-known experiment decides in favour of a 
mass-formula for the electron proposed by Doi himself 
and against the mass-formula of Lorentz—to give it its usual 
name aíter the writer who first proposed it. In the course 
of his article Doi writes (/. e. p. 146) : ** Now, it may be too 
* Communicated by the Author. 


t U. Doi, Phil. Mag. ser. €. xlix. p. 434 (1925). 
f A. H. Bucherer, Ann. der Phys, V. 4, Bd. 28, p. 018 (1909). 
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far here to enter into any speculative inquiry as to what 
disturbing cause should have given rise to tliese discrepancies. 
And yet it may be noticed, all the same, that some systematic 
or other error must have anyhow been inherent to Bucherer’s 
estimation of the effective field-intensities at work." Clearly 
the very definire criticism of Bucherer's work implied in this 
quotation requires an answer; so also does the claim that 
Doi's discussion disposes of the Lorentz mass-formula. IfI 
am undertaking the task of replying, it is for two reasons. 
In the first place, I was privileged to spend a great portion 
of an eighteen months leave of absence during 1907-1908 at 
work in Bucherer’s private room in the Physical Institute of 
Bonn University, thanks to his and Professor Nayser's kind 
hospitality, at the very time the experiments in question 
were in progress, and thus was able to discuss the experi- 
mental arrangements and difficulties fully with Professor 
Bucherer. Secondly, soon after my return from Bonn [Í 
completed the determination of the path of the Lorentz 
electron in a field of the type used by Bucherer in his 
apparatus *, but failed in the attempt to apply this method to 
the estimation of the effect on the film of the so-called nen- 
compensated 8 rays, to which Bucherer and myself were 
agreed in attributing the discrepancy now discussed by Doi, 
because at that time practically nothing was known about 
the distribution and intensity of the lines in the magnetic 
spectrum of radium. Some years ago, thanks to the 
researches of Danysz and of Ellis, information on this 
subject had increased so much that a new attack on the 
problem seemed justified, and therefore one of my pupils, 
Mr. T. Lewis., B.Sc., worked out a detailed method, which 
enabled him to specify the point of impact on the photo- 
graphic film of an electron, projected from the grain of 
radium fluoride at the centre of Bucherer’s condenser with 
any prescribed velocity in any prescribed direction. Thanks 
to Bucherer’s kindness Lewis was able to measure what was 
left of the original films during the summer vacation of 192: 
at Bonn and to compiete his numerical calculations bv 
October, 1924, when his paper was sent to the Royal 
Society T. 

In this article I shall begin with the discussion of Dot's 
diserepaney and of it- cause—the presence of non-compensated 
B vavs—and also of the reasons which led Bucherer to 
relinquish his original idea of using the complete curve for 


* Schott, * Electromagnetic Radiation,’ p. 201 (1912). 
T Lewis, Proc. Roy. Soc., A vol. 107. p. 644. 
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the test of the various mass-formule and to rely on the 
comparison of the maximum deflexions obtained in experi- 
ments with different field-intensities. Then I shall compare 
Doi’s mass-formula with the results of all six of Bucherer’s 
published experiments, supplemented for higher velocities by 
four experiments made by Neumann by Bucherer’s method 
and remeasured and recalculated by Schiifer*. This com- 
parison affords a rigorous test of the mass-formula for 
velocities ranging from 0:3 to 0:85 times the velocity of 
light. 

2. Doi’s discrepancy and the compensated. B rays.—The 
principle and details of Bucherer’s method are so well known 
that no space need be wasted in explaining them. All that 
need be said is that the usual simple theory, as given for 
instance by Doi himself, only deals with a single class of 
electrons, the so-called compensated 8 rays. "These pursue 
straight paths inside the condenser, owing to the fact that 
the—let us sav down ward—eleetrie deflexion just neutralizes 
the upward magnetic deflexion. If all these electrons 
were projected horizontally and so traversed the condenser 
parallel to the plates thev would produce a trace on the film 
of width 0:025 cm., exactly equal to the distance between 
the plates ; but some of them, projected upwards or down- 
wards, pass through in an inclined direction, the extreme 
ones from the centre of one plate to the edge of the opposite 
one. In Bucherer’s apparatus the radius of the film was 
nearly twice that of the plates of the condenser, so that the 
width of the trace due to tlie compensated @ rays should be 
three times the distance between the plates, viz. 0:075 em., 
which is in fact the approximate width of the actual trace 
near the point of maximum deflexion, 7, e. at an angular 
distance of 90° from the direction of the magnetic force. 
The velocity of the electrons which produce the maximum 
deflexion is y times the velocity of light, where 8,= 
X/cH =sin ay in Dot's notation ; but that of those electrons 
which produce parts of the compensated ray trace at a 
distance from the maximum is greater: e. gq at the angular 
distance a the velocity is 8 times the velocity of light, where 
B=B,coseca. The mass-formula has not been used so far, 
so that agreement subsists between the different formule up 
to this stage. Both lead to the result that 9 is unity when 
sin a = bp, and « =a), or «— 7 — Ay. SO that the trace reaches 
from a=a) beyond the maximum to a=m— a, when we 
confine our attention to the compensated B rays. 1n Bucherer’s 


* C. Schäfer, Ann. der Phys. F. 4, Bd. 49, p. 934 (1916). 
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experiment no. 15, which has been discussed by both Doi and 
Lewis and is therefore specially suitable for our consideration, 
the value of B, is given by Bucherer as 05154, so that ap is 
almost exactly 31°. Thus the compensated -ray trace 
should extend over 118° of the film, and its length should be 
nearly 16:5 cm., because the radius of the film was about 
8 em. The actual length of the trace is ill-defined, because 
the ends are much fogged, but it is about 19 cm. On p. 245 
Doi calculates that this requires £ to be only 0:374, or 
27 per cent. less than Bucherer's value, always on the 
supposition that the entire trace is due to compensated B rays 
alone and that the non-compensated S-rays are ineffective. 
Doi attributes this discrepancy to errors in the field- 
intensities, without giving any other reason for his conjecture. 
But anyone who knows the apparatus used and the pre- 
cautions taken, cannot help being convinced that errors of 
this magnitude are utterly inconceivable. Hence we must 
look for some other cause for the diserepancy. 

3. The non-compensated B rays.—These are constituted 
by electrons which pursue curved paths—approximately 
parabolas-—inside the condenser, because the electric and 
magnetic deflexions, although in opposite directions, do not 
neutralize one another completely. Bucherer already in his 
first paper on p. 519 notes that these non-compensated 8 rays 
are mainly responsible for the ends of the actual trace and 
for the fogging in their neighbourhood; in $5, p. 526, he 
discusses their role and on p. 527 writes: “In Uberein- 
stimmung mit der Theorie erstreckt sich ihre Ablenkung z 
über eine grosse Strecke, so dass ein breites Band entsteht, 
welches bis zur y-Linie reicht und nur auf der konvexen 
Seite ziemlich scharf begrenzt ist. Diese Erscheinung zeigen 
sinmtliche Aufnahmen in der Nähe des Schnittpunktes 
der Kurve mit der y-Linie." Further on he discusses the 
effect of the non-compensated rays on the maximum deflexion 
and concludes that the consequent error in the value of e/mo 
cannot exceed one half of one per cent. In view of all this 
and of his constant reference to Bucherer’s paper, it is 
dithcult to understand why Doi omits all reference to the 
non-compensated rays and uses the ends of the actual trace 
in his test of the mass-formulze, when measurements in that 
region are known to be unreliable. 

4. In the paper already referred to Lewis has made a 

oint of studying the non-compensated rays in detail (/. c. 
§ 5 to 8) and has summarized the results of his calculations and 
measurements in a table on p. 560 and a diagram, fig. 3, of 
which the latter is reproduced here by the kind permission 
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of the Council of the Royal Society. This diagram gives a 
graphical representation of one of Bucherer's films in the 
immediate neighbourhood of one end of the actual trace, the 
value of By being 0°5154. It is uncertain whether this 
particular film is the one actually taken in experiment no. 15, 
but at any rate it was taken under exactly the same 
conditions and gave the same maximum deflexion. The 
horizontal scale of the diagram, marked along the middle of 
the undeflected y-ray line, is about 3:5 times the actual, 
whilst the vertical scale is 5 times greater still. 

The eurve CC' is the middle line of the trace of the 
compensated 8 rays calculated according to the Lorentz 


(a) o 
sape ce mesi dt 
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A Trace of y rays. 
$^ 4 
Trace of Compensated rays. 
Versuch Nr15. (See Annalen der 
Physik, Band28, Tafe! VIL) '3 
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[Fig. 3, Proc. Roy. Soc. A, cvii.] 
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mass-formula, so that the point C is about 31? to the right 
of the intersection of the film with a diameter of the 
condenser parallel to the magnetic force, and 59° to the left 
of the maximum of the trace. The curve CC’ is very nearly 
parabolie with C as vertex, and accordingly cuts the y-ray 
line perpendicularly, as Doi points out on p. 440. 

Besides this curve Lewis shows six curves of a family 
defined by a certain parameter 6, of which family the curve 
CC’ is one, being defined by ò zero. These curves are 
drawn as full lines, to the left of CO’ for positive values of 
8, to the right for negative values. They approach very 
close to the y-ray line at one end and to the curve CC’ at 


Phil. Mag. S. 6. Vol. 50. No. 296. Aug. 1925. 2D 
Digitized by Google 
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the other at large distances from C. Like the curve CC" 
itself they are to | be regarded as the middle lines of narrow 
strips or traces, due to pencils of non-compensated B rays 
they themselves are produced by electrons passing TENER. 
the condenser sy mmetrically along approximately parabolic 
paths with vertices or turning points halfway between the 
centre and edge. The parameter 8 measures the distauce of 
the vertex be ow the median plane of the condenser on such 
a scale that the values = + 1 correspond to vertices on the 
plates themselves. The remainder of each strip or trace is 
due to electrons whose paths deviate slightly from the 
symmetrical paths, and the number of them falling on an 
element of the trace of given length diminishes as the 
numerical value of 6 increases; for instance Lewis estimates 
that the intensity of the traces 6=+0°75 is about three- 
quarters of that of the trace 6 zero, whilst their width is 
about O 95 as great. These strips may be regarded as filling 
the whole of the area of the film, but their effect is only 
appreciable along the trace o£ the compensated ravs, except 
near its ends, where it extends considerably beyond, to each 
side, as we see from the diagram. 

Besides the family 6 Lewis has constructed a second 
family defined by the parameter 8, which denotes the ratio 
of the velocity of projection of the electron from the radium 
grain to the velocity of light. The curve 8 unity coincides 
with the y-ray line, whilst the others lie above it in order, 
rising successively more and more steeply from left to 
right. 

In addition Lewis has represented the readings taken by 
him of points on the outside edge of the actual trace on film 
no. 15 near its ends by circles and crosses respectively, each 
representing the mean of five or six readings, usually 
differing by less than one tenth of one millimetre. The inner 
edge of the trace is too much fogged for accurate measure- 
ment, but its approximate position is m: wid hy black dots. 

The diagram shows that the curves 6=4, 4, 3, within the 
range from B=O0°78 to 8 ZU:94 or 0:95, fall inside the actual 
trace within a distance of from one to one and a half 
centimetres, ;. e. an angular distance of trom seven to ten 
degrees, from the point C, the theoretical end of the trace of 
the compensated B ravs according to the Lorentz formula 
and Bucherer's values of the field-intensities, Thus there 
ean be no doubt that the presence of such non-compensated 
Bravs in sufficient numbers would be quite sufficient to 
account for the ends of the actual trace; moreover, such 
8 rays have been observed by Danysz in the magnetic 
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spectrum of radium. Consequently Doi’s criticism of the 
Lorentz mass-formula and of Bucherer’s experiments becomes 
pointless ; there is no sufficient reason for assuming the 
presence of large errors of field-intensities in Buclierer's 
measurements. 

Lewis has shown two things: (1) the effect of non- 
compensated 8 rays in falsifying the theoretical trace near 
its ends, so that accurate measurements in that region become 
impossible, at any rate until we have much more ator ition 
as to the distribution of intensity in the magnetic -rav 
spectrum of radium; and (2) the substantial accuracy of 
measurements of the trace in the neighbourhood of the 
maximum deflexion, as already proved hy Bucherer in $ 5 of 
his paper. These two results in the one hand Musa ie ‘ate 
the soundness of Bucherer's procedure in confining his 

ealculations to the maximum and on the other hand indicate 
the danger underlving Doi's method of utilizing the whole of 
Bucherer's curve, just as if each part of it were equally 
reliable. It is I think quite clear that it is unjustifiable to 
neglect the effect of the non-compensated B rays at a distance 

from the maximum. 

5. Doi's Table II.—Doi lays great stress on the better 
agreement, as he maintains, with Bucherer’s actual curves of 
ae calculated by his own formula as compared with those 
caleulated by the Lorentz formula. Quite apart from the 
danger already indicated of using the whole of one of 
Bucherer's for such a comparison, it will be worth while to 
examine Doi’s claim more closely, especially regarding his 
Table II., because this table deals with Ducherer's curve 
no. 15, which was considered in detail by Lewis. It seems 
to me that the arrangement of Dors tables may lead to a 
false impression, for my recalc ulations of some of his figures 
selected at random indicate that tlie terms in the same row 

of the columns headed a, 8, zr and zp appear to belong 
together, as do those of cols rand Zphotogr.s but the ieee 
sets o£ columns do not correspond. For instance, since the 
radius of the film was 8 em., as assumed by Doi himself, the 
value «—31? corresponds to /z S(7/2 — 4) 82:4 mm., and 
not to x=95 mm., which is the value placed by Doi in the 
same row. In other words, Doi apparently does not compare 
the calculated and obser ved deflexions for the same ordinate 
of the film, which seems to me to be the correct procedure. 
I have followed this procedure in rearranging Doi’s Table IT., 
caleulating. the values of Zpnotogr. bv interpolating between the 
numbers given by Doi. The result is shown in Table I. 
below for some of the values of a used bv Doi, and is 
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somewhat surprising in so far as the Lorentz formula with 
this arrangement actually agrees better with Doi's measure- 
ments of Bucherer’s curve than does Doi’s own formula. 
My recaleulations tend to show that Doi's values for both 
eg and zp are a little too low, so that the agreement of the 
Lorentz mass-formula with Bucherer's eurve is quite good 
from the maximum at «— 90? down to a— 608, that is, for the 
middle hal£ of the trace. 


TaBLe I. (Doi's Table II. rearranged.) 


a degrees ...... 90. 80. 10. 60. — 50. 40. 30. 31. 
g mm. ...... 0 13:96 27°92 41:89 5585 69°31 7679 82:338 
Zp MM, ...... 10:35 993 875 703 498 280 165 0 
z,mm. wees 1035 9:37 852 656 428 196 O84 0 
z mm... 103 993 893 730 6543 353 257 172 
photogr. l 


Of course this rearrangement means giving up the attempt 
to make the end of the theoretical trace at «—31? fit the end 
of the actual trace at about 22°, but it seems to me to be more 
in accordance with the experimental fact of the fogging of the 
plates near the end of the trace and its probable explanation 
by means of the non-compensated rays. At any rate the 
result that the role of the two mass-formule can be inter- 
changed by a mere rearrangement of Doi's table, so as to 
favour the Lorentz formula instead of that of Doi, proves 
that there is an arbitrary element in Doi’s method of 
comparison. In view of the uncertainty, which unavoidably 
attaches to the interpretation of Bucherer’s curves near their 
ends, the only sound method is that used by Bucherer 
himself and his successors, viz. to compare the maximum 
deflexions obtained with different field-intensities. I shall 
now apply this method to Doi’s formula. 

6. Comparison of Dors mass-formula with the results o 
Bucherer and Sehifer.—or convenience’ sake I shall use 
Doi’s notation, but shall distinguish between the two mass- 
formule by using piain letters for that of Lorentz and 
accented letters for that of Doi. Thus, for example, X and 
H will denote the electric and magnetic field-intensities as 
measured by Bucherer and Neumann and used with the 
Lorentz formula, whilst X’ and H’ will denote the values 
that must be attributed to them in order to bring Doi's 
formula into harmony with the experimental results according 
to his method of calculation. Let us begin by discussing 
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Doi's results for Bucherer's experiments nos. 7 and 15, given 
by him at the foot of his Tables I. and II. on pages 438 
and 439. 


Doi's expressions on page 436 give for the mass-formula of 
Lorentz: e/m=(e/my) cosa, — . . . . (1) 
Doi : e[m — (eMo) cos? ay’. — . . . (2) 


The factors e/my and eg/ mo both represent the specific charge 
of the resting electron, the value assumed by Doi on p. 446 
being 1:769. 10* e.m.u. 
Doi's equations (5) and (6) give, with sin «= X/cH, 
sin «o =X [cH ` 
eng X/H?Ce = (e][rH) tana, . . . . . (3) 
eg mo N/H?Cp = (c/rH') sin a sect ag. . . (4) 


These equations hold for the maximum deflexion, given 
by «—90*, r denoting the radius of curvature of the path of 
the compensated g ray which produces this part of the trace. 
Being calculated from the maximum deflexion z and the 
constants of the apparatus, 7 is the same for both formule, 
but varies from one experiment to another, Since efm, and 
ég/ mg are also the same, we obtain by comparing (3) 
and (4) 

H’ cot æ’ cos æ, = H cot ap. . . . (5) 

We also have (H'/X’) sin aj =(H/X) sin æg; hence 
X’ cot? ag =X cot æy cosec agp . . . . (6) 


7. If all Bucherer's and Neumann's curves existed in their 
entirety, we could determine a,’ directly from the measured 
lenzth of the trace, it is true only with a large error, but 
quite accurately enough for our purpose. Unfortunately 
most of Bucherer's films ave lost, whilst Neumann only used 
the part near the maximum, so that only two complete curves 
are available, viz. those used bv Doi, nos. 7 and 15. Doi 
finds for experiment no. 


T: a/—19?:1 instead of a4 25535, 
15: a,’ =22° 0 instead of a=31°03. 
From (5) and (7) we obtain for experiment no. 
[i W120, XIX Sb), 
15: HjH'z 1/38, X/X'=1:90. 


In other words, in order to bring Doi's formula into 
approximate agreement with the measured lengths of the 
traces it is necessary to suppose that Ducherer overestimated 
his magnetic field-intensities by amounts varying from thirty 
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to forty per cent., and his electric field-intensities by amounts 
varying from seventy to ninotv per cent. Not only are these 
supposed errors impossibly large, but they must vary from 
one experiment to another, not in a haphazard, but in a 
perfectly definite manner. Although it must be admitted 
that the vacuum pumps available at the time of the experi- 
ments were much inferior to those in use now, yet the 
precautions taken by Bucherer to keep his vacuum low and 
to test it continually were sufficient to exclude large errors 
in the determination of the electric field-intensitv. As 
regards tlie magnetie field-intensity the conditions were still 
more fav ourable, so that the error could hardly exceed 
one fifth of one per cent., for the magnetic field was produced 
by a standardized coil without any iron in its neighbourhood, 
the currents being kept constant and measured by means of 
a standardized Siemens precision ammeter, 

8. We can however apply a more complete test, and one 
perhaps more favourable to Dor's formula, if we compromise 
bv assuming that the magnetic field-intensity was measured 


accurately, so that H'=H. Then (5) gives 
! P m 
cota, cosa, = COt age . . . . . (7) 


This equation determines a! from a, and enables us to 
dispense with the necessarily inaceurate measurement of the 
length of the trace. We ean now calculate l’, the length of 
the trace needed on the present supposition bv Doi's for "mula, 
and also |, that needed by the formula of Lorentz, and 
compare ein with the measured length, at least for the two 
films available. Wecan caleulate the: electri ic field-intensities 
X’ and X as before, This procedure amounts to distributing 
the error between the measurements of the leneth of the 
trace and of the electric field-intensity (wr). In this wav I 
have caleulated. the following table for the five values of 5, 
used by Bucherer (the first five rows of the table) and the two 

values used by Schiifer (the last two rows). 


TABLE II. 


Bo Qo. do. ps. l. [. X/N'.. jU. lobs. 
U E 18° 3U' 179° 41' U3U37 2U'0 em. 20°? cm. 1O45 0:990 — 

3787 22 15 20 53 3570 190 19:38 1-061 M4 — 

424] 25 21 23 29 39-5 18:1 13-6 1074 973 195cm. 

9154 31 1 27 JR 4090 165 l3 1099  Á 952 190 

6270 43 24 37 3 6025 130 14:8 1:140 878 — 

81) 03 5 43 50 69 10:3 12:9 1:16 RO — 

85 AR 13 47 29 11 E 11:9 1:15 To ~~ 
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The last column gives the lengths of the actual traces 
measured by Doi on films nos. 7 and 15. 

This table shows us three things: (1) the error in the 
electric force needed to bring Doi’s formula into harmony 
with the results of Bucherer aud of Neumann, as recalculated 
by Schiifer, increases to a maximum of about sixteen per 
cent. as the corrected velocity D, increases to the value 077 ; 
(2) the length of the trace /', calculated from Doi's formula, 
exceeds J, that culeulated from the Lorentz formula, by an 
amount which increases relatively and absolutely as Bo’ 
increases ; (3) the value of l'is still much below the measured 

value, to judge from Bucherer’s experiments nos. 7 and 15, 
so that the discrepancy pointed out by Doi still exists, though 
in a slightly mitigated form. l 

Thus, even if we could admit the possibility of imperfec- 
tions in the value of Bucherer’s and Neumann’s experiments 
just sufficient to account for the hypothetical errors in the 
electric field-intensities and of just the right amount to 
explain the very particular law of dependence of the errors 
on the velocities used, we should not thereby dispose o" Doi's 
discrepaney ond should still be compelled to invoke the help 
of non-compensated 8 rays to account for the unexplained 
balance. The Lorentz formula on the other hand needs no 
such errors in the field intensities; it only requires us to take 
into account the presence of non-compensated B rays in order 
to explain the deviations near the ends of the traces, where 
we know already that measurements are exceedingly un- 
reliable. In view of these facts there does not seem to me 
to be a'y suthcient reason for rejecting the Lorentz mass- 
formula in favour of that of Doi, at any rare for values of 9 
less than (8 or O°85. Nevertheless experiments with 
improved apparatus are very much to be desired, in order to 
test the formula in the neighbourhood of and beyond this limit. 


XXXIX. The Two-Staye Transformation of Magnetite into 
Hematite. By Lars A. WELO and OskAR BAUDISCH *. 
(From the laboratories ot the Rockefeller Institute for Medical Research, 
New York.) 

E have been engaged during the past year in the 
studv of a certain ic breton "reaction + in which one 

of the final products is a magnetic oxide of iron. It isa 
ferro-ferric oxide of the composition 2Fe0, 3Fe,0O4. It was 


* Communicated by the Authors. 
T O. Baudisch and P. Mayer, Biochem. Z. evii. p. 1 (1920); 
O. Baudisch and L. A. Welo, J. Biol. Chem lxvi. p. 261 (1924). 
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natural to compare its properties, both physical and chemical, 
with those of the more common ferro-ferric oxide FeO, 
Fe,O;, which is magnetite and. usually written Fe,0, At 
the same time a comparison was made with the oxide of 
Haber and Kaufmann *, which also bas the composition 
2FeO, 3Fe 0z, but is made in a different manner. During 
this work of comparison it was discovered that the process 
of transformation of each of these ferro-ferric oxides into 
the non-magnetic ferric oxide F'e;04 takes place in distinct 
stages, and that the disappearance of the magnetism by 
heating is dependent on the existence of a preliminary 
oxidation. 

Our work on the intercomparison of the properties of the 
three oxides is about complete, and a full report on it is to be 
published. In the present paper we sha.] be concerned only 
with the conditions which govern the transformation of each 
of these magnetic ferro-ferric oxides into the non-magnetic 
ferric oxides. The cond uona are tlie same for each of thew 
at least they are qualitatively so. It will be suthcient, for 
the purpose of this paper, to describe the steps of the trans- 
formation of the magnetite, FeO, Fe;O,, into the non- 
magnetic, purely ferric oxide, Fe,Q3. 


Preparation of Magnetite. 


The magnetite used in this study was the black, micro- 
crystalline substance formed when a solution containing 
one mol of ferrous sulphate and two mols of ferric sulphate 
is poured into a boiling solution of sodium hydroxide. It is 
necessary thet sodium hydroxide be present in excess so as 
to give, always, an alkaline solution. The precipitate was 
washed until the filurate showed no aikali when tested with 
litmus paper. After collection on a filter the oxide was 
dried in a desiceator. 


The Qualitative Observations. 


Generally speaking, the facts observed on heating the 
oxide in a stream of oxvgen are as follows :—The colour of 
the oxide changes suddenly from black to a dark red at 
about 220° C.; the oxide remains magnetic, although the 
iron has been completely converted into the ferric form so 
that the composition has become Fe,Q3. The ferricyanide 
test showed not a trace of Prussian blue, and hence no 


* F. Haber and A. Kaulinann, Z. Elektrochem., vii. p. 733 (1900-1901). 
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ferrous iron after oxidation for a sufficient time at 220? C. 
A solution of the oxide in hydrochloric acid titrated with 
potassium permanganate likewise yielded no iron in the 
divalent form. All of this shows that Fe;O, may be com- 
pletely oxidized to Fe,O; at a temperature of 220? C. without 
loss of the magnetic properties. 

On further heating, the oxide, now Fe;O;, remains mag- 
netic until a temperature of 5509 C. is reached. At this 
temperature a non-reversible transformation takes place, for 
the oxide becomes permanently non-magnetic. This trans- 
formation is obviously a pure temperature effect, since the 
oxidation was already complete at the lower temperature of 
220? C. But to test the point a sample which had first 
been oxidized at 220° C. was heated in an atmosphere of 
nitrogen carefully freed from oxygen. It again became 
non-magnetic. The necessary condition, however, for the 
loss of magnetism at 550° C. is that the Fe;O, must first be 
oxidized to Fe,0, at some ee temperature. If Fe;O,is 


Fig. 1. 
Fe404 Stage I 
Miegoetitel Oxidation at 220°C 


Composition Changes. 
Magnetic properties 
remain constant. 


Stage II 


Temperature efectat 550°C 


Composition remains constan 


Magnetic properties 
change 


heated in nitrogen without a preliminary oxidation it is 
stable, and. retains its magnetic properties even if heated to 
800? C. These observations are briefly summarized in the 
scheme shown in fig. 1. 

It has been stated that the oxidation begins at 220? C. 
A more precise statement would be that the oxidation 
becomes sufficiently rapid at that temperature so that the 
change in colour may be observed. It is recognized that 
oxidation may take place at a wuch lower temperature. 

It is interesting to note here that the temperature of 
stage II. is found to be nearly the same as, and probably 
does actually conc with, the Curie point for natural 
magnetite, which is 525? C., according to Graetz *. 


* Graetz, ‘Handbuch der Elektrizitit und des Magnetismus,’ vol. iv. 


p. 583. 
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The Permeabilities. 


It was decided to make more precise measurements of the 
permeabilities on t! e original Fe;O, and on the derived oxides 
after each stage of the transformation. A long magnetizing 
solenoid of two layers was wound on a briss tube. There 
were 13:6 turns per centimetre, so that the field intensity 
turns out to be 17-1 gauss per ampere. Another brass tube 
was made to fit into the tube carrvinz the solenoid. On 
this second brass tube circular grooves were cut to make 
room for test colls of, respectively, 4, 20, and 100 turns. 
The leads were carried to bindiug-posts at one end so that 
any one of the coils could be connected to a high sensitivity 
Leeds & Northrup ballistic galvanometer. The oxides were 
packed by jarring (not by tamping) into a glass tube 
whieh slipped into the second brass tube. The length of 
packing was always 20 centimetres, so the demagnetizing 
factor becomes entirely negligible. The densities of packing 
could not be regulated, but were never far from an average 


value of 1:32 n The corrected permeabilities u, were 
l 
calculated from the observed permeabilities uo by the relation 
1:32 
fe = (p,—1)7g— +1, 
P 


where 6, is the density of packing. 

The faet that these oxides have permeabilities of about 
3 at the most simplifies the procedure. The galvanometer 
deflexions with oxide in the glass tube and with the tube 
empty are of the same order of magnitude, and their ratio R, 
for a given magnetizing field, can be introduced directly 
into the formule. 

Let A, be the internal cross-section of the glass tube 
containing the oxide, and A, be the mean area of the test- 
coil wound on the brass tube. 

With the empty tube the Hux through the coil is A,H and 
the deflexion 

d, zz CALH, 
C being a constant, 
With oxide in the tube the flux 1s 


(A,—A,) H+ A.B=(Ae—A,)H + AH, 
so that the deflexion 
d,=C[(A,— A.) H—A. pH], 


ds (Ae AJHERASH _ 
uo A.H 


=R, 
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giving 
sn A.,— Ao 
— pow —— E E 4 
nv Ao 
and, if we desire, an equally simple derivation of the 
induction 


= 5 [RA,— (A, — A,) ] i 


Field intensities greater than 85 gauss could not be obtained 
without undue heating of the solenoid, so that another was 
used for the stronger fields. It carried several hundred 
turns. As it was rather irregularly wound it had to be 
calibrated, and was found to give a field intensity of 
134:2 gauss per ampere. 


Fig. 2. 


Permeabilities of synthetic iron oxides in powdered forms 
Densities of packing * 132 ¢?/cm: 
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The results of the magnetic measurements are shown in 
fiv. 2. Qur qualitative observations are confirmed, The 
maximum permeability of. the oxide atter having passed the 
first stage of transformation is somewhat higher than that of 
the original Fe40,, and there is shown a considerable shift 
of its position. No reason is known for this. At higher 
fields the curves coincide, which accounts for our qualitative 
observation (made with high field intensities) that the mag- 
netic properties remain unchanged on oxidation at a low 
temperature. After the second stave the permeability is 
seen to be nearly, but not quite, unity at all fields. The 
maximum residual permeability is 1:045, and is so small that 
the material would be considered ionenmdimetie towards 
rough qualitative tests. 
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The Change in Structure. 


The crystal structures of magnetite and hematite are 
known to be different. Bragg * ind Nishiki awa t found for 
magnetite a diamond-point structure, and Davey f found 
that hematite is like corundum, which, in turn. resembles 
caleite. It was of interest to deter mine whether the change 
of one structure into the other takes place at stage I. or at 
stage Il. It seemed improbable that it changes at stage I. 
on account of the constancy of the magnetic properties w shen 
the oxide passes through that stage. On the other hand, i 
was difficult to assume that it ‘changes on stage IT., for it 
would involve the assumption that Fe;O4 his allotropic 
forms, and can assume either the form found for magnetite 
or the calcite structure usually obtained for hematite. 

Diffraction patterns of the original Fe3O, and the resulting 
oxides after each stage of transformation were obtained for 
us by Dr. Wheeler P. Davey, of the General Electric 
Company, to whom we herewith express our thanks. The 
original Fe,0, and the FeO; which had passed through 
stage I. gave identical patterns, and the spacings were the 
same to within one-tenth of one percent. The F e0; which 
had been through stage II. of the transformation, however, 
showed the pattern “usually founa for Fe,0;, The dis. 
appearance of the magnetic properties of the oxide is there- 
fore associated with the eh: ange in structure taking place at 
stage IT., and is not connec cted with the change in com- 
position. It is also evident that the atoms of iron and 
oxygen in lF'e;O, have two alternative arrangements in the 
crystal. If FeO; is derived by oxidation of Fe,O, at a low 
temper rature, the FeO, structure is retained, and only at a 
higher temperature of about 550° C. does this structure 
become unstable and eh: ange into the more stable one similar 
to calcite. The original FeO, however, as has already been 
pointed out, remains stable up to temperatures of at least 

8009 C. if we prevent oxidation to Pe40;. 

This result suggested the interesting problem of finding 
room for more oxvgen in a ervstal of FeO, without a change 
in the arrangement. of the atoms already in place. We are 
indebted to Dr. L. W. MeKeehan and Dr. R. M. Bozorth, 
of the Western Electric Company, for aid in this part of the 
study. 


* Brag, Phil. Mag. xxx. p. 305 (1915). 
+ Nishikawa, Proe. Math. Phys. Soc. Tokyo, viii. p. 199 (1915). 
t Davey, Phys. Rev. xxi. (60) p. 716 (1923). 
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Fig. 3 shows the unit cube for magnetite as constructed 
from data given by Wyckoff *. ‘The unit cube contains 
eight molecules, so that Fe;O, may be written PFe;0;;. 
After oxidation to Fe,O4 the corresponding composition 
would be Fe;,04. We must find room for four additional 
oxygen atoms in the cube. The first places to suggest 
themselves are the centres of the tetrahedra formed by the 


Fig. 3. 


@ fe, O Fe, oo. 


MAGNETITE 


trivalent iron atoms, and they are thus shown in fig. 4. In 
view of the uncertainties as to the actual radii of combination, 
it is quite possible for the extra oxygen atoms to be placed, 
as shown, without undue distortion of the system. The edge 
of the unit cube has a length a — 8:30 A., and the distance 
from the centre of the tetrahedron formed by trivalent iron 
atoms to each corner is l 


cV 3=1'795 A. 


* Wyckoff, Journ. Franklin Inst. cxcv. pp. 531, 544 (1923). 
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The radius of the oxygen atom is usually taken to be 0°65 A. 
This leaves 1:145 A. as a remainder for the radius of the iron 
atom. The radius of the iron atom appears to be variable, 
and values as low as 1:25 A. have been found in the case of 
pyrites * and in iron itself. 

An alternative and perhaps equivalent arrangement 
would be to place an oxygen atom at the middle of each edge 
of the unit cube. The room at our disposal would be the 
same. This question is not considered here, as it would 


Fig. 4. 
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require a more detailed study of the diffraction pattern, and 
would probably be indeterminate even then. We are here 
concerned only with the possibility of putting more oxygen 
in magnetite so as to chanze it to hematite without changing 
the existing arrangement of the atoms. 

A few remarks may appropriately be added here regarding 
an earlier objection to our interpretation which has now no 
force, since we see that it is possible to convert Fe, to 


* ‘X-Rays and Crystal Structure,’ W. H. and W. L. Bragg, 4th 
Edition, p. 172. j 
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FeO; without disturbing the structure. The contention was 
made that on the first stage the oxidation was only superficial, 
and that the cores of the particles remained unchanged. It 
was supposed that complete oxidation took place only at the 
higher temperature. The superficial laver of FejO; formed, 
then, on stage I. would form so small a proportion of the 
whole that the magnetic properties and the diffraction 
pattern would appear unchanged. The fact that the oxide 
which has been through stage I. loses its magnetism and 
changes its structure when heated in nitrogen to 550° C. 
makes this improbable. The improbability is “heightened bv 
the fact that unoxidized Fe;O, remai. s magnetic after heat- 
ing In nitrogen to a still higher temperature, The nitrogen 
cannot contain sufficient oxygen as an impurity to bring 
about the necessary oxidation. That the oxidation is not 
superficial is shown also by the chewical tests for ferrous 
iron, for in these tests the whole particle. core and surface, 
is first dissolved in hydrochloric acid. To make doubly sure, 
a test was made for increase in weight when the transforma- 
tion at stave TI. takes place in a stream of oxygen. Instead 
of the calculated increase of 32 milligrams, or the particular 
sample used, there was a decrease in weight of about one 
milligram. 
The Order of the Oxidation Process. 

We are now in possesssion of an unforced explanation as 
to why the presence or absence of magnetism in the synthetic 
ferrie oxide Fe,O, depends on the order in which the 
chemical operations are carried out. Hilpert * oxidized an 
existing ferro-ferric oxide into the ferric oxide by means of 
the strong oxidizing agents H5O0; and K.S,O,, and found the 
product to be magnetic. On the other hand, wet have 
precipitated ferrous hydroxide in the presence ‘of the same 
oxidizing agents, and the resulting oxide Fej04 is non- 
magnetic. The two case~ may be represented by 

r H,O, 7l 
(1) FeSO, -2NaOH + cO, Fe;O, + x | or ->e Fe,0, 
UKR,S,0,J Magnetic. 
H,O, 
(2) FeSO, -2NaOH +2) or —-clYe,O0, 
K,8,0,7 Non-magnetic. 

In case (1) the oxide first formed is magnetite, and it 
retains its structure in spite of the subsequent oxidation to 
Fe,0, In case (2) the conditions of precipitation are such 
that the usual Fe,O, structure is built up from the start. 


* Hilpert, Her. Chem. Ges. xlii. p. 2248 (1909). 
t O. Baudisch and L. A. Welo, Journ. Biol. Chem. lxi. p. 261 (1924). 
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It is shown that the ferro-ferric oxide Fe,O, (magnetite) 
can be completely oxidized to Fe,0g at a low tempe- 
rature of 220° C., so that the maximum permeability may 
even rise from 2°93 to 3:39, the density of packing of the 
powders being 1°32 gr./em.* Then, if this ferric oxide is 
heated in a neutral atmosphere of, say, nitrogen at about 
5509 C., the maximum permeability falls to 1:045. The 
nearly total loss of permeability is therefore purely a tem- 
perature effect. But the necessary condition is that the 
ferrous iron in Fe,O, must first be oxidized to the ferric 
form. If Fe;O, is not first oxidized, it may be heated in the 
absence of oxygen to at least 800° C. without permanent loss 
of permeability. 

The change in crystal structure came on the second stage; 
that is, the oxide Fez0; had the same structure as the original 
Fe,O, and did not assume the structure usually found for 
Fe,O, until the temperature of 550? C. had been reached. 
An oxide of the composition FeO, can therefore have two 
structures. It is shown that there is room for more oxygen 
in the atomie arrangement of magnetite without undue 
strain on the structure. It is pointed out that the results 
account for the formation of magnetic or non-magnetic 
ferric oxides according to the order of the chemical 
operations. 


February 20, 1925. 


Note added on reading proof. 


Our attention has been called to an article by Sosman 
(Journ. Wash. Acad. Sci. vil. p. 63, 1917), in which he dis- 
cusses the properties of magnetic ferric oxide, and refers to 
earlier studies. These studies include that of Hilpert, with 
which we were already familiar, as shown by our reference. 
None of these papers, however, bring out the fact that the 
change in the crystal structure of the oxide and the change 
from the magnetic to the non-magnetic form tuke place 
together. 

Since our paper was written we have attempted. similar 
work with natural magnetite. Tt appears that the transfor- 
mation at stage I. ean be carried out but only ata much higher 
temperature (about 800? C.). The transformation at stage II. 
annot be carried out at any temperature below thatat which 
the Fe,O, beuins to decompose. (See Sosman and Hostetter, 
Bull. Amer. Inst. Min. Eng. exxvi. p. 930, 1917.) 
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XL. An Extension of the Theorem of the Virial. 
By Prof. E. A. Minne *. 


HE equations of motion of a particle of mass m at 
a point (z, y, z) moving under a force whose com- 
ponents are X, Y, Z, are 


mi = X 
and two similar equations. Using the identity 
l d? 
.2 m 
= at rw 
agp V) ? 
we have P 
ln md? = iXr. 
dp (7 =4 i 


Adding together this and two similar equations and summing 
for a number of particles, we find 


A 7 p (San ) = Eme? + $2 (Xv + Yy + Zz), 


where : : 
r = æ +y +27, v? = £7 + y? + 27. 


Integrate through a period of time 7, and use bars to 
deiote mean talie: with respect to the time. Then 


1 SSES 
i La» = LSmv? +} (Xr+ Yy + Zz ): 


If the motion of the system of particles is periodic and 7 is 
a multiple of the period, the left-hand side vanishes. Again, 
if the system is statistically in a. steady state the left-hand 
side can be made as small as we please by taking 7 sufficiently 
large. In either case we have 


Sms -42( X3 F Yy +Z). . . . Q) 


The expression on the right-hand side of (1) was called by 
Clausius the virial, and the result expressed by (1) under 
the conditions stated is Clausius’s famous Theorem of the 
Virial, first published by him in English in the Philosophical 
Magazine f. 

It is the purpose of this note to point out that the Theorem 
of the Virial remains true of the particles are acted on by 
frictional forces proportional to their velocities in addition 


x o numea by the Author. 
* On a Mechanical Theorem applicable to Heat,” Phil. Mag. ser. 4, xl. 
p- 193 (1870). 
Phil. Mag. S. 6. Vol. 50. No. 296. Aug. 1925. 2E 
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to the forces X, Y, Z. In other words, frictional forces 
proportional to velocities can be omitted in computing the 
virial. The proof is simple. 

If the particle of mass m is acted on by a frictional force 
of magnitude kv, the equations of motion are of the type 


me = Xx—kx. 


When this is — by z, it may be written in the 
form 


Lat One ) p. i z i ve?) —dme? = Xe. 
Hence, adding three similar equations, 
] d* ld 


—,(z mr?) +3 => q2 k’) = £25 mr? +42 (Xr + Yy+ Zz). 


On integrating with respect to t as before, we notice that 
the terms arising from tre frictions vanish if the state 
is steady, or if the motion is periodic and + is a multiple 
of the period. Consequently (1) remains true as before. 
Frictional forces make no explicitappearance in the equation 
of the virial. 

It may be noted that the presence of the frictional forces 
may alter the state of the system, and so alter the values of 
4S mv? and of “AS QUE YU Z5). But the two remain 
equal. 

In many cases the presence of frictional forces forbids 
the existence of a steady state, so that the extension of the 
theorem is of limited application. Its utility will be suffi- 
ciently illustrated by the four following examples :— 


4 dt? 


I. Forced vibrations. 


The first example is from elementary dynamics, and 
illustrates the case when the motion is periodic. Consider 
a particle moving in a straight line under the action of a 
controlling force —nui?*r, a friction — kt, and an applied 
force F cos pt. The equation of motion is 


mr +ke = F cos pt — mn. 


Whatever the initial circumstances, the motion is known to 
be ultimately simple harmonic witli period 2z/p. Applving 
the extended theorem of the virial, we have | 


jur? = —is(Fcospt—mir), 


the means implving mean values through a period. If 
V denotes the potential energy of the particle i in the field 
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of the controlling force, T the kinetic energy, this may be 
written 


T—V = —4Fecospt, . . . . . (23) 


which is the expression of the theorem of the virial for 
forced vibrations. It follows immediately that the average 
kinetic energy is less than or greater than the average 
potential energy aecording as the lag of phase of the 
particle behind that of the applied force is less than or 
greater than 7|2. When the phase-difference is 7/2, 
æ cos pt=0 and T— V. 

It is worth noticing that, once it is known that the motion 
is simple harmonic of period 27/p, the equation of the 
virial combined with the equition of the dissipation of 
energy determines the amplitude and phase of the vibration. 
From the equation of motion, on multiplying by æ and 
integrating through a period, we have 


(2kn)l! = Fecospt,. . . . . (4) 


the well-known equation connecting the average kinetic 
energy with the mean rate of absorption of energy. 

The amplitude and phase follow from (3) and (4) om 
substituting «= 2, cos (pé—a) and evaluating the mean 
values. 


II. Motion of a star-cluster in a resisting medium. 

For a group of particles acted on only by their gravi- 
tational attractions, the virial is equal to minus one-half the 
gravitational potential energy. Let us denote the latter 
by —Q (Q>0). As was pointed out by Poincaré * and 
Eddington f, the theorem of the virial shows that, for a 
star-cluster in a steady pes) 


— 10. 

When frictional resistances are acting on a group of 
gravitating bodies, as probably happened. during the early 
history of the solar system f, there can be no steady state, 
but we can extend the above result in the form of an 
inequality. From (2) we have 


ld d ? 
T—40 T © (Emr D+] P SN, 


.! Hypothèses cosmogoniques, p. 94 (1913). 
t oui Notices R. A. 5. enm p. 920 (1916). Also Jeans, 
* Problems of Cosmoguny,’ p. 188 (1919). 
t Jeffreys, ‘The Earth, chap. iv. (1924). 
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When Sm? is a linear function of the time, the first term 
on the right-hand side vanishes. Now, when the rate of 
evolution (i.e. of cóntraction) is slow, we may adopt a 
linear approximation for Xm? without serious error. The 
second term is essentially negative. We have then 


T « 40. 
If W is the total energy of tlie cluster, 
W =T-OQ, 
and the inequality may be written in either of the forms: 
T«—W, -Q > 2W. 


Thus the kinetic energy is less than minus the total energy ; 
the potential energy exceeds twice the total energy. (Cf. 
Eddington, loc. cit.) Further, from the equation of the 


dissipation of energy, 
d 
Tt (T—Q) =r — 2k, 
dt 

we deduce, on eliminating Q, 


dT 1 d3 


] d? 
dt 2 dt? d 


(Emr?) + 5 Jg 
2 dt? 


The first two terms wil! be small for slow evolution. Hence 

ryy : . L e . e . e 
dT/dt>0. It follows that the gain of kinetic energv due'to 
contraction exceeds the loss due to friction. 


(Shr?) + Dkr. 


III. Brownian motion. 


The theory of the Brownian motion, in a liquid, o? 
suspended particles which are large compared with the 
molecules of the liquid has been worked out in detail by 
Einstein *. But the extended theorem of the virial 
permits of the immediate extension of some of the gas-laws 
to suspended particles in Brownian motion without further 
consideration. 

Each particle, assumed to be spherical, is acted on by 
a frictional force proportional to its velocity and to the 
viscosity of the liquid. The precise value of the resistance 
is given by Stokes’s law. But we now see that when the 
suspension is in a steady state the forces due to viscosity 
can be left out of account in calculating the virial, and 
hence the properties of a gas depending on the virial apply 
as they stand to the suspended particles. 


* Ann. der Phys. xi. p. 170 (1903) ; xix. p. 372 (1900). 
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We consider the system of suspended particles only. 
Let P be the part of the pressure on the walls of the 
containing vessel due to the suspended particles. By a 
well-known calculation, the contribution to the virial of 
the forces arising from the walls of the vessel is 


iP. (e+ my t nz) d, 


l, m, n being the direction cosines of the outward normal, 
and the integral being extended over the walls. 1£ V is the 
total volume, this is equal to 


aPV. 


If the concentration is sufficiently small, the contribution 
to the virial due to pairs of particles in collision can be 
neglected. If each suspended particle were acted on only 
by the viscous resistance calculated by Stokes's formula, it 
would soon be brought to rest, and there would be no steady 
state. Actually there is another contribution to the force, 
due to the fluctuations in motion of the surrounding mole- 
cules of the liquid, and these suffice to keep the particles 
statistically in a steady state. It is easily seen that the 
contribution to the virial of the random part of the resistance 
is zero. Omitting the systematic part depending on the 
velocity, by the theorem, we have 


SPV = Shine 


This shows that the partial pressure P of the suspended 
particles obeys the gas-laws. A similar calculation gives 
tae law of osmotic pressure for dilute solutions in general. 

Though frictional forces act on the suspended particles, 
there is no “dissipation” of their energy. The particles 
communicate kinetic energy to the molecules in virtue of 
their motion of translation throngh the liquid, but this 
is on the average returned to the particles owing to the 
irregular motions of the molecules they collide with. As 
Clausius said, the theorem of the virial is a mechanical 
theorem applicable to heat, avd kinetic energy turned into 
heat is Fully accounted for. 


IV. The pressure of radiation on the molecules of a gas 
which is in a steady state. 


Consider an enclosure at temperature T containing a gas 
* ry. . » . 
in a steady state. The enelosure will be filled with black 
radiation of temperature T, and each molecule will be 
absorbing and emitting the frequencies corresponding to 
its energy levels. For a molecule at rest, the absorption of 
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energy will be the same in all directions, and emissions 
will be equally distributed in direction. Thus, on the 
average, there will be no gain of momentum due to ab- 
sorptions, and no gain of recoil momentum due to emissions. 
Tlie molecule experiences no net pressure of radiation. 

But for a molecule in motion, the field will no longer be 
isotropic to an observer moving with the molecule. Radiation 
will be more intense in the direction opposite to that of the 
motion. Consequently there will be an excess of absorptions 
of oppositely moving radiation, and hence a net gain of 
momentum in a direction tending to reduce the velocity to 
zero. To the first order in'v, the effect is that of a frictional 
force proportional to v. The absolute value of the force has 
been calenlated by Einstein *. Here, however, we simply 
point out that the sinmetuies are analogous to those for 
Brownian motion f. By the extended "theorem of the 
virial, the effect of the pressure of radiation can be ignored, 
und fusca] consequences of. the virial theorem which hold 
in the absence of radiation hold also when radiation is 
taken into account. 

Trinity College. Cambridge, 
April 1925. 


ALI. Optical Sereenina- Constant. Iegularities. By A. C. 
MENZIES, M.A., Lecturer in Physics, The University, 
Leeds 1. 


Introduction. 


RE ENTLY Millikan and Bowen (1) have applied certain 
A-ray laws to optical spectra, and in particular have 
used the relativity-doublet formula ov= R(Z— s) to express 
the relationship between doublet-separation in wave-numbers 
(v) and the atomic number (Z2), the screening-constant s 
having a valne which is adjusted. K is a constant vi Irving 
inversely as the cube of the total quantum-number, and has 
for n=? (e.g. in the innermost Li series-electron levels) the 
value 0°365. Applied to lithium-like atoms, the screening- 
constant had values ranging from 2:02 for Lil to 1: 86 for 


CIV. 


* Phys, Zeit, xvii. p. 121 (1917). 
f binstein pointed out this analogy in calculating the force. 
t Communicated by Prof. R. Whiddington, F.R.S. 
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The same formula was applied to triplets by treating the 
wider separation as that of a doublet; since in triplets 
the term-separations have a simple numerical ratio (e. g. the 
p-terms of the elements of group II, 2 : 1), taking instead 
the total separation will merely alter (Z—s) in a constant 
ratio. | 

The formula is here applied generally to optical doublets 
and triplets, a value of s being obtained characteristic of the 
atom with its valency electron in the particular orbits 
concerned. Simple numerical relationships are then found 
between tle screening-constants for elements in the same 
vertical group of the periodic table. 

As might be expected, seeing that they have similar 
electronic configurations, thereis a simple connexion between 
the values of s calculated for the arc spectra ot the alkali 
metals and for the spark spectra of the corresponding 
alkaline earths. The values of s for the alkaline-earth spark 
spectra are approximately nine-tenths those belonging to the 
corresponding elements of the alkali metals, as is shown in 
Table I. following :— 


Screening-Constant Regularities. 


TABLE I. 


) 
| 


Atom. 8. Ratio, | 


Atom. | 8. 

Du. "POL Bell .. pos 0:96 
Nal... THE | Mgll ..| 6606 | 089 
KI 00. 13-03 Ca [I 11-64 ORY 
Rb I...... 26:96 Sr II 24:37 09:00 
Cs rot 40°97 Ba II 31:19 0:01 
Cul ..... 20741 Zn II 18:24 0:89 
Ag I...... ^ 3292 Cd lf ..| 2095 Owl | 
Aul...... | 5594 He II... 508 091 | 


! | | 

The values of s in the above table are calculated from the 
separations (2p2,—2p,) for Lil and Bell, and for corre- 
sponding separations in the other elements. 

There seems also to be a similar relationship holding 
between the values of s obtained for np orbits compared 
with (n+1)p orbits for the alkali metals :— 


TABLE II. 


| Element. 8. Si " Ratio. 


Na ..... 448 TRB | 1:055 ! 
Koci 13-03 1357 I 1042 | 
Rb. us 20:06 28:30 ] 050 

Cs 10771 42-02 L053 | 


—— 
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In the second column are the values of s calculated from 
the first separation in the principal series, and in the third 
column s ia that calculated trom the ond separation—. e. 
. for Li (2p, — 27) and (3p — 353) respectively. 

The above two tables suggest that there is more than coin- 
cidence in the values obtained by applying the relativity 
formula to optical doublets, aud so further relationships 
were sought. 


Sereening-Constants and Atomic Numbers. 


The screening from the nucleus which an electron suffers 
because of the remaining electrons in the atom will be 
greater the greater the total number of electrons; and in 
considering atoms of elements of the same vertical group of 
the periodic table, it seemed reasonable to test whether the 
effective screening of corresponding orbits was proportional 
to the atomic numbers. It was found (2) that the screening- 
constants were, in fact, nearly linear with atomic number for 
all the groups tiied. The divergence is more marked for 
small atomic numbers, as would be expected, since other 
factors than the total number of electrons contribute to the 
screening-constant ; but for sub-groups such as K, Rb, Cs 
(1 per cent. out), Ca, Sr, Da (8 per cent. out), and Mg II, 
Ca II, Sr II, Ba II (Ra II is 2:3 per cent. ont) the divergence 
is small. 

Sereening-constants may therefore be usefully employed 
in arriving at a number of the right order for the separations 
of doublets and triplets previously “unrecognized or unassigned 
to their atoms. For example, it can "be shown that the 
separations 3815 and 9329 are probably correct for Aul 
and He II respectively, since thev vive screening-constants 
in line with those for Cu I and Ag I, “and those for Zn IL and 
Cd lI respectively. Moreover, their values for s are in the 
right ratio (see Table I.). i 

Again, a screening-constant 7:163 for ALII calculated 
from Pasche s doublet separation (3) 1s nearly in line with 
16:2 and 24°86 for Ga II and In II. respectively, calculated 
from frequency differences found in tables of wave-lengths 
given by Weinberg g recently (4). These frequeney differences 
haseconaliledUiis ceni tero deduce series for Ga II and In Il, 
but thev are withheld for experimental confirmation, 

It is tempting to extrapolate for the Ra are separation; 
the probable value, 64:12. for the screening-constant ould 
in-licate about 2800 for the wider separation, The separations 
and lines at present attributed to this oe are unsatis- 
factory ; Hicks (5) finds separations 2050 : 832, an! Ansiow 
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and Howell (6) get 2017 : 1036. These give totals 2882 and 
3053. The separation at present regarded as the total 
separation may in reality be the wider separation. 

To show the kind of relation which exists between s and z 
a graph is given, having atomic numbers as abscissæ, and as 
ordinates screening-constants calculated as explained above. 
These curves are to be taken as typical. The alkali-metal curve 
is for s calculated from the term separations (2p.—2p,) (Li), 
and so also is the alkaline-earth spark-line. The curve for 
As, Sb, and Bi is for screening-constants calculated from the 


JREENING CONSTANT — à 


du 
c 


ATOMIG NUMBER — 


term separations (3D, —3D;) as given by Ruark and 
others (7}. 

This curve should really lie much closer to the curve for 
Sr II, Ba II, Ra II, but it has been raised slightly to show 
that the two are separate in the reproduction. 

It will be observed that all the lines have much the same 
slope. 


Change in S with Building-up of Atoms. 


If the elements are considered in the order of their 
arrangement in vertical groups of the periodic table, they 
may be imagined to be built up by the successive additions 
of rings of electrons containing either 8, 18, or 32. Now 
it is noticeable that for all the groups, increase in the atomic 
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number of 5, 18, or 32 corresponds to an increase in s of 
about 5, 13, and 23. This is well shown by the elements of 


group I are, II are and spark, and III b arc, as in Table III. 


TABLE III. 


Z. | az. |z. | a2. 


Element. ds. Klement. ds. Element. Z. dZ. ds. 
LRI-b 8 543 Bell..| 4| g 4-123 
Nal.|ll| g| 55g | NaI- 11 |18| 129 | Men. 12 gl 3s 
CsI 55 Aul 79 |(18)| (12:95) BaII ..| 56 | 32 | 2333 | 

| Ra I1..| 88 (18) (13:12) 
| 
| | | Í 
Element.| Z. dz. ds. | Element, Z. a. ds. [Bienen Z. | dZ. ds. 
| | 
MgIL. 12 1g) 1218 | BIo« 6| &| da CIL. 6 
Zn II..| 30 8 n7 | AIT... 13 18 | 12:07 Si IT. na 
Od T..) 48 | 39 | og | br 3I | ig! 1208 | Nim E 
TII... 81 |(18) (12736) | 
| | | 
| 3 

Element.| Z. | dZ. dZ. Element.| Z. | dZ. ds, | 
Bel.. j 8 5:18 | 
Cal..|?0 | ig | 1358 | ZnI..| 30 | jg | 1266 | 
Ba I...| 56 Hg I ..| £0 |(18)| (1278) | 


At the same time the differences illustrate to what extent 
sis linear with Z. Numbersin brackets have been calculated 
for an addition of 18 instead of 32 electrons, assuming 
proportionality. 

[t will be observed that, for the first two grons, the 
increments of s cluster round the values 5:4, 122, and 23 
for additions of 8, 18, and 32 electrons respectively. This 
suggests that additions of these numbers of electrons in the 
outer regions of the cores are as effective as a reduction in 
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the nuclear charge of amounts viven by the values of s 
above. 

Now in the case of a penetrating orbit, we might expect 
that addition of electrons in the outer part of the core would 
have most effect in the part of the orbit of the valence 
electron in this region or outsideit. Consequently, since the 
innermost part of the orbit is approximately the same for 
different elements in the same column, we can form a rough 
estimate of the change in s to be expected from means in the 
screening while the electron is in this region and outside it. 
When eight electrons are added, the difference in s will be 8 
for the electron outside the ring, while, if in the ring, the 
difference would be 3:3. 

This gives as an average 5'7, while the average for group 
I are and group IL spark is 5/2 (these were chosen as being 
the simplest). Again, for 18 electrons the effective nuclear 
charge will diminish by 18 while the electron is outside, and 
by 9:3 while in the region of the ring. giving as an average 
13:6. Lastly, for 32 electrons the change to be expected 
calculated in the same manner is 25. 

Such averaging has little physical justification, and has 
been adopted only in order to gain some estimate of the 
order of change in screening to be expected. The crude 
idea of rings has, of course, given way to the more plausible 
one of separate orbits ; but it can evidently still be usefully 
employed to obtain rough numerical estimates. 


Variation in dS with n in the same Atom. 


The greater the penetration of an orbit into the core the 
less will be the screening, and so the greater will be (Z— s)*, 
and so tlie greater also will be the corresponding separation. 
Deep penetration can therefore be connected with large 
separations, and smali separations can be taken to be a 
symptom of shallow penetration. (Different orbits of the 
same atom are in mind.) Thus we might expect that if for 
any atom Ad > Ap, the d orbits penetrate more deeply into 
the core than the p orbits. Furthermore, the less penetrative 
the orbit the greater might As be, going down a group ; for 
since in the procession from Li to Cs rings of 8, 8, 18, 18 
eleetrons are added in turn, if the valence electron was 
entirely outside the core all the time, s would change by 8, 
8, 18, 18 units at a time respectively. Table IV. shows how 
s and As increase for more distant orbits—4i. e. as n increases 
for the same series of terms. 
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Taste IV. 
(a) Arc Spectra, Alkalies. 


Element. s. Bos. 5. uM As,. 
745 | Tug | 
| Na secto í 45 i í SH8 i 5:58 5711 
Deeg ye 2.5 | 
| eer | 13 03 | 13°97 | 13:94 14:73 
Rb uu 2697 | 2850 |: 13:80 | 14:62 
Ca cies | 4077 | 42:02 


' Element M | A | 84 | AS, As, As, 

ECCE Aca m a 
Op acc MPO 1990-1 865 se deed deae 
Siue Har Sr 5h "8907. I ross | omen | dae 
Ba s. STI9 | 404 | 4350 | asa 97-97 
Rik ades 60:52 Tt 70:82 


In the above table, s and s, apply to (3p2—3p,) and 
(1p, — 4p) for Na ete., and 5j, 89, 33 to (3pg3 — 353), (345 — 343), 
and (4d5— 4dj) respectively for Mg ete. The change As, of 
3°68 between My and Ca is not in agreement, and suggests 
that very little penetration occurs in this orbit in the case of 


Mg, since sy for this element is abnormally high. 


(c) Are Spectra, Earths. 


| 
Element. | Sp EX 8. s. Asi | AS,. Ass., | Asi. 
| om 
| 
P.) mé? Q. [E 
St sug asel STX 90 WIS | ag ages | asst | evs 
; oO 74 In oe. 
Ga vas e 19 4 22 (0 25 MN a) RUD i 1206 4:12 14:73 | l5 06 
, 4 * ere. ‘ of apg yer 
In Ceara e 21 46 o6 SN 338 3k 9U 02 | 9] 08 ! 25:00 | 96°70 97 -39 
T] 


eee 53-44 | G48 | 60l 664l | | | 


$1, 89, 83. 5, in the above are sereening-constants calculated 
from the separations (3p3 — 3p), (4pe— dpi), (9p3 —5)), and 
(pa — 6p) respectively in the case of Al, and similarly for 
the other elements. 
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Optical Multiplets are Magnetic rather than Relativistic. 


In the foregoing the relativity doublet formula of 
Sommerfeld has been applied to optical separations, the 
screening-constant $ being used as an adjustable quantity. 
It has been shown that in passing down a chemical group 
the screening-constant increases in a way to be expected if 
the more complex atoms are formed from the preceding ones 
by addition of rings of 8, 8, 18, 18, and 32 electrons. The 
formulaapplied was obtained by Sommerteld by consideration 
of the relativity variation of mass with velocity, which will 
introduce different changes in the energy of orbits of the 
same total but ditferentazimuthal quintum numbers. There 
is, however, a large amount of experimental and theoretical 
evidence derived from a study of the anomalous Zeeman 
effect to support the view that these multiplet separations 
are magnetic rather than relativistic in origin, being due to 
internal atomic magnetic fields. 

In the case of a penetrating orbit, the part of the orbit 
which will contribute most to: the relativity effect will be 
that part where the electron 1s moving fastest—that is, at 
the perihelion. This will probably also be true for the 
magnetic effect, since near the perihelion the electron will 
be moving fastest, and will theretore be under the influence 
of greater forces due to the. magnetic fields. Thus it is 
plausible that the sereening-constants calculated from a rela- 
tivity formula should have values in accordance with what is 
really a magnetie phenomenon. 

In its fuller form, K is s — i): and applies to orbits 
having the same ns but different £s. In the above it has 
been applied to orbits having the same n and & but different 
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js. As used, K = 


. 


n? J 
for K would give correct ratios for the separations if 
articular values of j were used ; but the wider separations 
would then be associated with tlie smaller inner quantum 
numbers instead of with the larger ones. "This seems a 
fatal objection to any such formula. The entering of tho j's 
in the form (j+,'), as proportional to the interv vals, s shows 
no analogy with the relativity formula. 


Rl 
Tt may be noted thatan expression of the form ike C = s) 
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Closeness of Agreement. 


The numerical relationships outlined above depend upon a 
fourth-power law. This causes the apparent agreement to 
be greater than it really is, as, on taking the fourth root of 
the separation, discrepancies are naturally divided by tour. 

On the other hand. prophecy is made more uncertain, 
since a screening-constant which has been predicted for an 
atom in a particular condition must be raised to the fourth 
power; and so the expected separation lies within a range 
which has been multiplied four-fold. 
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Summary. 


(1) Screening-constants have been calculated for the 
optical doublets and triplets of several chemical groups of 
atoms by application of the relativity doublet formula. 

(2) In passing down a chemical sub-group of the periodic 
table the screening-constant is found to vary directly as the 
atomic number. 

(3) For many such sub-groups the change in s has 
approximately constant values in passing from one element 
to the next ; for Z=8, 18, 32 s is nearly 5, 13, 23 respec- 
tively. 

(4) These numbers are shown to be of the order to be 
expected on simple considerations. 

(5) The significance of the formula is discussed in the 
light of the probability that the origin of multiplets is 
magnetic rather than relativistic. 


Physics Laboratories, 
The University, Leeds, 
May 1920. 
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XLII. Potassium as a Mercury-Vapour Trap. By A. LL. 
Huaues, D.Sc., and F. E. POINDEXTER, M.A., Washington 
University, Saint Louis, U.S.A. * 


Introduction. 


S is well known, the speed and simplicity of the mercury- 
vapour condensation pump has led to its almost 
universal adoption in the production of extremely high 
vacua. It suffers from the disadvantage that, while “it 
rapidly removes vases and vapours from "the. vessel to be 
exhausted, it does not remove mercury vapour. To stop the 
mercury vapour from diffusing back into the apparatus, the 
usual practice is to have a trap which can be surrounded 
bv liquid air between the pump and the apparatus to be 
exhausted. The cost of making liquid. air, the difficulty of 
getting it in certain laboratories, and, in sume researches, 
the need for keeping the mercury trap in action for some 
weeks without a break, suggested tlie desirability of looking 
for some alternative method. The present paper is the 
outcome of a search for a substitute for liquid air. Years 
ago, gold-leaf was used to prevent mereury vapour passing 
a certain point in a vacuum system, but apparently without 
much satisfaction. During the last two years, we have 
re-investigated the possibility of metals as mercury-vapour 
traps. The most surprising result of this investigation 
is the amazing ability of the alkali metals to absorb mercury 
vapour. For practical purposes, it is fair to say that tlie 
diffusion of mercury vapour past a certain region in a 
vacuum system is stopped by lining a trap with an alkali 
metal quite as satisfactorily as by cooling the trap with 
liquid air. 

An account of an investigation on sodium as a mercury- 
vapour trap has been published by one of ust. In the 
present paper we give the results of a detailed investigation 
on the use of potassium as a means for preventing mercury 

vapour diffusing through a vacuum system. Two methods 
of investigation were adopted. In the first, we used a 
qualitative spectroscopic test to determine for how many 
weeks a lining of potassium inside a tube would remain an 
effective barrier to mercury vapour. In the second method 
we used ionization gauges to determine the lowest pressures 
attainable under our various experimental conditions. 


* Communicated by the Authors. 
T F. E. Poindexter, Jour. Optical Soc. America, ix. p. 629 (1924). 
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Spectroscopic Tests. 


In these tests, use is made of the fact that a small trace of 
mercury vapour in a discharge-tube is shown bv the appear- 
ance of mercury lines in the spectrum of the discharge. It 
has been suggested that, in a mixture of gases, the spectrum 
of the gas with the highest ionizing potential is relatively 
less strongly excited than that of the gas with the lowest 
ionizing potential. It is therefore to be expected that, in a 
spectroscopic test, traces of mercury would show up more 
strongly in helium than in other gases. Whether this be 
true or not, helium lias certain other advantages : it 1s easy to 
obtain in pure form, and gives a spectrum in which the 
presence or absence of mercury lines can be determined 
without ambiguity. 


Apparatus. 

The apparatus used 1s shown in fig. 1, which is approx- 
imately to scale. It consists of three parts, a discharge-tube, 
A, the potassium-lined trap, B, and a mercury reservoir, C. 


Fig. 1. 


c PR Disthed Folassium — nena 


The discharge-tube is of the internal capillary type (diameter 
3 mm.) which can be viewed end-on. One electrode is a 
tungsten filament which can be made incandescent to increase 
the intensity of the discharge if necessary. The mercury 
reservoir is a tube 11 mm. in diameter and contained 
02 grams of mercury. A mark on the outside of the tube 
indicates the height of the mercury when first put in. The 
amount which evaporated and had been absorbed by the 
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potassium in the course of time could be determined from 
the depression of the surface of the mercury below this mark. 
The distance from the surface of the mercury to the hori- 
zontal tube D was about 7 em. The apparatus was connected 
to a diffusion pump through E. A small piece of newly cut 
potassium weighing 2:5 grams was inserted into the part H, 
the end of which was then sealed off as soon as possible. 
The pumps were then started, and when a good vacuum was 
obtained the whole apparatus (except the mercury reservoir 
and the tube H containing the potassium) was heated by a 
hand blowpipe for about one hour. After cooling, tlie 
potassium was first distilled into G and finally into B. 
When this had been done, G and H were sealed off at F. 
The potassium was distribsted in a thin layer, no doubt 
unevenly, over the inside of the tube D, the exposed surface 
area being approximately 30 sq. em.  Owing to slight 
oxidation on introducing the potassium into the apparatus, 
the amount of potassium lining the tube B was certainly 
somewhat less than 2:5 grams, this being the amount of 
potassium originally put in. A small quantity of helium, 
purifie! by passing slowly through charcoal in liquid air, 
was then admitted to the apparatus, the McLeod gauge 
showing a pressure of *01 mm. 


Method of Experiment. 

The spectrum was excited by a 10,000 volt transformer. 
During the first few observations it was unnecessary to heat 
the filament. Soon, however, the tube had hardened to such 
an extent that it was necessary to make the filament hot to 
get a discharge to pass. The cause of this diminution in 
pressure is not known, but we may consider that it made 
the tests more stringent in that the amount of helium, 
available for carrying the discharge, was less than before in 
comparison with possible traces of mercury. The spectrum 
was examined visually by means of a Hilger constant 
deviation spectrometer, and a careful search made for the 
principal mercury lines. The spectrum was also photo- 
graphe-l, the exposures being such that the helium spectrum 
was much overexposed to give every chance for the appear- 
ance of mercury lines should there be present any trace 


of mercury. 


Results. 
After the apparatus had been sealed off from the pump, 
the spectrum was examined at frequent intervals (at first 
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every week, then less often). Even when the discharge 
was so strong as to make the helium spectrum very bright, 
there was not the slightest trace of any mercury lines to be 
seen, either visually or photographically, until the eleventh 
week after the tube had been sealed off. Then, and only 
then, was there any indication of mercury in the spectrum. 
Along with a very bright helium spectrum, we could see 
with difficulty the green line of mercury (A5461) but no 
other mercury lines at all. A photograph, much over- 
exposed so far as the helium spectrum is concerned, showed 
the lincs 34358, 44047, and A3663, faintly, but nothing of 
the green line A5461. By this time, the lowering of the 
level of the mercury in the tube C showed that 37 grams of 
mercury had evaporated and had been absorbed by less than 
2-5 grams of potassium. After the eleventh week the 
mercury spectrum increased very slowly in intensity until 
the twenty-first week, when the mercury spectrum was 
plainly visible (this being the last observation made). At 
this stage, 13 grams of mercury had been evaporated and 
taken up bv the potassium. : 

This test clearly shows that a comparatively small quantity 
of potassium spread out in a thin laver acts as an efficient 
merenry-vapour trap and that it retains its power fora long 
period. It should he pointed out that this test is unusually 
drastic in that the source of mercury is very much closer to 
the trap (7 cm.) than it would be in most experimental 
arrangements. The amount of mercury vapour diffusing 
into the trap per second is inversely proportional to the 
distance from the source to the trap and directly pro- 
portional to tlie cube of the radius (assuming for simplicity 
that the mean free path of the mercury atoms is greater than 
the diameter of the tube). This being so, we may reasonably 
assume that had the mercury been in a tube of the: same 
diameter, but at a distance of say 40 cm. from the trap, it 
would have taken about a year before traces of mercury 

vapour would have appeared in the spectrum. 

It will be noticed that the potassium continues to act as 
an efficient barrier to the passage of mercury vapour until it 
has absorbed over 150 per cent. of itsown weight of mercury, 


Ionization Gauge Tests. 
First Ionization Gauge. 
The arrangement used in this test is shown in fig. 2. 


Tite path between the ionization gauge and the condensation 
yamp is short and wide so as to give the pump every chance 
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to remove the gases as completely as possible. It also shows 
what is perhaps as simple and convenient a form of alkali 
metal trap as ean be made. There is no need to describe the 
ionization gauge as it is of the usual type *. It is sufficient 
to say that it is a three-electrode tube in which the positive 

ion current produced by impact of electrons on the residual 
gas or vapour molecules can be measured. At low pressures, 
the pressure 1s proportional to the ratio of positive ion 
current to the electron current. The gauge was calibrated 
before this test by inserting a U tube between it and the 


Fig. 2. 
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diffusion pump. The U tube contained a few drops of 
mercury but not enough of course to close the tube. The 
U tube was surrounded by melting ice and the ratio of 
the positive ion current, P, to the electron current, E, 
was measured with the diffusion pump in action. Under 
these conditions the onlv gas or vapour left in the ionization 

gauge was mereury vapour. According to Knudsen f, the 
vapour pressure of mercury at 0° C.is 83x 1074mm. We 
found the ratio of the vositive ion current to the electron 
current with mercury vapour at 0? C to be 


(P/E). 2 604 x 1073, 


* O. E. Buckley, Nat. Acad, Sci. Proc. ii. p. 683 (1916). S. Dush- 
man, Physical Review, xvii. p. 7 (1921). F. E. Poindexter, Jour. Opt 
Soc. America, ix. p. 629 (1221). 

t Kuuwlsen, Anan. d. Phys. xxix. p. 179 (1209). 
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After this preliminary calibration the gauge was set up 
as shown in fig. 2. A small piece of potassium, approxi- 
mately 3 grams, was inserted inte the tube H and the end 
sealed off. Then the pump was started and the gauge and 
connecting tubes (except H) were heated vigorously for an 
hour or two by a hand blowpipe to drive gases otf the walls. 
Then for a period of two or three hours the anode was 
outgassed at a red heat bv electronic bombardment. Mean- 
while the potassium in H was heated at gradually increasing 
temperatures to drive off gases and then distilled into C and 
finally into A. The distribution of the potassium is in- 
dicated in the diagram. The tubes H and G were now 
sealed off. The ionization gauge was again outgassed 
by the hand blowpipe and the anode by electronic bombard- 
ment. After cooling, the ratio of the positive ion current to 
the electron eurrent was again measured and found to be 


(P/E)&z? x 1077. 


The positive ion current was now so small as to correspond 
to lers than a scale-division deflexion, hence the ratio 
cannot be determined accurately. However, the vapour 
pressure of the mercury in the ionization gauge with 
the potassium trap in action has been reduced to 


2x107* 
6:64 x 107? 
times its value at 09 C. 
Now, at 0* C. according to Knudsen, the vapour pressure 
of mercury is 188x1074 mm. Consequently the vapour 


pressure of mereury in the ionization gauge with the 
potassium acting as a trap is equal to, or less than 


(1:88 x 107 x (3:0 x 1079) 5:6 x 107? mm. 


It should be emphasized that this is an upper limit. We 
do not know that the gas or vapour whose pressure we 
are measuring 1s mercury vapour at all, but we do know that 
if it is all mereury vapour then its pressure does not exceed 
5:6x107? mm. It is quite likely that, even after the heat 
treatment we gave to the gauge, minute quantities of gas 
are slowly being evolved from the walls, anode, and filament, 
and that what we measure depends on the equilibrium 
between the rate of evolution of such gases and the rate of 
removal by the pump. Hence we may justifiably conclude 
that the efficiency of a potassium trap as a barrier to 
mereury vapour is such that the pressure of mereury vapour 
beyond the trap can be reduced to less than 5x 107? mm, 


=3:0x 10-5 
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Second Ionization Gauge. 


The second ionization gauge was set up in such a way as 
to enable us to make a direct comparison between the effect 
of a potassium trap and that of a liquid-air trap. It was 
also convenient for investigating whether contact of air with 
the potassium reduced its power as a mercury trap. This 
apparatus is shown in fig. 3. The tube between the gauge 
and the trap was 100 em. long and 2 cm. in diameter, and 
that between the trap and the pump was 250 em. long and 
1:2 em. in diameter. 


Fig. 3. 


The experiments to be described show that a potassium 
trap is as efficient as a liquid-air trap. The apparatus 
was outgassed by a hand torch and the anode was made red 
hot by electronie bombardment for about an hour. Then 
the part A was surrounded by cold water at 1*8C. The 
ratio of the positive ion current, P, to the electron current, 
E, was found to be 


(P/E) eso. = 3°28 x 1075. 


Digitized by Google 
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(This was not the same ionization gauge as that used in the 
preceding section) At 1°8C. the vapour pressure of 
mercury is 2:219 x 1074 mm. The next step was to surround 
A by liquid air, making it into the usual liquid-air trap. 

The outgassing treatment consisted of heating all the ex- 
posed tubes and the gauge itself with a hand blowpipe for a 
peried of one hour and heating the anode to a red heat 
by electronic bombardment for two hours. After everything 
had cooled the ratio of the positive ion current to the electron 
current was measured and found to be 


(P/E)hiquia air — 2:3 x 1078. 
The reduction in pressure is therefore to 


2:3 x 1077 , -" 
3:98 x 10-3 = OX UO 


of its value at 178 C. This gives for the actual pressure a 
value of 
(2:19 x 1074) x (70x 1073) 2143 x 107? mm. 


The next step was to remove the liquid air and to admit 
air up to atmospheric pressure into the gauge and pumping 
system. A small open bottle containing 1 gram of potas- 
sium was inserted into B. The pumps were then started 
and the apparatus was outgassed as before. Heat was 
applied to the potassium until it melted and ran down into 
the bottom of A. From here by cautious application of 
a small flame it was distilled so as to cover the inside of the 
upper part of A in a thin layer. The outgassing treatment 
before and after distilling the potassium was carried out in 
exactly the same way and for the same length of time 
as was done before and after surrounding the trap with 
liquid air in the earlier experiment, so as to make the 
experiments as comparable as possible. After the outgassing 
was finislied the ratio of the positive ion current, P, to the 
electron current, E, was found to be 


(P/E)x= L2 X 107$, 
Proceeding as before, this gives for the actual pressure 
a value of 


1:2 x10-° 
———————Ppx2119x10-5274x107*? mm. 
E x 1073 å ! 

These results show clearly that with the kind of out- 
gassing treatment given to the apparatus a potassium trap 
is nt least as good as a liquid-air trap. That it appears 
to be actnally twice as good is no doubt due to the faet that 
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the potassium test came after the liquid-air test and therefore 
the apparatus was in a better outgassed condition, even 
though in between the two experiments air at atmospherie 
pressure had been admitted to the apparatus for about 
an hour. We have frequently noticed in the course of our 
work that a well outzassed apparatus retains much of its 
outgassed condition even after admitting air to atmospherie 
pressure for several hours. 

After a further outgassing treatment lasting two hours, 
the pressure dropped to 56 x 107? mm. 

It should be emphasized again that we do not consider 
the values here recorded to he real vapour pressures of 
mercury. They are upper limits, probably manv times 
greater than the true values. They doubtless indieate that, 
even after considerable outgassing, gas is slowly given off 
by the walls, anode, and tilament, and being removed by the 
pump. On this view, the lower pressure attained with the 
first ionization gauge 1s naturally interpreted as being due 
to the fact that, on account of the much shorter distance from 
the gauge to the pump, the evolved cases are removed much 
more effectively, with the result that a lower equilibrium 
pressure is attained. 


Ejfect of Admitting Air. 


As it is suggested that in many investigations requiring a 
hich vacuum an alkali metal may be used instead of liquid 
air as a mercury- 'apour trap, it is necessary to examine how 
sensitive the potassium surface ‘is to the effect of gases, and, 
in partieular, to dry air and ordinary air. It is of course 
obvious that the practical usefulness of potassium as a 
mercury-vapour trap would be much diminished if exposure 
to a trace of air destroyed itstrapping power. The following 
tests were carried out. 

First Air Test. 

Air was passed slowly through phosphorus pentoxide into 
the apparatus until atmospheric pressure was obtained. 
About two litres of air at atmospheric pressure passed by 
the potassium. The effect of the dry air on the surface 
of the potassium was very marked. The silvery bright 
surface immediately turned black when air was admitted, 
After contact with the dry air at one atmosphere pressure 
for one hour, the air was pumped out again to a pressure 
below the limit of the McLeod gauge. "Nest morning the 
dull black surface of the potassium had become grey and 
granular. The pump was started again, and the gauge 
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and tubes were now outgassed by heating with the hand 
blowpipe for twentv minutes, and the anode raised to a 
red heat by electronic bombardment for thirty minutes. 
The potassium was of course not heated in any way. 
The pressure obtained after everything had cooled was 
38x107? mm., and after ninety minutes of continuous 
pumping it fell to 28x 107? mm. 


Second Air Test. 


Without renewing the potassium surface in any way, 
the procedure in the first test was again repeated. Dry 
air was admitted to atmospheric pressure, and, after one 
hour, it was pumped out again. Next morning ‘the pump 
was startad: and the outgassing consisted oF electronic 
bombardment of the anode for one hour, but without heating 
the glass with the blowpipe. The pressure obtained was 
again 28 x 107? mm. 


Third Air Test. 

The sequence of operations here was exactly the same 
as in the second test, and the pressure obtained was 
about 30 x 107? mm. 


Fourth Air Test. 


We now admitted room air without any special drving, 
and left rt in for thirty minutes before beginning to pump 
it out. Then the apparatus was heated by a blowpipe 
flame for thirty minutes and the anode by electronic bomb- 
bardment for two hours. The pressure reading obtained 
immediately after this was 210 x 107? mm. Next morning, 
without any further treatment bevond outgassing the anode 
by electronic bombardment for one hour, “the pressure was 
found to be 60x10-° mm. The blow pipe flame was 
now played over the ionization gauge and tubes for 
thirty minutes, with the result that the pressure fell to 
30 x 10- ? mm. 

It is to be noticed that the final pressure obtained at 
tie end of the fourth air test was practically as low as 
that obtained at any time during or before the admission of 
air. In the course of these tests approximately eight litres 
of air (six litres of dry air, two litres of room air) were 
passed over tle same potassium surface without affecting 
its efficiency as a mercury-vapour trap. This is somewhat 
surprising, as one might reasonably have expected the dull 
coating formed over "the potassium surface to destroy its 
ability to take up mercury vapour. 
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Fifth Air Test. 

To examine further the effect of room air as contrasted 
with dry air, the following test was made. Room air 
was admitted to atmospheric pressure, allowed to stand for 
about half-an-hour. and pumped out again. This procedure 
was repeated three times, so that altogether about six litres 
of room air had pa-sed over the potassium surface. The 
apparatus was then pumped out and left overnight. Next 
day, the potassium was heated for a short while to re-distribute 
it over the inside of tlie trap. The outgassing of the gauge 
and connecting tubes consisted in heating them with the 
blowpipe flame for thirty minutes and heating the anode 
by electronic bombardment for about one hour. After this, 
the pressure gradually fell to 10x 107° mm., the lowest 
yet obtained with this gauge. 

Sixth Air Test. 

Most of the foregoing pressure measurements were made 
on the morning following the day on which tie air was 
admitted. It is desirable to put on record a result which 
shows the effect obtained when the procedure is hurried. 
Room air was admitted to atmospheric pressure and allowed 
to stay for about an hour. It was then pumped out, and 
as soon as the pressure was hardlv noticeable on the McLeod 
gauge, the potassium was redistributed in the trap by heat, 
and the gauge and the apparatus were outgassed by the 
hand blowpipe for fifteen minutes and the anode was 
brought to a red heat by electronic bombardment for ten 
minutes. The ionization gauge soon afterwards shoved a 
pressure of 115 x 107? mm., this observation being made 
within. thirty-five minutes from the time the diffusion pump 
came into action. The pressure fell slowly as the pumping 
proceeded. No doubt it would have reached as low values 
as were obtained in previous tests, had the apparatus 
been given further outgassing treatment, but this was not 
actually demonstrated at the end of this particular test. 

Attention is called to the fact that the same one gram 
of potassium was used in all these tests, and that its power 
for trapping mercury was notin the least impaired bv the 
passage over it of about twelve litres of air in all. In 
fact, at the completion of all these tests, the apparatus was 
opened, and certain alterations made 1n preparation for 
an entirely different research. The apparatus was then 
sealed and exhausted and outgassed, and a pressure of 
10x107?* mm. was obtained. The sume one gram of 
potassium was used as in the previous tests, it was merely 
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redistributed in the trap by heating with a flame for a 
minute or two. 


Discussion. 


Extrapolation of the mereury-vapour pressure curve down 
to the temperature of liquid air would yield a value of 
the order 10-9 min., an immeasurably small value. Yet 
when a liquid-air trap was used between the second 
ionization. gauge and the pump, there was an apparent 
mercury-vapour pressure of 143x107? mm. This is 
certainly not due to mercury, so that in all probability 
it is due to the insufficient outgassing of the apparatus. 
The point of this investigation then is that, given the same 
degree of outgassing of the apparatus, fully as Slow a pressure 
can be obtained with a potassium trap as with a liquid- 
air trap. From the results with the first ionization gauge 
we may conclude that, with a potassium trap, the pressure of 
mereury vapour beyond it cannot exceed 5 x 107? mm., and 
may be many times less. We cannot of course sav, without 
further investigation, that, with more strenuous outgassing, 
a potassium trap will be the equal of a liquid-air trap. 
Such a test would call for electronie bombardment of the 
anode and baking the gauge and connecting tubes in a 
suitable oven for a period. of manv hours or even days 

The spectroscopic experiments described at the beginning 
of the paper show that the power of potassium to net as 
a mercury-vapour barrier lasts for many weeks, in fact, until 
the potassium has taken up much more than its own weight 
of mercury. We did not carry out a similar test with an 
ionization. gauge as that would have taken too long a time. 
One of us * used a sodium trap with an ionization gauge 
in a former research, and found that its effectiveness as 
a mereury-vapour barrier was very nearly as high at the 
end of a twenty-five day period as at any time bafore that. 

The qnestion arises as to whether the use of alkali metals 
might not be limited bv the small but finite vapour pressure 
of the alkali metals themselves. Scott t has measured the 
vapour pressures of cæsium and rubidium, and trom 
the empirical formule which he gives we may deduce 
that the vapour pressures at room temperature (say 
300? K.) are respectively 576 x 1075and 20x 107*mm. From 
these values one would not expect the vapour pressure of 
potassium at room temperatures to be much below 1075 mm. 


"FE. Lamenm Journ. Opt. Soc. America, ix, p. 629 (1924). 
t D. H. Scott, Phil. Mag. xlvii. p. 32 (1924). 
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Yet the lowest value whieh we obtained for the pressure 
with the first ionization gauge was 5X10-® mm. This is 
caleulated on the assumption that the gas left is mercury 
vapour, since the gauge constants for otber gases lave not 
been determined and are not the same as that for mercury, 
though of course of the same order. We are inclined to 
believe that the values of the vapour pressures of the two 
alkali metals given by Scott are too high. Scott states 
that the pressure of mercury vapour passing a trap 
surrounded by UO, snow (—50? C.) is as much as 
]84x107* mm. In an unpublished research by one of 
us (F.E.P.) on the vapour pressure of mercurv at low 
temperatures, it was found that the pressure of mercurv 
vapour passing a trap at —950? C. was 2x1077 mm., a 
value to be expected from the vapour-pressure curve. This 
is much smaller than Scott’s value, and suggests some 
error in his method whereby his values are too high. 

One of us (F. E P.) is carrying out a sy stematic investiga- 
tion of the vapour pressures of mercury -sodiuin and 
mercury-potassium amalgams as 2 function of the con- 
centration of the mercury. 

We have been informed by Mr. P. Lowe of Queen's 
University, Kingston, Canada, that he has found it 
advantageous to substitute sodium traps in place of liquid- 
air traps in an investigation whieh he has completed on 
intensities in the hy drogen spectrum. In this investigation, 
which is probably typical of many, mercury lines in tlie 
spectrum could not be made to disappear until several 
days arter liquid air had been placed around the traps, if 
the mercury vapour bad onee had access to the electrodes 
and the part of the apparatus where the spectrum was 
proluced. To avoid this it was necessary to keep the 
traps continuously in liquid air, a rather costly procedure 
with a research lasting some months, Mr. Lowe found 
that about one gram of sodium in each trap acted as a 
satisfactory mereury-vapour barrier for the three months 
necessary to complete his observations. 


Vote on Technique. 


As the main interest of this investigation is its practical 
application, it will not be out of place to offer a few 
remarks on the technique. 

Any alkali metal may be used. Theoretical considerations 
lead us to expect that the trapping action would be most 
efficient with that metal having the highest heat of dilution 
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with mercury. Actually, however, we are limited in choice 
to sodium and potassium as the other alkali metals are rare 
and very expensive. As to sodium and potassium, sodium 
has the advantage in cost. but since we have found that 
a very small quantity of potassium retains its activity 
unimpaired for many weeks, the extra cost of the potassium 
is not a serious consideration. Sodium has also the advantage 
that its own vapour pressure is less than that of potassium. 
We have shown in this paper, however, that even with 
potassium a pressure of the order of 5x 107? mm, can be 
obtained, and this is probably due to insufficient outgassing 
rather than to the potassium. Consequently it is only in 
the unexplored region of pressures below 107? mm. that 
the vapour pressures of the metals may possibly become 
a deciding factor in choosing between them. We are 
inclined to helieve the vapour pressures of both metals at 
room temperatures are considerably below 1077? mm. On 
account of the rapid change of vapour pressures with 
temperature, cooling the trap with ice would reduce the 
vapour pressure of the metal by a factor in the neighbour- 
hood of ten as compared with its value at room temperature. 
This is regarded as a needless refinement, and it is not 
suggested as at all necessary in using the sodium or 
potassium as mercury-vapour traps, Potassium has the 
advantaze that, owing to its lower melting and boiling 
points, it is decidedly easier to handle in pyrex glass 
apparatus. 

We have developed a technique in preparing the sodium 

potassium which may be ‘helpful to others who may 
want to use one of these metals as a mercury vapour 
trap. The oil in which the sodium or potassium is supplied 
commercially occasionally contains a constituent which, if 
the metal is insufficiently washed with pure benzol or some 
such solvent, may be introduced into the vacuum system 
along with the metal, and may give a great deal of trouble 
in preventing the attainment p" very high vacua. We 
have occasionally had to discard a complete systom of pump, 
McLeod gauge, trap, and ionization gauge because of the acci- 
dental admission with the metal of this unknown substance, 
probably a hydrocarbon of high boiling-point. Consequently, 
we have developed a satisfactory method of cleaning and 
outgassing a large quantity of sodium or potassium and 
storing it in small glass tubes. 

The teclinique of preparation is shown in fig. 4. A 
quantity of the metal amounting to four ounces or more 
is introduced straight from the bottles in which it was 
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purchased into a pyrex glass tube, about 3 to 4 cm. 
wide as shown in A. The upper part is drawn down to 
a width of about 5 mm. Then the metal is heated by a 
bunsen flame. As the heating is gradually increased the 
volatile hydrocarbons come off first and burn at the opening 

then the heavier hydrocarbons. The heating is slowly 
increased until the metal itself begins to evaporate and 
condenses a little higher up the tube. At this stage, when 
all volatile impurities have been driven off, the tube is 
allowed to cool, but before the liquid begins to solidify 
it is poured into another pyrex glass tube B and allowed 
to solidify at the bottom. Most of the oxide ete. is left 
behind in A. B is then sealed on toa pumping system in 


Fiz. 4. 
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the position D'.. The tube D has fused to it a dozen or 
more thin-walled glass tubes about 2 em. long and 1 em. 
in diameter and with necks of 4 mm. internal diameter. 
(These are the tubes in which the cleaned metal is ultimately 
stored.) When a vacuum has been obtained, the lower 
part of D' is heated for a long time. The metal evaporates, 
condenses on the upper part of the tube D' and runs down 
again, the action being that of a reflux condenser. At 
first large quantities of gas ure evolved, but after several 
hours heating very little comes off. Then by heating 
the whole of B' the metal is driven into C, and B’ i: 
sealed off. Next the metal is liquefied in €, and bv tilting 
the apparatus to the right (a flexible connexion between 
the apparatus and the pump allowed this) the metal?flows 
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to D and fills all the small tubes E;, E», etc. as it passes 
over them. These tubes are then sealed off in turn. In 
this way one can in two days or so prepare a sufficient 
stock of clean ontgassed sodium or potassium which will 
be ample for several vacuum systems, as ordinarily used, 

for more than a vear. The procedure is not so complicated 
as it seems, and is far preferable to inserting a piece of 
new potassium which has not been outgassed and which 
may carry a trace of heavy oil in with it enough to give 

trouble in the apparatus. Fig. 3 illustrates the wav in 
which these small tubes are used. When the apparatus 
is assembled, a small tube E holding the potassium is 
opened aud inserted into B, which is then sealed up at 
the open end. As soon as a good vacuum is obtained, 

the metal is liquefied bv heat and runs down into A. 

The shape of the tube on the inside of which the metal 
is finally distilled may be of many forms. Perhaps the 
right-angled joint in fig. 2 is as easy to make and as 
satisfactory as any. 

If at any time one suspects that the meta] is not acting 
as well as it should, redistribution of the metal by heating 
one part and dien another of the trap for a minute or 
two will be found efficacious. [t is our experience that 
this is seldom necessary, even when the surface of the 
metal is quite dull. 


Summary. 


(1) A liquid-air trap is almost universally used as a 
means for preventing mercury vapour diffusing back into 
a vacuum system from a mercury pump. It has been 
found that a trap lined with distilled alkali metal is as 
satisfactory a barrier to the passage of mercury vapour 
as a liquid-air trap. Any alkali metal may be nsed. 
Considerations of eost, however, practically limit one to 
either sodium or potassium. 

(2) In this paper, we give a detailed investigation of 
ae power of potassium (distilled so as to form a lining 
inside the trap) to stop mercury vapour passing back into 
the space to be exhausted. An ionization gauge was used 
to measure the residual pressure of mercury vapour, Usine 
liquid air alone to trap the mercury vapour, the residual 
pressure in the ionization gauge after outgassing it by 
heat was 14x 1077 mm. The residual pressure, obs: ined 
on substituting a potassium-lined trap for the liquid- 
air trap, after precisely the same heat treatment, was 
"4x107 mm. These values are not regarded as residual 
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mercury-vapour pressures, they indicate that gases are 
being slowly evolved owing to insufficient outgassing of 
the apparatus. The lowest residual pressure obtained. with 
a potassium trap after a more thorough outgassing of the 
ionization gauge and connecting tubes was 5X 1079 mm. 
It is probable that even this value is to be attributed to 
iu-utfielent outgassing of the apparatus rather than to a 
genuine residual mereury-vapour pressure. In any case, 
we can rezard it as the upper limit to the vapour pressure 
of mercury in a vacuum system beyond a potassium-lined 
trap. : 

(3) Several litres of moderately dry air may be passed 
over the jotassinm surface, making its surface a dull 
black without appreciably affecting its tra: ping power 
for mercury. 

(4) Using the first appearance of mercury lines in the 
spectrum of helium at a pressure below :01 mm. as a 
criterion, it has been found that a potassium-lined trap 
wiil act asa barrier to m-reury vapour until the potassium 
has absorbed at least 150 per cent. of its own weight of 
mercury. 


Washington University, 


Saint Louis, U.S.A., 
May 17, 1925. 


XLIII. Note on a Method of Comparing Inductance and 
Capacity. By T. B. Vinycoms, M.C., M.A., Physics 
Department, Woolwich Polytechnic *. 


I^ the January number of the Philosophical Magazine, 

Professor Gangnli gives h's experience in the use of 
the method proposed by Prof. ssor Forsythe in the Physical 
Review ' of June 1913 for the comparison of a Self Inductance 
and a Capacity. He begins bv quoting Professor Forsythe’s 
theory. While the deduction 1s formally correct, the method 
of proof conceals to some extent the principle of the 
measurement. 

On referring to the diagram in Professor Ganguli's paper, 
reprinted below, it is seen that a Wheatstone Bridge network 
is used, three arms of which ate formed by non-inductive 
resistances, and the fourth arm is composed of a self 
inductance L and a capacity C, connected in parallel, each 


* Communicated by the Author. 
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in series with a separate resistance. Another resistance is 
placed in the arm in series with both, as in the figure. 

It is clear that a baiance cannot be obtained under these 
conditions with alternating current, unless this arm is non- 
reactive, t. e. behaves as a pure resistance. The use of the 
bridge network, in fact, is merely for the purpose of deter- 
mining when this condition is fulfilled. Any other method 

can be used by which it is possible to decide when the 
power factor of the arm is unity. 


C 
P S 
aU 
a G Ss d 
| . 
e.m.f. Q e.m.f. 
R C 
r 
b 


Let the impedance of this arm, neglecting s for the 
moment, be Z. 
Then 


. 1 
m +) ph 


This willfbe a a to a resistance ^ if 


1 
pL- -j 
Q+r pC 2. QU) 


— —————— 39 e . Ld 


L 
Qr-4 G pure 


and this condition will be independent of p if 


AR «- CEP 
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Equation (1) leads to 


q-c 
LCpt= ——C, 
Pie 


so that for any values of Q and v, both greater or both less 


L e . . 
than ut the arm is non-reactive for a particular value 


of p. This value becomes indeterminate if 


qes2b 2.2... 


as can also be seen by inserting (2) in (1) above. 
Then Z=Q, 


and the impedance for all frequencies is equal to the direct 
current resistance of the arm. The value of Q includes the 
resistance of the inductance L. There is no need to 
“swamp ” this resistance as suggested by Professor Ganguli. 
When the condition 

L 

C 

holds, there is no need for the resistance s in the arm except 
to obtain a balance on the bridge. It is otherwise a dis- 
advantage, as it reduces the sensitiveness. It should there- 
fore be omitted, and the balance obtained by varying 8. 
The balance does not depend on using equal ratio arms P 
and R, and any ratio may be used which is found convenient. 
If equal arms are used, it is easy to maintain the D.C. 
balance by making equal changes in Q and S. It may be 
noticed that the resistance required for A.C. balance is that 
which makes the circuit L, C, Q, r just aperiodic. 

I have used this method for the measurement of Induct- 
ances between ‘15 and :0005 henry by comparison with a 
standard subdivided 4 microfarad, and also to measure 
capacities down to ‘002 microfarad against calibrated in- 
ductances, with satisfactory results when the value of Q did 
not exceed a few hundred ohms. When Q was 1000 ohms 
or over inaccuracy is likely to arise from two causes. First, 
self capacity of the resistances used will cause their values 
to depend on the frequency. In consequence, unless a pure 
sine-wave e.m.f, is used on the bridge, silence is not obtained 
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at balance, but merely a minimum of sound which is un- 
defined except for a change in the faint note. Second, the 
setting for silence is more sensitive to an error in the ad- 
justment for D.C. balance than to an error in the adjustment 
tor A.C. balance when Q is large. This makes it difficult to 
compare two minima of sound separated by the interval of 
time required to change to new values of S, Q, and r. It is 
therofore preferable to arrange that the silence is searched for 
by adjustments of a ditterent nature, not interfering with the 
D.C. balance. Of these there are two, a continuously 
variable L of constant resistance and a variable condenser. 
In any case, values should be chosen so as to make the 
resistances Q and r of moderate value to minimize these two 
difficulties and to increase the sensitiveness of the method. 
The sensitiveness cannot be safely increased by increasing 
the voltage applied to the bridge beyond a moderate value. 

When approaching a balance the conditions can be best 
studied by considering the origin of out-of-balance current 
in the telephone. In both branches of the arm the current 
is out of phase with the voltage V between the ends. The 
leading component of the current in the capacity branch is 
equal and opposite to the lagging component current in the 
inductance branch when the bridge is balanced, and the 
difference of these two gives rise to the note heard. The 
currents in the two branches in phase with V combine to 
give no current in the telephone at balance. 


The total current in the arm is A 
y 1 
a E. 
Z Q+jpL 1 
ji€ 
] 


-y| QL , ae 
= Q? + 7° L? P 


Tlie current in the arm, in quadrature with V, is 


Tr C L ` 
hm rcs i c ueri) 
=Vp | CQ*— Lt Lep*(L— Cr’) 
(1 + p?C?,*)(Q?+ p?L?) $7 
This vanishes if L=CQ?=Cr*. 
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These two conditions are not equally important, as can be 
seen by inserting numerical values. 

Let n=830, i. e. p=5000 approx. ; L=107? henry; 
221077 farad. Then Q=r should be 10??, LCj?-2:5 
x 1077, so that an error in L-- Cr? may be 40 times as great 
as an error in CQ?— L, for equal effects in the telephones. 
The only term in the denominator of any importance is Q?, 
so that on approaching balance the current which is in 
quadrature with V is 


a 
I, - Vp(c- g) 


The component of the current in phase with V when near 
balance 1s 


V 
I2. 
tUQ 
If Qo is the value of the resistance required for exact balance 
for both A.C. and D.C., and Q4 VQ is the value used, the 
values of I, and AT, are 

I,22Vp x dQ, 
Qo 
V 
AlL = ma Q9 


and their effocts in producing sound in the telephone will be 
proportional to these quantities. That is, they will be in 
the ratio 


I 2pL 
=- =} H 


where @ is the angle of lag of the current in the inductance 
branch. It is therefore important for sensitiveness to keep 


i large. 


It follows that for ordinary values of the quantities 
concerned :— 


1. The value of r is not critical, and may be left for final 
adjustment. ( 
2. The method is not sensitive for small values of < 
which require Q to be large. L 
3. The D.C. balance must be adjusted as accurately as 
possible if a good silence is to be obtained with A.C., 
e. g. by a slide wire in the arm 8. 
2G 2 
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Taking these points into consideration, I have found that 
it is not difficult to obtain results concordant to less than 

per cent. and in agreement with measurements made by 
other methods. The accuracy of the comparison is improved 
by the use of non-reactive resistances and by eliminating 
earth capacity effects. 

March 5th, 1925. 


XLIV. The Passage of an Alternating Current through 
Sulphurie Acid. Dy R. T. Larrgv, D.Sc., M.A., The 
Electrical Laboratory, O.cford*. 


W HEN an E.M.F. is applied to platinum electrodes in 

acid solution the products of electrolysis cause a 
back E.M.F., aud if the applied E.M.F. be removed the 
electrolytic cell will discharge itself, and is, in this wav, 
analogous to a condenser. This analogy was recognized by 
Varley in 1860 (1), and was more fully investigated by 
Kohlrauseh in 1869 (2). Various attempts were made to 
find the “capacity " of such a condenser (1, 3, 4, 5, 6, 7) by 
measuring the quantity of electricity given out after a cell 
had been charged to a measured voltage, It was Blondlot 
(7) who first pointed out that, since a cell of this kind 
gradually loses its E.M.F. on open circuit, it is analogous 
to a condenser short-circuited by a fairly high resistance. 

If, following Kohlrausch, we regard the back E.M.F. as 
being proportional to the concentration (2) of one of the 
produets o£ electrolysis, then 


vmdA;C X 4 


e. e. [7 e. . (1.) 
and if the substance whose concentration is x is removed by 
diffusion or chemical action at a rate proportional to its 
concentration, then, while the cell is being charged by a 
current of strength 7, 


m =Ai— Br, where A and B are constants. . (ii) 
( 
On open circuit we should have 

= 7 dv = — Bur. 

dt k dt 


Whence «=a! and v=tye Pt, 
According to lteiehinstein (8) this law holds good, but 


* Communicated by the Author. 


Alternating Current through Sulphuric Acid. 445 


his observations cannot be considered as very conclusive. 
It is interesting, however, to note the analogy of this law to 
the law v v^ 5* when a condenser of capacity K is 
discharging through a resistance R. 
_ Now suppose an alternating E.M F. whose value at time t 
Is given by v— E sin pt is applied to such a cell. Combining 
the equation E sin pt 2 kx with equation (ii.), we find that 
when a steady state has been reached the current “leads” on 
the voltage by an angle $ whose tangent is equal to p/B. 
A condenser of capacity K short-circuited hy a resistance R 
would give a current leading by tau !pKli; again we see 
the analogy between KR and B7, j 

In an actual cell we have, however, the resistance of the 
electrolyte between the plates (r), and there is also the 
possibility of a resistance (S) in the surface layers of 
the electrodes. The complete equations then become 


tan = pKR? pka 
CUR Wu RITA. Pi ie OU Sa oe ee 
R+ (r+S)(1L+ pk?) ~ (r+S) +B) +4AB? 
E. pKR? KA | 


R +8 kAB. 
1+ 5EkuC Medie p? + B“ 


(let us call this p). 


des$or Sa 


Statements in the literature as to the connexion between 
p, pC, and p—r are very conflicting 


Observer. Reference. Periodicity. Law. 
Oberbeck ............ 9 480-710 C=counstant 
Gordon ............... 10 (30-60)10? C constant. 
Schonherr ..... Ts 11 530-1700 C=constant. 
Warburg & Strasser 12 —€— C V p- constant, 
Krüger ............... 13 390—3100 C ¥p=constant. 
Reichinstein ......... 14 280-640 C Vp=coustant. 
Merritt oe 15 10*-60x105 CA p=constant. 
Joliffe 12 uus uu 16 | 6x10'-107 C ¥p=coustant. 
IMPR ETT TIE 17 63-440 C /p—constant. 

> WAC descen essi par eto 18 400-1600 C=M+Np7). 
Taylor & Curtis |... 19 1500-18,000 C=M+Np-'and 
pC(o— r)- constant, 
Haworth ............ 20 620-1630 C=M+Np-" and 


pCi — r)-— constant. 
W deli E 21 400-1600 pC(p - r) - constant, 
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Haworth's » is a fraction which approaches unity for 
platinized electrodes ; Krüger (13) found that C was constant 
for electrodes which had been feebly polarized hy u-e as 
cathodes with direct current but that C,/p was constant 
for more stronglv-polarized electrodes. 

Comparativ ely few investigators have attempted to evaluate 
S and R; those who have done so agree that R must be 
regarded as infinite (or B20) ; while Wien (21), Haworth 
(20), Jolitte (16), and Taylor and Curtis (19) have found 
that pCN is constant. 

To some extent these discrepancies may be due to the fact 
that with some electrodes ( and S are functions of the 
current strength; but in many cases the applied E.M.F. was 
not truly Anudi. e. g. Reichinstein (14). 

The majority of investigators have used comparatively 
high periodicities, and it seemed to be of interest to try the 
effect of comparatively low periodicities. 

Four pairs of electrodes were used, all of which had the 
same dimensions—circular disks of 2 em. radius,—and in 
every case the electrolyte was H,SO,. Aq. of maximum 
conductivity. 

Ist pair.—These were blackened by electrolysis, using a 
solution of chloroplatinic acid free from lead. 

2nd pair.— These were first coated with platinum black by 
D.C. electrolysis with Lummer-Kurlbaum solution, and then 
heated until their surfaces were a dull mottled grey. They 
presumably contained a trace of lead. 

3rd pair.—These were blackened like the second pair and 
used in a black condition. 

ith pair.—These were used as received from the makers ; 
their bright surface became dulled by use, and they acquired 
a dark brown surface laver which was easily removed by 
handling. 

Far the low frequencies employ: d a telephone was not a 
suitable detector when using a bridge method for measuring 
capacity and resistance ; moreover, "the only bridge method 

applicable to the case in hand is de Sauty’s, and as this is 
Independent of frequency, it does not afford any test of the 
presence or absence of harmonies in the E.M.F. wave. 
It was thought better to use a method which admitted the 
possibility of applying tests of the tr uly sinusoidal nature of 
the E M.F. and current in the cell. Some observations were 
made with the well-known Joubert’s wheel, and others witha 
rectifving commutator mounted on the same shaft as the 
armature of the dvnamo, A commutator of this type gives 
average values of the current over a period corresponding to 
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half a wave, and does not therefore include any terms due 
to even harmonics. 


) (^t? cos n pt 1 
r| sin n=?) — | "|== cosa — cos(a- nm) | 
T Ja T7 np T 

9 cosa 


a cr BEI 0 according as n is odd or even. 


The odd harmonies are seldom present to any appreciable 
extent in the voltage given by a dynamo, and hence the 
readings given bv a rectifying commutator and galvanometer 
will eorrespond to the fundamental frequency only. Tests 
were made, however, and no evidence of the presence of odd 
harmonies could be obtained. 

The position of the brushes of the commutator could be 
altered so that æ had any desired value, and hence the 
complete voltage/time curve could be traced for any two 
points in the circuit to which they were connected. By 
connecting to the ends of a non-inductive l-olm coil 
(AB, fig. 1), the current/time curve could be traced. By 


Fig. 1. 


V=! sin(d* pt) V2 *IZ sin pt 


A B C 


connecting with the terminals of the cell (BC, fig. 1) the 
voltage curve for this could be traced. This was done occa- 
sionally to ensure that E and I were truly sinusoidal ; but 
the majority of the measurements were made as follows :— 
Galvanometer connected to A D, and commutator adjusted so 
that the galvanometer gave a zero reading ; hence a,— 7/2 
=+pt; without altering the commutator, change the 
connexions to BC ; then voltage indicated by galvanometer 


equals 
217 212 


cosp = — -sing= R.. 
2 1 "T $ 1 


Similarly, by adjustinz so that the galvanometer reads zero 
LS 1 M . 
when conuected to BC and then switching over to AD, we 
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have a,— 7/2 — pt and 


2I EL. 
q slo + 17/2) = — 8n p= — Ep. 


Set the commutator at (a; — 7/2), maintaining connexion to 
AD : the reading now corresponds to 


2l cos 0° = 2] = Es. 
T T 


By connecting to BC and setting the commutator at 
21Z 


(a,—7/2), we get —,, E; = E 


rine were always taken for two pairs of values of a, 
and a, differing by 180°, so that galvanometer readings on 
opposite sides of the zero were obtained. 
E, ,E, | By. Bs: 2 

Then E, = Bs = and By = ik jn = sin od. 

Hence Zsin $ ( —1/pC) and Z cos 6 ( — p) could be calculated. 
RESULTS. 

1. Electrodes coated with pure Platinum.—These were 

mounted in a tube only slightly larger in diameter than the 


Fig. 2. 


am 


electrodes. In this way *edge-correction ” for the resistance 
and capacity should be negligible. By varying the dist«nce 


in Ohms 
[3 
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between the electrodes and keeping other factors constant, it 
was found that p was a linear function of the distance (2) 
between the electrodes (see fig. 2), so that we can put 
p—kr--S, where & is constant—in this case equal to 
0:443 ohm per cm. 

S is clearly a function of p such that it increases when 
p diminishes. In what follows, 0:443.7 has been subtracted 
from all observed values of p in order to obtain 3. 


Fig. 3. 


01 02 0:3 O' 4 Ohms. 


F Since it is not always easy to maintain the speed of the 
dynamo constant, it is better in the first instance to compare 
pC with S. By plotting (pC)^! against S (fig. 3), it is clear 
that a straight line does not represent the facts as it should 
i£; Wien, Haworth, or Tavlor and Curtis are to be followed. 
The curve drawn in fig. 3 was ealeulated by the equation 


S(BpC—1)=A, where A=0°51 and Bz2*Q5  , (iii) 
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With large periodicities—i.e. when pC is large—this will 
approximate to pCS — A/D — a constant, which will account 
for the statements of the authors quoted above, since they all 
used periodicities greater than 400. 

In fip 4 values of S obtained directly are indicated by 


Fig. 4. 
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circles, and those calculated from pC by the use of equation 
(iii.) by crosses. It will be seen that they indicate that 
pS=D, where Dz19:2. . . . . (iv. 
Combining this with equation (iii.), we have 
pC=(pA + D)/DB=(p + 38)/92, . . (wv) 
which is in agreement with Wien, Taylor and Curtis, and 
Haworth. 

2. Grey Electrodes. —These electrodes seemed to change 
their properties while an alternating current was passing, and 
it was very difficult to decide during a series of observations 
whether a steady state had been reached. The capacity 
seamed to depend on the strength of the current— a pheno- 
menon observed by others 1n similar cases (22, 12, 23, 17, 
18, 10). So far as any consistent results could be obtained, 
they appear to agree with a formula 308pC=p+ 15 4 FI, 
where F is a constant and I equals current strength. 

3. Electrodes blackened with addition of Lead.—These were 
set up in a large tank of acid with a distance of about 9 em. 
between the electrodes. The resistance rose considerably 


e 
- 
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when the current was increased in strength and diminished 
with increase of periodicity us the following table shows -— 


I=014. . 039. 0:53. 
p=495 " 0:504 
567 0:526 0-562 bs 
80°2 0:509 "s 0:527 
99:8 0:495 0:505 T 
127 0:449 n 0:470 
252 0:440 0438 
555 d 0:417 


With currents below 0:1 amp. the effect of this factor was 
small compared with that of change of periodicity. But the 
electrodes underwent changes with time, and though, in a 
given series, values of p could be obtained which agreed with 
a formula p=r+D/p, the constant D changed from 7:5 to 
43:5 and later to 14°25. 

The capacity also changed, so that although in a given 
experiment pU=A+pB, the constants A and B changed 
from day to day. 


Fig. 5. 
22 
g Lj Untreated Platinum 
20 Electrodes 
+ Polarized with hydrogen 
© Polarized with oxygen 


01 02 0:3 0:4 05 0'6 Amps 07 


4. Untreated Electrodes — These gave comparatively enor- 
mous values for (pC)^! and for p, and were exceedingly 
erratic in behaviour. ‘They showed one unusual feature in 
that the resistence fell with inerease in current strength 
(see fig. 5). Keeping the periodicity constant at 237 and 
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varying the current, it was clear that pC was a linear function 
of the current strength (see fig. 6); the experimental 
variations were much greiter than the graph suggests, since 
we are here dealing with reciprocals: e. g., the point 


0:2 pem 
Untreated Plat:num Electrodes 

+ Polanzed with hydrogen | 
© Polarized with oxygen | 


TERES, 
02 0-4 06 Amps 08 


plotted as pC 20:5 at about 0:4 amp. corresponds to an 


observed value of 2, whereas from the graph (pC)7* should be 
(031)! or 277. 


SUMMARY. 


The relationships between capacity (C), resistance (S), 
current strength, and periodicity (p) during the passage of an 
alternating current through HSU. Aq. have been investi- 
gated for ‘values of p between 25 and 500 for four pairs of 
platinum eleetrodes. 


Effect of Inerense of Current. Effect of Increase of Periodicity. 


———ÓÀ— ———— > ——— M ——— — 


c Se ae. 
(a) Capacity. (b) Resistance. m Capacity. (^) Resistance. 
lst pair... Negligible. Negligible, Decrease. Decrease, 
2nd pair ... Increase. * Decrease. * 
ord pair... ii Incrense. Decrease. Decrease. 
4th pair ... Increase. Decrease. Decrease. * 


* Results too erratic to allow conclusions to de drawn, 
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The law connecting capacity and periodicity seems to be 
pC — A pB, and that connecting resistance with periodicity 
pS=D, where A, B, and D are constants depending on tlie 
nature and condition of the electrode surfaces. 
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XLV. On the Stress- Optical. Coeficients for Direct Tension 
and Pressure measured in the case of Glass. By S. K. 
SAvUR, M.A., University College, London *. 

l. J/istorical. 
NE of the fundamental assumptions made in the develop- 
ment of the theory of double refraction artificially 
produced in transparent media by mechanical stresses is that 
the optical etfects of dilatation and compression are opposite, 
and that they are numerically equal when the stresses are 
equal. In spite of the importance of this assumption, it is 


* Communicated by Prof. L. N. G. Filon, M.A., D.Sc., F.R.S. 
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surprising that very few accurate experiments seem to have 
been made hitherto to verify it. 

Brewster (1), who was the first to direct attention to the 
subject of artificial double refraction, did very little quanti- 
tative work on the subject. This is probably due to the fact 
that accurate methods of measuring double refraction were 
of a later origin. He was, however, the first to use the 
method of observing simultaneously the effects of pressure 
and tension by putting a rectangular beam of glass under 
flexure. For reasons mentioned below, it will be seen that 
this method is not entirely satisfactory. 

Neumann (2) contented himself mainly with the mathe- 
matical development of the theory of this subject. His 
conclusions were adversely eriticised by subsequent. experi- 
menters, notably by Kerr (3) and Pockels (4), the latter of 
whom pointed out serions errors of calculation in Neumann'?s 
work. 

Wertheim (12) seems to have been the first to put a block 
of glass and other materials under pure tension and pure 
pressure. ‘The magnitude of the tensions used by Wertheim 
was severely limited, as it was applied by cementing hangers 
to a glass block, and naturally could not exceed the breaking 
strength of the cement. He states that this tension was as 
high as 50 kgm. wt./em.?, but an examination of his results 
shows that in many cases he did not go beyond a tension of 
40 bars, and that in half the number of experiments the 
tension did not exceed 35 bars *. 

One important conclusion he deduced from his experiments 
is the following. The double refraction is proportional to 
the mechanical extension or shortening, but is not strictly 
proportional to the stress producing it. On plotting the 
double refraction or the relative retardation of the two rays 
against stress as abscissa, he obtained, in the case of pressure, 
a curve which was concave towards the axis of stress, and in 
the case of tension a curve which was convex towards the 
same axis when the stresses were small; but as the stress 
increased these two curves were found to approximate to 
a straight line which was identical in the two cases. 

The next prominent name that occurs in connexion with 
this subject 1s that of Kerr (3). He also put a plate of glass 
under direct tension (applied by friction grips), but used 
only two tensions, of which the greater only amouated to 


* In one isolated case, that of“ Verre à glaces," his results appear to 
indicate that he had applied a tension as high as 80 bars (4. c. p. 186), 
but it seems difficult to admit that any cement could have withstood 
a tension of this magnitude. 
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approximately 29 bars. On the whole, Kerr and most other 
experimenters lave relied largely on flexure for obtaining 
information as regards glass under tension. 

Two important objections may be raised against the flexure 
method. In the first place, in the case of a rectangular 
glass beam under flexure, the ten-ion varies from point to 
point, and a small error in noting the position of a point on 
the plate willlead to a relatively large error in the calculated 
value of the stress-optical coefficient. A second, and more 
important, objection is the following. In experiments under 
flexure it is always presupposed that the stress varies linearly 
from the bottom to the top face, vanishing at the ** neutral 
axis." This law is strictly true only in the case of perfectly 
elastic material; for any other material, the strain, but not 
necessarily the stress, follows a linear law. Moreover, if 
there be any permanent plastie flow, the readjustment of the 
material may seriously affect the stress and strain distribu- 
tion, and it is known that glass shows plasticity under 
pressure (5). 

None of the subsequent workers in this field seem to have 
verified this fundamental assumption, namely, that the 
optical effects of dilatation and compression are equal and 
opposite when the stresses are equal. Most of their con- 
clusions are derived from observations of one type of stress 
only. 


2. Materials experimented on. 


The experiments described below were undertaken at the 
suggestion of Prof. l'ilon to test the accuracy of the law 
that the stress-optical coefficient is strictly the same for 
tension and for pressure, and particularly to see whether any 
deviation from the linear law, such as Wertheim suspected 
for small loads, actually exists. [t was important to use the 
same specimen in both cases, as experience has shown that 
specimens nominally identical ean differ widely in their 
stress-optical properties, and that even in one and the same 
specimen these properties can be affected by lapse of time (6). 
The difficulty of using the same piece of glass both for 
tension and for pressure lies, however, in the fact that 
whereas a long thin plate of glass is required for tension, 
a short thick one is most suitable in the case of pressure. 

The plates of glass experimented upon were all supplied 
by Messrs. Adam Hilger & Co., with the exception of 
No. 1809 and U.V. 3492 originally supplied by Schott of 
Jena in 1906, and were of dimensions 13x*3x lem. The 
compositions of the glasses which are known are given in 
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Table I. Only one of them (1809) showed an initial double 
refraction, such as would be due to a pressure parallel to the 


TABLE I. 
SiO,. | PbO. | K,O. | Na,O. | ALO,,. Cao. | B,O,. MgO. | 
E.D.F. 4840 ...... 304 644 | 165 | 185| 02 | 18 | "E ge 
| H.F. 6652 ......... 410 | 513] 38 | I4 | O2 | o7; — | — | 
BETEREN (354 187| T4 | — | 37| — | 8:13! 05 | 


longest edge of the plate. The remaining four seemed free 
from initial double refraction : the initial relative retardation 
was certainly less than 0'006A, which is the smallest 
retardation that could be definitely detected. 


3. Optical Arrangements. 


Parallel and plane polarized monochromatic light was 
passed through a uniformly stressed specimen of glass, 
and the relative retardation was measured with a Babinet com- 
pensator in the manner described by Filon and Jessop (7). 

Three different sources of monochromatic light were used, 
namely, a sodium flame and the green (5461 A.U.) and the 
violet (4358 A.U.) lines of a mercury arc lamp, each of 
the two monochromatic radiations being isolated by means 
of a suitable filter. For the mercury are a capillary 
mercury lamp as described by Vincent and Biggs (8) was 
constructed. The intensity of light from this lamp was 
quite sufficient, and the are remained in action without 
readjustment sufliciently long to allow a large number of 
readings to be taken. 

The light was made parallel by means of a collimator and 
then polarized by reflexion so that the beam was horizontal 
and its plane of polarization inclined at an angle of 45? to 
the vertical. 

The compensator was of the Babinet type giving a range 
of relative retardation from -- 3X to — 1X in sodium light for 
a linear shift of approximately 25 mm. The wedges could 
be moved vertically by means of a micrometer serew, and the 
middle of the dark band under observation was registered on 
a fixed eross- wire. When the violet light of the mercury 
arc was used it was found difficult to see the cross-wire when 
the band was on it, and in this case recourse was had to 
lateral illumination to make the wire visible. 

The method of observation was as follows :—After a load 
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was put on, the analyser and the polarizer were crossed, and 
bands were seen corresponding to a relative retardation of 
an even number of half wave-lengths. The readings of the 
bands were taken, and the analyser then set parallel to the 
polarizer. This gave bands corresponding to a relative 
retardation of an odd number of halt wave-lengths, giving 
another set of readings for the same stress and thus inereasing 
the accuracy of the measurements. The error in a single 
reading was not more than about 0:012A, and in general 
three readings were obtained for each load. 

The optical arrangements were the same for both the 
pressure and the tension experiments. 


4. Apparatus for applying Direct Tension. 


The glass specimen S (fig. 1) was clamped tightly at each 
Fig. 1. 


— 
To lever for 
removing load 


a,a, a and a' are centering screws 
The linoleum pieces are shaded dark. 


end between two brass plates D with pieces of linoleum 
between the glass and the brass plates, so that a portion of 
the glass about 7 cm. long was left free in the middle. The 
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plates D were suspended by an arrangement of links, shown 
in fig. 1, from a knife-edge block A, a similar device being 
used at the other end. 

The tension was applied by loading a lever X Y (fig. 1), 
which in turn applied a downward pressure to the knife- 
edge A’, the knife-edge A resting on a fixed support R. 
In order that the plane through the knife-edges A, A’ should 
pass accurately through the middle of the block, centering 
screws a, a, a', a’ were provided, giving lateral adjustment. 
An arrangement of levers and pulleys enabled the load to be 
applied or removed without jar. 

As the length of the glass left free between the clamps 
was about seven times its thickness, it was presumed that the 
end effects would not reach the iniddle of the specimen (9), 
and it was found on testing with the Babinet that the tension 
in the middle portion of the plate could be made quite 
uniform for a length of approximately 3 cm., the band 
remaining straight and horizontal. 

The pieces of linoleum were found essential to (a) improve 
the grip and (b) grade the shear-stress at the edges of the 
grip, where otherwise a concentration of stress would 
inevitably have caused fracture under a moderate load. 

The highest tension that could be applied without slipping 
occurring at the grips was roughly 92 bars, corresponding 
to a load of about 280 kilos. The tension was varied from 
92 bars to 10 bars in nine equal steps. 


5. Apparatus for applying Pressure. 


The apparatus used for producing pressure was practically 
the same as that described by Filon (10). The pressure was 
applied to the specimen by means of two knife-edge blocks 
pressed together by a lever, the knife-edge blocks being 
adjustable “for centering. As the glass pl: ites were rather 
long, about 13 cm., a large pressure could not be applied lest 
the plates should buckle. The largest pressure used was, 
roughly, 102 bars and was well within Euler's limit for each 
of the plates. 

One disadvantage of using the same plate of glass for both 
pressure and tension was that it was not practicable to 
employ with safety a stress more than about 100 bars; but 
the maximum tension reached is considerably more than that 
used by previous experimenters. This gave in a few cases 
a relative retardation as high as two wave-lengths, while 
the maximum relative retardation obtained by Wertheim in 
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his tension experiments was, with one or two exceptions, only 
half a wave-length. 


6. Results obtained. 


It was observed that even under the maximum stress used 
the band took its final position simultaneously with the 
application of the load and that no residual effect could be 
observed when the load was completely removed, thus 
confirming the results (7) obtained by Filon and Jessop for 
glass. 

The relation between the relative retardation for a given 
monochromatic light and the stress producing it was found 
to be linear in the ease of the same substance, as the following 
diagram shows :— 


Fig. 2. 
Glass 1809 400 
curve for sodium light ——3X—— 
s: 4358 A.U. line mic 
of mercury arc f 


50 


100 
- —- Pressure (bars) Tension (bars) —7 


200 
300 


400 


The curves for the tension observations are the best fitting 
straight lines obtained by the method of least squares. 
Similar remarks apply to the pressure observations. The 
least square fit of a straight line for the tension and the 
pressure observations as a whole was also determined for 
each colour. It is not shown in the figure, as it would 
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practically coincide with the curves already drawn. ‘lhe 
following table gives the results more fully :— 


TanLE II. 


Stress-Optical Coefficient in Brewsters *. 


| | 5803 A.U. | A5461 A.U. d 4358 AU. 
Glass. TE ee Ree rS | 


| 
T. P. T+P. T. 


-|—- 


———M—  — — 


| 
3-66 | 366 | 366| 374: 376 375 
| 


1809 ............ 364! 359° 362) 377 374| 39550 389 | 39:85 | 387 


U.V. 3492 ...... SAT | 309 3:58 | 

E.D.F. 4840...) 139) 138) r38| L38 138| 138; TE pM | 1:24 
ILE, 60652....... 2239 | 2:29) 2:29 | ix 230 | 230| 230 | 231 | $30 
'BSO.T64 | 209 | 272. a 273] 274| 273" 280| 282! Del 


o 
* ] brewster = a relative retardation of 1 A.U. per mm. per bar. 


In each of the above cases the coefficient was determined 
from the best fitting straight line obtained from the method 
of least squares. T refers to tension only, P to pressure 
alone, and T --P to the two sets of observations taken as 
a wliole. 

It will be observed from the above table that though the 
individual stress-optical coefficients for tension and pressure, 
in the case of a given substance and monochromatic light, 
differ from each other by as much as l'4 per cent. in one 
or two cuses, yet they do not differ from the correspond- 
ing T+ P coetticient by more than approximately 0:75 per 
cent., which is within the error estimated for the above 
measurements. 

Fig. 3 shows the “residuals” from the straight line law 
in two typical cases. Two sets of residuals (calculated- 
observed) are shown in each diagram, the crosses indicating 
residuals from the best straight lines referring to tension 
and pressure separately, and the small circles residuals trom 
the best straight line for both kinds of ebservations com- 
bined, the sign of the relative retardation being taken into 
account throughout. The upper diagram, which refers to 
U.V. 3592, shows the same generai characteristics as the 
one for B.S.C. 7641, and tlie lower one refers to glass 1809. 
These two are selected as they exhibit the largest residuals. 


P. |T4-P. T. | P. T+P. 
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In the upper diagram the residuals shown by small circles 
between 4-50 and —50 bars are all negative, while in the 
lower diagram they are all positive, with one exception. 
This is only to be expected, for in the former case the 
stress-optical coefficient for tension alone is less than that 
for pressure alone, while in the latter the reverse is the 
case. 


Fig. 3. 
Glass. U.V. 3492 A 
(Sodium light) Š 
LN = I X E^ 
^^ A 50 E ". ` - 50^ » n 
100 " Neon MU 2S MET. Se 100 
=a " "d » 
d 
- -2 , 
<— Pressure (bars) Tension (bars) —> 
Glass 1809 
(Sodium light.) 
100 P sh 
Tan me x z > »--™ 100 
ioci ' ^. 
s2 "d 


It will be noticed that very few residuals exceed 2 A.U, 
per mm., which is estimated to be the greatest error of the 
actual measurement. Although naturally a pair of straight 
lines can be adjusted to give a closer fit, in every case, than 
a single straight line, it is very difficult to be sure that the 
systematic divergences indicated by fig. 3 are really sig- 
nificant, and they might easily be due to some systematic 
error, such as an error in the initial reading, which might 
affect all pressure readings in one sense and all tension 
readings in the opposite sense. 

We may conclude that, within the present limits of 
experimental error and up to a stress of 100 bars, the law 
connecting double refraction and stress is accurately linear 
and is the same for tension and for pressure. 

There is no indication of any departure from this law for 
small loads, as suggested by Wertheim. In his paper (l. c. 
p. 136) he states that for a borosilicate crown glass containing 
zinc and potash, the pressure and tension loads for a retarda- 
tion of 3A were 151 kg. and 207 kg. respectively. This very 
considerable difference (about 30 per cent.) is in no way 
borne out by the present experiments, the borosilicate 
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(B.S.C. 7641) showing throughout very close agreement 
bet ween the best straight lines for tension and pressure. 

It seems probable that Wertheim’s glass may have heen 
imperfectly annealed: an unsuspected initial double refrac- 
tion would easily account for a divergence of this kind. 
In the case of the present experiments, the existence of such 
initial double refraction was allowed for and is, in fact, 
indicated, where it exists, by the straight line, which fits the 
observations, not passing through the origin. 

Nor does there appear to be any good ground for supposing 
that the double refraction is proportional to the strain, rather 
than to the stress. Wertheim’s reason for suggesting this 
was that the general character of the strain-stress curve had 
certain resemblances to his retardation-stress curves. But, 
in view of the present observations, it seems probable that the 
departures of his retardation-stress curves from the linear 
law were due to errors of observation. The imperfect 
elasticity of glass is well known and, if the relation between 
retardation and stress is truly linear, it necessarily follows 
that the relation between retardation and strain cannot be 
linear. 


T. Some remarks on the Dispersion of Double Refraction 
in the glasses used. 


One interesting result of the experiments has been the 
discovery of a glass E.D.F. 4840 in whieh the stress-optical 
coeflicient increases numerically from the violet towards the 
red. 

A diagram given by Filon in 1903 (Camb. Phil. Proc. 
vol. xii. p. 335), showing the variation of both the stress- 
optical coefticient and the dispersion of double refraction 
in flint glass, with percentage of PbO, suggests that such a 

ase could only occur for quite a small range of composition, 
between the percentage (about 66) corresponding to the 
vanishing of the dispersion and the percentage (about 75) 
corresponding to the vanishing of the stress-optical coefticient 
itself. AC 


The results here obtained make E positive for E.D.F. 


4840 (percentage of PbO, 64:4) and the dispersion sensibly 
nil for H.F. 6652 (percentage of PbO, 51:3). These values 
lie well outside the limits indicated by Filon’s diagram, but 
it is to be noted that, whereas his dispersion is between the 
green and red, the dispersion here is between the indigo and 
yellow, so that the disagreement is probably only apparent. 
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Between 5461 and 5893, E.D.F. 4840 shows practically no 


dispersion, which suggests far better agreement. 

It would seem that the dispersion (yellow-indigo) vanishes 
for a much lower percentage of PbO than 66—probablw 
more like 55. Lead glasses showing such a pronounced 
dispersion of abnormal type do not appear to have been 
examined so far. Pockels found such an etfect (but not very 
marked) in 0:500; it was, however, exhibited strongly in 
a borosilicate glass (0:428) examined by him. ‘There is also 
an isolated observation by Macé de Lépinay (11), who gives, 
however, no details of his glass, so that it is not known 
whether it was a pure flint or borosilicate. 


In conclusion the author wishes t» express his obligations 
to Prof. L. N. G. Filon and to Mr. H. T. Jessop for their 
valuable suggestions and criticisms during the course of this 
investigation, which was carried out in the Applied Mathe- 
matics and Mechanics Laboratory at University College, 
London. 
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XLVI. Low-Voltage Ares in Rubidium and Cesium Vapours. 
By F. H. NEWMAN, D.Sc., ALCS, Professor of Physics, 
University College of the South-West of England, Exeter *. 


l. Introduction. 


i a previous paper T the author has discussed the investi- 
gation of low-voltage ares in sodium and potassium 
vapours, and it was shown that the potentials required to 
strike and maintain ares in these vapours depend primarily 


* Communicated by the Author. 
t Phil. Mag. xlix. p. 1057 (1925). 
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upon the vapour density and the temperature of the incan- 
desceut cathode, these potentials decreasing as the vapour 
density and the supply of electrons increase. ‘The lowest 
striking potentials were obtained with intensely hot cathodes 
which, emitting a copious supply of electrons, provide 
conditions favourable for “ photo-impact”’ ionization, and 
complete ionization of the vapour atoms is effected bv 
electrons none of which have a velocity greater than that 
corresponding to the resonance porential of the vapour. In 
such cases the striking potential should equal the ditference 
between the minimum ionizing and resonance potentials less 
the average emission energy of the electrons ejected from 
the cathode. Before ionization is attained the negative space 
charge limits the current to the value given by the well- 


known law i= CE? and also changes the uniform distribution 
of potential between the anode and the cathode. When 
this space charge is neutralized by positive ions, the are 
strikes, giving a redistribution of electric intensity with a 
high potential fall in the immediate neighbourhood of the 
cathode. Under the influence of this comparatively large 
cathode fall an electron ionizes an atom at its first impact, 
and an are can be maintained with a potential less than the 
ionizing potential, if the atoms are already in tlie metastable 
or partially ionized state. Before the negative space charge 
is annulled in this manner, some of the electrons emerse 
from the filament with an initial velocity which enables 
them to escape from the filament in spite of the negative 
potential gradient in the vicinity of the cathode, and the 
position of zero potential gradient is slightly removed from 
the cathode. As pointed out by Compton and Eckart * the 
fuct that the electron current, which in low-volt: age ares is 
practically the entire current, flows against an opposing 
field is explained by the effect ‘of diffusion arising from the 
larve concentration gradient of the electrons. Usu: illy this 
concentration gradient is negligible compared with the 
applied aeae field, but with a "high value it may become 
of primary importance, especially if ‘the mean free path of 
the atoms is large. 

These experimenters found that with abnormally low- 
voltage ares in argon, operated at 6 volts, the cathode tall 
was invariably about 11:5 volts, whieh is the minimum 
radiating potential of argon. Under these conditions there 
was a reverse field of more than 5 volts existing throughout 
the greater part of the are, and the electron concentration 


* Phys. Rev. xxv. p. 139 (1925). 
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varied from the order of 10!? per c.c., just outside the 
cathode, to about 10!? per c.c. near the anode. They explain 
this reverse field by the ditference in the mobilities of the 
electrons and the positive ions. In their experiments the 
gas potential, electron energy, and electron density all 
increased with Increasing di ranae from the anode towards 
the cathode, and the voltage actually increased behind the 
cathode, attaining the maximum value of 11 volts 3 nim. 
away from tlie incandescent filament. 

It has been found that some abnormally low-voltage ares, 
notably those in helium and mercury, may be explained by 
the existence of electrical oscillations in which the peak 
voltage always exceeds the lowest radiating potential of 
the gas. Bär, v. Laue aue Mever *, and, independently, 
Compton and Eckart f, have shown that these oscillations 
are due to current interruptions produced by the rise in the 
current and consequent drop in the voltage which occur 
when the ionization is of sufficient intensitv to create a 
positive space charge in the neighbourhood of the filament. 
Under these conditions the current increases to its saturation 

value, and the accompanying increased potential drop in the 
series resistances reduces the voltage across the arc to such a 
value that the atoms are no longer ionized, Until the pre- 
viouslv excited atoms resume their normal state, the current 
through the are falls, and the voltage rises, as the number 
of atoms in the metastable condition decreases, until the 
excitation of the atoms commences again and the cevele is 
then completed. The phenomenon resembles the singing 
are between carbon electrodes, except that no inductance 
or capacity is necessary to maintain the oscillations in the 
abnormally low-voltage arc. 

If E and E represent the ionization and resonance 
potentials, respectivelv, and if the atoms of the vapour are in 
the metastable condition, it is evident that the minimum 
striking potential should be E,— E,— E, where Z, is the 
energy with which the electrons are emitted from the 
incandescent filament and depends on its temperature. Thus 
with rubidium vapour, the ionization and resonance potentials 
of which are 4:106 and 1°59 volts respectively, the minimum 
striking potential should be 2°57—/, volts, and in a similar 
manner, 2:45 — FE, volts should be the minimum striking 
potential with cæsium vapour. 

After the are has struck, the condition within the 
discharge-tube changes in two essential aspects. The 
* Zeit. f. Phys, xx. p. 82 (1922). 

t Phys. Rev. xxiv. p. 97 (1924). 
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negative space charge is neutralized by the positive ions, and 
the electronic emission from the filament is thereby greatly 
increased. Saturation may be approached or reached. In 


addition, a cathode fallis created by the accumulation of 


positive ions near the cathode, and this facilitates ionization 
of atoms which are already in an abnormal state. It is to be 
expected, therefore, that the arc may be maintained with a 
voltage less than that required to strike the arc, and the 
results obtained with rubidium and cesium vapours, de- 
scribed below, confirm this. 


2. Experimental Arrangement. 


The arc tube, made of glass, fig. 1, was somewhat similar 


Fig. 1. 


in design to that used in the previous investigations. The 
anode À was of sheet metal about 3x5 em. in size. The 
incandescent cathode B consisted of three tungsten wires 
arranged in parallel and giving a copious supply of electrons 
without necessitating an unduly large potential drop between 
the ends: -Phe-distmice-balween these: Blaments-and the 
anode was, approximately, 3 mm. To the bottom of the 
discharge bulb was fused a small tube containing the metal. 
The w hole was exhausted, and the metal then distilled, under 
vacuum, into the bulb. Any gases liberated during this 
procedure were removed by the pump and the bulb, 
containing a quantity of met tal sufficient to form a saturated 
vapour at the highest temperature used, was then sealed off 
from tle rest of the apparatus. The bulb was enclosed 
within an electric furnace, the temperature of which could 
be maintained constant within 2 or 3 degrees. 
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The potential difference, obtained from a potentiometer 
arrangement, was regulated by a series of resistances, and 
was applied between the anode and the negative end of the 
filament, so that the voltmeter registered the maximum 
potential difference across the arc. "In practice, the actual 
voltage across the filament was determined and the arcing 
potential difference was calculated from the centre of the 
filament. At low filament temperatures this method of 
measuring the effective voltage is probably correct, but at 
high temperatures it is probable that enough electrons leave 
the vicinity of the negative end of the filament to produce the 
arc, so that under these conditions the are volt: ave should be 
measured between the anode and a point near the nepative 
end of the filament. 


3. Experiments with Rubidium Vapour. 


With the filament current constant the striking potential 

ras determined at different vapour pressures. The diffieulty 
in this case «vas to determine the actual temperature between 
the electrodes sinee there must be a temperature gradient 
within the bulb owing to the heat from the filament. The 
latter tends to decrease the vapour density in the anode 
region, so that it was impossible to obtain more than an 
approximation of the temperature within the bulb. 

It was found that above 180? C, the striking voltage and 
the potential necessary to fantail the are both decreased, 
more or less uniformly, with increasing temperature. At 
each temperature the striking potential was observed several 
times until consecutive concordant results were obtained, 
One set of observations is shown in Table I. The voltages 
do not represent the true values; the latter being greater by 
the mean kinetic energy of the electrons, expressed in volts. 


TABLE I. 


Furnace Temperature. Are struck at Are maintained at 
185° C. 73 volts, TO volts. 
200° 6'8 6:5 
2179 59 55 
2339 +9 4*6 
249° 10 37 
265° 39:5 RU 
2809 32 2:9 


The striking voltages with small filament currents were 
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high. This fact is explained by the total bombarding 
electron eurrent producing insufficient ionization to cause an 
arc except at electron velocities well above the critical 
minimum velocity. Above a certain filament temperature 
both the striking and maintaining potentials decreased 
uniformly as the current through the filament increased, but 
tlie linear relationship did not hold at low filament tempera- 
tures. At the higher temperatures the supply of electrons 
and their average kinetic energy both increase, especially 
the eleetron current, so that the cumulative 1onization effect 
becomes more prominent. With the vapour at 290? C. and 
the filament intensely bright, the are could be struck at 
9:0 volts and maintained at 2 1 volts. 

The dependence of the striking and maintaining voltages 
on the filament current, the discharge bulb being at 2909 C 
is shown in Table II. 


TABLE II. 
Filament Current. Are struck at Arc maintained at 

12-6 amps. 3°3 volts. 2:4 volts. 
11:8 3°8 29 
10:2 43 34 

9:6 48 42 

&8 55 5:0 

8&3 6:3 5°8 

TS 19 6:8 


Table IIT gives the data obtained when the discharge tube 
was at 185? C. 


TABLE III. 


Filament Current. Are Struck at Arc maintained at 

13:1 amps. 6:0. volts. 6:2 volts. 

124 11 64 
11:2 16 6:8 

10:3 5 T9 

9:4 RR 8 

8 9:4 9-0 

8&2 10:3 10:0 


In all experiments the establishment of the are was 
immediately followed by a fall in the voltage across the 
electrodes, this drop in potential being brought about by the 
neutralization of the negative space char ge. "The appearance 
of a positive space charge in the neighbourhood of the 
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cathode facilitates an increased electron emission, and 
although the filament temperature remains constant, there 
will be a corresponding increase in the number of high-speed 
electrons emitted from the cathode. The maintenance ot the 
arc under these conditions is due to the presence of atoms 
in the metastable state, the number of such atoms remaining 
constant. This type of ionization is important, not because 
of its contribution to the current, but because it facilitates 
the escape of additional electrons from the filament. It 
appears that the current through the discharge-tube must be 
carried in this case by the electrons, for if the positive ions 
were operative, their number w ould diminish with time and 
the are would break. The electron current under these con- 
ditions is not, however, the normal electron emission which 
would be. obtained with the heating current and applied 
voltage, since the positive space charge i Increases tliis normal 
electron current. 

With rubidium vapour the chief factors which determine 
the production of low-voltage ares are the high vapour 
density and the copious supply of electrons emitted from the 
incandescent cathode. Photo-impact ionization is, probably, 
particularly active in this case and accounts for the are 
striking at potentials well below the ionization potential— 
4-16 volts—demanded by the quantum theory. 


4. Eeperiments with Cesium Vapour. 


A discharge-tube similar to that shown in fig. 1 was used 
for the experiments with cæsium vapour, and the results 
obtained resembled those given by rubidium. In all cases 
ionization was observed below the ionization potential when 
the vapour density and electron densities were high. Under 
these conditions more electron-atomiec collisions occur, more 
radiation is emitted and more is absorbed. The ionization 
and resonance potentials of cæsium vapour are 3°88 and 
1:45 volts respectively, so that it should be possible, therefore, 
to strike the are with an applied potential of 2-43— E, volts, 
where Æe represents the kinetic energy of the emitted 
electrons. 

With the tungsten filament intensely bright and the 

vapour at 285 TO the are could be struck readily at 2:6 
volts and maintained at L'9 volts. As the temperature of 
the discharge bulb was lowered these voltages increased in 
the way shown in Table IV. — This is to be ‘expected since a 
lower vapour density means fewer electron-atomic collisions 
and less radiation emitted. 
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TABLE IV. 
Temperature of Furnace. Arc struck at Arc maintained at 
164? C. 6:9 volts. 6:5 volte. 
1839 58 54 
2019 5:2 4*6 
2349 4l 3'4 
2509? 37 2°9 
276° 31 2:3 
2059 28 2:0 


Table V. gives the striking and maintenance potentials 
with different filament currents, the temperature of the 
electrie heater being 281? C. 


TABLE V. 
Filament Current, Are struck at Arc maintained at 

13:9 amps. 2-7 volts. 2'U(vults. 
12:6 3-4 25 
11:9 +0 29 

i0:9 5:0 3:9 

10:2 59 a0 

9:3 T3 6:6 

8&5 8&9 8:6 


5. Conclusions, 


It is evident that in cases where cumulative ionization is 
predominant low- voltage ares may be maintained in vapours 
at voltages considerably lower than their ionization potentials. 
Atoms in the metastable condition are then ionized by direct 
impact, and the negative space charge around the inean- 
descent filament is neutralized. As a result the supply of 
electrons is uo longer entirely decided by the temperature of 
the filament, but these 4 is in the immediate neiglibourhood of 
the cathode an accelerating field which increases the electron 
current to its saturation value. [Itis possible to strike and 
maintain ares in rubidium and cæsium vapours at potentials 
less than the ionization potential when the vapour densitv is 
high and when there is an intense electronie emission from 
the incandescent cathode. 


XLVIL A proposed. Model for the Alpha Particle, and some 
Nuclear Series. by R. HARGREAVES * 


§ 1. f ieee present attempt to deal with some nuclear 

structures has a fundamental principle in 
common with an earlier paper f on Atomic Systems, but 
there is a substantial differenee in the way the principle 
is applied. The principle is that atom or nucleus consists 


* Communicated by the Author. 
T Phil. Mag. December 1922, 
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of separate unit electrons—positive and negative. The 
paper combined these in one neutral structure ; here they 
are separated into two groups, and we are now concerned 
with the inner group or nucleus. 

Aston's theory of isotopes, in conjunction with the theory 
of spectral lines, suggests the assumptions which are made 
the basis of these structures. 


(a) The atomie weight p, as narrowed by the use of a 
single isotope, is the number of positive electrons 
contained in the nucleus. 


(^) The atomic number g is the number of negative 
electrons moving as satellites in orbits external 
to the nucleus, and controlled by the positive 
residue of the nucleus. 


The difference p—4 is the number of negative electrons 
engaged in binding together the positive units so as to form 
a structure. The nucleus is taken to be a structure in the 
sense that all units contained revolve about a common axis, 
with their relative positions unaltered, under attractions 
and repulsions following electrostatic law. Further, it is 
supposed that nuclear orbits are on a much smaller scale than 
those of satellites. 

It will follow that fer the moderate range of the atomic 
number for which calculations are given, the reaction of 
satellites on elements of the nucleus will be small in com- 
parison with the mutual action of the latter. It then 
becomes admissible to consider the nucleus independently 
of the external satellites: with large atomic numbers the 
assumption might be precarious. 

Though an opinion that the nucleus is composite may be 
generallv entertained, it is a somewhat hazardous adventure 
to put forward a definite structural scheme, even for a 
limited range of atomic numbers. The difficulties in 
making a structure conform to the requirements of atomic 
weights and numbers are serious enough, as the present 
attempt will illustrate. If these are overcome, there is 
I think an eventual test by reference to the spectral 
influences of the composite nucleus, the nature of which 
may be indicated. <A composite nucleus gives a force 
only approximately that due to its positive residue acting 
at the centre. The departure from a normal potential 
energy hasan effect on the orbits of satellites resembling 
that disclosed by Sommerleld’s treatment of a v: viable 
inertia, an effect due in each case to a second period 
involved. A comparison with observed spectra must 
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constitute a check on any proposed arrangement of the 
electrons within the nucleus. 


§ 2. The scheme had its origin in the discovery of what 
seemed a reasonable model for the 4 particle. It differs 
from a model proposed by Lenz, and has the distinctive 
feature that the tvpe can be extended into a series. 

Now processes of disintegration natural or artificial 
point to a certain dominance of the helium type, which 
may be interpreted in two ways. It may be taken as 
demanding the assumption of a third fundamental entity 
in addition to the single positive and negative units, or 
as suggesting that the structure characteristic of the 
helium nueleus is one which admits of extension. 

Further, the range of smaller atomic numbers comprises 
cases in which p=2g as for helium, and others for which 
p—2q=1, the former suggesting a continuation of the 
type, the latter making a new call. 

I now describe the primary series,—a triplane model. 

In the upper and lower of three parallel equidistant planes 
equal circles are described by positive electrons, in the middle 
plane a circle of smaller radius is described by negutive 
electrons, all circles having their centres on a common axis 
perpendicular to the planes. Each circle contains n elements 
equally spaced ; positive lies over positive, but negative elements 
are in azimuth halfway between the positive. The circles are 
described with a common angular velocity. 

Thus, for example, in the a model the four positive 
electrons lie at any moment at the four corners of a rect- 
angle, the two negative at the ends of a perpendicular to 


the rectangle drawn through its middle point. The axis of 


rotation is a line through the middle of the rectangle drawn 
parallel to its shorter sides. 

Attention may be called to two features of the model :—- 
the position of the negative electrons in a plane between 
the planes of the positives, and on a circle of smaller radins, 
is one which gives strong protection to the more mobile 
electrons; the heavy positive electrons are placed where 
they contribute best to angular momentum. 


$ 3. In virtue of the symmetry the dynamical equations 
are reduced to three, one securing the absence of an axial 
component of force on the positive elements, and two giving 
inertial forces in terms of attractions aud repulsions for 
positive and for negative electrons. For helium (n=?) 
the inertial force on a negative electron has a less ratio 
than 1: 3000 to that on a positive, and for higher values 
of n at any rate the ratio is less than 1:1840. If we 
are content with an accuracy of 1 in 1000, the inertial 


-— we ——A—— Ee. 
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force on a negative element may be neglected, that is 
such element must be very close to a position of equi- 
librium. We can then re.ard two of the equations as 
equations of condition determining the ratios of three 
distances, two radii and the perpendicular distance between 
planes; while the third gives the velocity of rotation. 
Numerical solutions have been found for this primary 
series (i.) in the cases n=2, 3, and 4. In the two latter 
the solution is by trial, and the labour of course increases 
with the inereasing number of attractions and repulsions. 
I have found it possible to obtain asymptotic formule for 
the sums of attractive and repulsive forces, based on the 
cosecant series considered in the former paper. The method 
gives simple resuits so long as only the terms of highest 
order are used, but the greater complexity of the present 
problem makes it laborious to deal with terms of less order. 
It appears that the two equations described above as 
equations of condition can always be satisfied ; but the 
third equation, which gives the value of œ? (w=angular 
velocity), makes that value positive up to a certain value 
of n and thereafter negative. With only terms of highest 
order the value n= 18 is indicated as final, but some examina- 
tion of terms of lower order suggests an extension to n— 20. 


$ 4. Other series have been examined in which an addition 
is made to the primary form. 

In series (ii.) the addition is that of a negative electron 
at the centre of the system. Solutions are found for n=2 
and 3, main terms in the asymptotic value make w? vanish 
for » between 23 and 24, and with terms of lower order 
n—24 is probably included. 

In connexion with this series a new feature arises, viz. the 
question of stability of the central electron in respect to axial 
displacement. The position is unstable for small values of n, 
stable for higher values, with a place of transition only 
approximately determined (cf. § 7). 

Where the series is applicable there are 2z positive and 
n+ l negative electrons within the nucleus, (n— 1) satellites; 
or if we call these 29g-c 2, q+2, q, then p—29g 4-2. Thus 
with n=?23 and 24 for the last two, these have g= 22 and 23, 
p=46 and 48. 

In series (iii.) the addition is that of two negative electrons 
on the axis at equal distances from the centre. A new variable 
is introduced with a corresponding condition for the equi- 
librium of the axial electrons, which greatly adds to the 
labour of numerical solution ; and in fact only one has been 
found for the opening ease n—3. The main term in the 
value of e? is found to vanish for a value of, n between 26 


Phil. Mag. 8. 6. Vol. 50. Now296y 449.1925. 2I 
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and 27, and the latter value is probably included when 
terms of lower order ure taken into account. 

The nucleus has 2n positive and n 4-2 negative electrons, 
and the number of satellites is n—2 ; or i£ these numbers 
are 2q +4, q+4, q, then p=2q +4. The series opens with 
g=1, p=6, an isotope of hydrogen with mass 6; the last 
two have n=? 960, 27 or q—24, 25 and p=d2, 54, and an 
intermediate case n=20 has g=18, p —4U. 

A modification of series (1ii.) by the further addition of 
a positive electron at the centre has been examined and a 
numerical solution found for n=3. A difficulty arises in 
the application of the asymptotic method which 1 have 
interpreted as implying a very restricted series. The 
opening term with n=3, q—2, p=7 corresponds to an 
isotope of helium. 


$5. It will be observed that the series (i.) terminates 
through lack of attracting power on the positive rings, 
a fact which points to the need for negative electrons in a 
higher ratio than 1:2 to the positive within the nucleus, 
to make a structure. 

The only type which vields an odd number for isotope is 
the modified form of (iii.), a short series. In respect to 
odd values of atomic weights obtained otherwise than by a 
mixture of even isotopes, three types of addition to the 
primary series (1.) may be mentioned :— 

(a) a pair m the centre, 
(b) a central positive electron with two negatives 
revolving round it, 
and (c) a central positive electron with three negatives 
revolving round it. 

These additions give atomic weights and numbers corre- 
sponding to those in the series (1.), (11.), and (111.), but with 
a unit added to the weight. The configurations ditfer from 
the series types by always showing some departure from 
symmetry, and so there is left a problem of coordinating 
the added elements with the primary structure, which 
I have not faced. 

A suggestion for dealing with higher atomic numbers will 
be made ‘later, in which the proportion of negative to positive 
elements wir the nucleus is gradually increased as the 
atomic number increases, where also odd and even isotopes 
stand on the same footing. Cf. $ 10. 


NUMERICAL SOLUTIONS, 
§ 6. It is proposed to write in detail the solution for the 
a particle, and to give a brief note of other numerical 
solutions. Take the radius of the circle described by the 
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negative electron as 1, that described by the positive 
electrons as a, and let 26 be the distance between the 
extreme planes. The three equations are then 


E 4 1l d. 2b B o 2b —— 
4 (1 +a? +e? Ab? (4a? + 467)82 (1Ha? b) 
1 2a 2a 
qicud educi in. ee a ee eee PUN 
mwaj? = da? Cats ay" 4 PHL * (1) 


where in the first equation maw? ef is omitted, since mg and m 
being masses of negative and positive electrons ms:m4a is 
less than 1:3000. The first equation yields a? +% = 5:341906, 
1 1 

B 37 (53496) — 41918, and so 
5-133362, b= 1:7854, a? =3°5642, a =1:8879. The third 
equation gives mwa ='12795e. 

The kinetic ener sy. is (2mja? + m3)o?, and it is sufficient to 
write K =2m,a? c? ; theangular momentum is (4a? + 2m,)a, 
and it is sufficient o write A = 4mia?o. 

In writing (1) ) and similar equations 1t is convenient to use 
ratios, but it is desirable to express the results in terms of 7, 
the radius of the circle deseribed by positive electrons. To 
pass from mwa =°12795e?, both sides are multiplied by a’, 
then r, is written for a on the left hand and the numerical 
value of a? on the right hand. The solution may then be 
stated in the form 


m,e?r$-m:ud560€8, K-:9121e/n, A=dte A nori x 6753, 
KA?=4%e!m,x°4195. . .. .. C 

For n=3 E equations are : 

1 (2 —a) zl +a) 

NB T (ad ETE (Ia? FEE 
— CTI b ———MÁ R 
(a? —a 4-14 02s? (alb): ip* (Bu? + 453)» 
and 


the second is then 


to 
~~ 


—_ 


mwaj? IR E = 3a u FEN I NN 
a 43 Quar)? (1. pau? pps? 
2a— 1 


T (id —a 4.14 By 


The solution 1s a=1:4684, b='8112, mwa ='25157, 


and as referred to r, 
m,o!r)-:51528?, Kz1:06273e]n, 
A=6e! m4 X°7365, KA? 0?eim, x *8827. J 
212 
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For n=4, the solution is D 
a=1:3013, b=:5859, mwa ='3397, | 

and as referred to 7, (4) 
mwr —:5152€, K = 2°301e?/7,, | 


A=8e? nr x58, KA? =8%etm, x 13235. j 


§ 7. Though the opening cases in series (ii.) are con- 
sidered unstable, it may be well to state the solutions. For 
n=2 the equations (1) are modified to 


14.1 = MN TEN \ 

i" (Drs WE? | 

1 2b 2l b ! 

AE ET ETT 

and | 
modra = MM E ~ 2a RE t (9) 

(a? t b)? (14a +i)? da? (4a? + 40292? | 

with a solution 
a4—:90712, b2:5901, mj;o?«a—:8002€*; | 
Pee mwr = "6585. l 


For n= 3, the solution is 

a=1:069, b=:548], mje'az:1603e*; 

leading to 7 6 

m majori = "807 2e?. (6) 

The position as regards the axial stability of the central 

electron turns on the sign of the coefficient of z? in the 
expansion of 


J — 2917 2L às 7 2 
(14 2?) 1— (+b) aeb), 
where z is a small axial displacement of the electron. This 
ficient i l a? — 2b? the firs 

coefficient 1s at (at qi ; the first term only, due to the 
circle of negative electrons, would. give instability, and 

accordingly stability demands a condition 
2a? —4U»(a Wb... . ew ee (T) 
If we write the sign of equality, and then differentiate 
with regard to a? to get a further equation 4=5(a? + b2)32 
" ° " H 3) " 4 F ? 
the combination gives values a?—:6894, b?=:'1723. The 
position is then that no case of the inequality occurs if 
b?>°1723 ; but as 0? is diminished there is a range of values 
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of a? above and below :6894 for which the condition 18 
satisfied, and this range is continually extended until when 
b approaches 0, the range of a is from 0 to v/2 or d 
Judging from the values of a, I estimate that the inequality 
first holds for n=8, which corresponds to g=7. —. 

This discussion of stability has an application to the 
addition of a pair to the primary series suggested ae 
(cf.§5). For the opening terms the position, being unstable 
for a negative electron at the centre, is stable for a E 
electron. The pair would therefore have its positive E 
very close to the centre, and a dynamical complication w m 
would attach to the reverse arrangement is minimized. This 
addition of a pair would in the case of n=3 make p—7, 9-3 
an isotope of lithium. 

§ 8. For type (iii) a single case n=3 has been solved. 
With +e and —e for the axial positions of the added 
negative electrons, the equations are : 

1 2 _  B9(2—a) $ü*a) — | 
V3) üsdys Y (a3—a + 1+ ys (a+ 1” + 232 | 

2h h b—e | 
(aga dat. .——— ows Fe — 40s 
(a+ 1+0)? (a FI + afr (a+ b— gy? | 


) 1 4h 
b+c 2 


(abbey MT (Bah Py 
3(b +c) _ 30-0 © ac +4 
(a? +b + cP)? (a?+ b—o)93 (1e)? 4c 
1 | 9a ij: 50 7 
wf 3 (Sa? + AP)** ^ (1 p a 4 uot 
| 2a—l "m NR: a, 
(a? —a-F 1-4 02? (a? 4- 0 4- cry? (a?+b— ep? 


mule? = — 


— ——M —r 


of which the solution gives | 
a—L126, b=:707, eZ I:073, myw u 8844€, | 
leading to 


myo*r = 1:12 12, ) 
When the equations are modified to correspond with the 
addition of a positive electron at the centre, the solution 
obtained is: 
a=1°803, 6=:987, c=1-008, n] 
(9) 


leadins to = 
2 mwr s= 1°38 Le?, 
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$9. APPLICATION OF QuaANTUM.—The numerical solutions 
give the ratios of the three distances concerned in (i) 
and ‘ii.), and of the four concerned in (iii.). The scale on 
which the system is constructed is so far arbitrary. Atter 
some hesitation I have set down values in which the system 
is made definite by equating the angular momentum of each 
positive electron to the standard angular momentum h/27 of 
Planck’s method. The combination of equations 


mwr? = h?m and mær’ = Ne . . (10) 
will then be found to yield the foliowing results :— 
5,—2:89x10-?7xN^!, K=m,V?x 5°29 x 1075 x nN?2, 
OV=et2TX 10 TKN; 2 « & s (LL) 
where v/V is the ratio of linear velocity of a positive 


electron to that of light. 
These numbers are based on the values of constants given 


b 
h=6°565 x 107%, e2-4 774x107, e/m, =53 x10", 
m/m = 1540. so a wy a as (T) 
A table of some numerical values will be given when the 
asymptotic position has been dealt with. Cy. § 14. 


$10. Asymprotic VALUES.—-The general form of the 
equations for the primary series will be set down with a 
view to considering asymptotic values* when n is great. 
The fact that the inertial force on a negative electron is 
negligible is expressed by the equation 


a y 3ü-acsé) - 
2 =p (1 +a? +02—2a cos 6,82? ^ ^" * V 
s—n-]l 
in which 8,— (2r -- 1)v/n, and c, defined as 4 X cosec sr/n 
has the asymptotic value pis (13) 


n mT 
€, = = (vog. n+ y—log, z): 


The vanishing of the axial component. of force on a 
positive electron is secured hy an equation 


f-^-1l b 
reo (1-4 a? -- 09 2a cos 6,)*? 
] s—n—1l 2b 


=a E (2a? + 403 — 2a? cos Ó y?" ` (5 


in which 0,2 2sm/n. 


* For the analysis cf. op. cit., section Mathematical Theory. 
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A third equation gives the value of w?, viz. 


Cn 7 a(1— cos @,) 
2a?  ,-2i (207+ 40? — 2a? cos 0,)?? 


mwale? = — 
gu à — cos 6, 
£x Upati 2a cosd" (O 


To deal with asymptotic values we require at the outset 
some conception of the probable order of the quantities. In 
the double ring of earlier work, z being a ratio of radii of 
circles in one plane, I fouud (z— L)n? to be a finite quantity, 
and with this in mind looked to some modification of the 
type a+Blogn for (a—1)?*. The forecast is verified and 
permits a reduction of 1+a*+l?—2acos@, to a form 
b + 2a(1—cos9,) or b? + 4a sin? 0,[2, and 2a? + 4b?— 2a? cos 0, 
to a form 4(b?+ a? sin? 0,/2). 

Further to make use of the binomial expansion we need 
some assurance of the relative values of b and sin 0,/2. For 
this purpose a limiting case may be considered in which an 
infinite lattice-work is taken as model. In each of two infinite 
parallel lines positive units are placed at distance 2», positive 
opposite to positive, so tliat four adjacent units form a rect- 
angleof sides 22,2y. Negative units are placed at the centre 
of each rectangle. The condition of equilibrium in its original 
form is 


; aas pm ORE TRE ET: 
4y? * (as Tdi (1647 + 4y*)' xat (36.07 + 4y2)32 
2y 


2y 2y 
= CET l 


t pety” 


or 


8p t Tats yat d (a y!) A(x? punt 


1 1 l 
~ CEE AYR Batty o yE o 


or with jy! = pa’, 


a TR — EENS 
t (92 usa (4? + py? (63g uy EXTA 
1 1 1 
-3lultwuaetgcumtel 09 
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If u<l expansion of each term by the binomial may be 
made, and with a notation 


wd E 1 E E T 
and use of the property 84/22 = S, — T;, the equation takes the 
form 

1 3 3.5 


gua t S —5 PSs + 5 yg Sa. 


5 
sie Sabi . (15) 


The solution 4,—:4308 (v. infra) justifies the expansion, 
and in the circular problem where æ is replaced by amjn, 
we shall find that br proves finite, and b is less than the 
least value of 2 sin 8,/2 or 2sin m[2n. Accordingly we may 
write 


(1-Fa? + b?—2a cos 0,) 9? 
= (Ja(1— cos 0,) + 07?) ^9? 


c3 6/9 
= r | -5 z- cosec? 0,/2 
2.9 b 


9.4 va? 


or with 2; for S S cosec* 8 225 


r=0 


—— cosec* 6,2—... |. 


r-na-1 
3 +a*+l?—2ucos 0 D 93 
=0 
l 30 3.5 M 


If we write main terms only, 


9 2 
S=, x (2 2) RES —9T, x(*), so ox d 


gum 
and then the main term in X Uta +L? — 2a cos 0,) 9? is 


rl 


95? [, Di. 
mar? (1.-; BT; T 


TT 


POS > 
MUNI PC (18) 


where 8 is used for Pn? /ar?. 
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To deal with (2a?(1— cos 0,) + 0?1 7?" we need a formula 
3 
25; X (2) for the main term of 
s8—n—1 
È cosec’sr/n, . . . . . (19) 
ecl 
=n- l 
and so obtain as main term of £X (2a?+46?—2a? cos 0,) 92 
the value i 


n? ra 3Ba 3.5 8? 
Tata (Si 5 "Ls a? Si...) e . . (20) 


The condition (B) is therefore expressed by 

1 1 3 
à, 981s +...) = gat os (i5 I- ek G9 
The asymptotic form in which a is written =1 is 


¢ ny 1 
2(T;— 38T; + oc) = 4993 
it agrees with (15) above, and depends not only on the use 
of a=1 but also on accepting as suflicient the main terms in 
the values of X,.... 


T1(8,—$88,4..); . (22) 


§ 11. In dealing with (A) the numerator 1—a cos 6, is 
written as a'1—cos 0,) — (a — 1), and so long as only a main 
term is in question we treat a as 1 in the various expansions. 
In the series with 1l—cos 6, as numerator we have 34 
appearing which is 2(c,, —6,), and then (A) is represented 


by 


?- de) "(65 eT,—s** BT; + ..) 
— eT, 381+...) 
or by 
Pr D e 44...) = Mega eto) 
" -(581,- 5 81.4...) a (23) 


when the value of c, in (13) is introduced. This gives to 
a—1 the form stated above. 

A convenient way of dealing with (C) is to take it in 
conjunction with (A), viz. add (C) to the result of dividing 
(A) by 2a; which has the effect of giving to (1- a? à? 
—2ac080.)?? a numerator a+a~!—2cos6,, which to a 
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close approximation is 2(1—cos@,). Thus in lieu, of (€) 
we have 


C sn a(1— cos 9,) 


C 
lale t 24" Ll - EUH a D MU 
M wW ale + la T Jq? E (2a? + 41? — 2a? cos 0,)?? 
Mn 2(1—cos6,) 


Peat +i 2a cos 6.) 


The results of previous summations now give when a—1 
a value 


mwe = Con 26s + T (5 85)-; "m E ) 


9n /: 


3 3.5 
uS 981:—5- 48 Ts + a) 


= ne [log, (128v) —y—log.n + 2(388, — &c.) 
—8(88T,—&e.)]. (24) 


Thus it appears that when the numerical value of 8 is 
found, we have a given by (23), b by the definition of £ as 
b [am?, and e by (24). 

The solution of (22) proves to be less difficult than it 
appears. The numerical series denoted by S and T have 
values greater than 1 by amounts which converge rapidly as 
the suffix is increased, viz. with S,21 + S,, ... 


S,’=-20206, S,'=-03693, S,'=-00835, S, —-00201, 


Su = "00049, "e n 
T4 —:05180, T; =:00452, T;'2:00047, T$'2:00005, 
With 8«1, So d AU) 


1 Wn n 
853—599, + soe = (4 Ay tSr FAS, £l ES, af- e 


and so (22) stands 


, 


! ! 1 Fs á 
8(T, — 38T; +...) = ga t *( —3 BS, +...). 
$j wo m UB) 


6 
üt 


If the residual series are neglected, 6??x 8— 14-8 or 
2°3028=1 or 84344. The difference of the residues 
proves small, and a corrected value is 82:4308. With 
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this, and again making use of S,=1+8,/, we obtain 
=Š BS. ='7651, T, — 5 BTs + ...= 6333, 
3 Jaan mum 3 _ 3.5 — 4411 
989—574 RSs * ...— 5337, 9 913 9.4 +...= ° 
(28) 


With these values, (23) becomes 


n^"(m—1 
A D 6333 = 4 loge n+°2768, 


or ! 
n?(a— 1) = 1:948 loge n+ 2157, . (28) 


and (24) is " 
mole? = jz (4 9053 — log. n) = N say. . (29) 


§ 12. The equations (23) and (24) may be corroborated 
by use of the equation 2K + P 2 0, connecting kinetic and 
potential energies. The attraction section of P which 
contributes tlie “positive element to 2K, that is to 2nm,w*a’, 
has a term e multiplied by 


ons (1+ a?+0?—2u cos 0,)73, or 2n E (4a sin? 6,/2 -- 07) 3, 
r=0 
Or =n) 
2 n | cosee 6,/2— A cosec? 0,/2 +.. sh 
r—0 
which is 


4 119-35 
n [ 2t — s zn -5 ET n . (30a) 
With the opposite sign is a repulsive term, 


s=n -1 
—n X (2a? 40? —24? cos 0,) 5, 


e-1 


9E C and: SP, is CBS lee . (305) 


with which is associated 
—n[2b or =è hrp . . . . (300) 


For the repulsive potentials of elements in the same circle 
there is division by 2 as well as multiplication by n, with a 
result 


E | 2 ; 
— (i+): 0. « 5 5. (30d) 


E 
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Thus finally for a=1, we get 


mw? = Con— 2€. — rg TUE s. (a 85,— 9 LS... .) 
(001.35, 
(ni DET.) BD 
If we subtract this from (24) we find a difference 
9 = 
"aae (Bs LBS) — E CTS 81s +...) 


the vanishing of which constitutes the equation (22). 


§ 13. The distinctive feature of the results is the appear- 
ance of a negative coeflicient for the term logen in (29), 
which gives a "tarmingtion to the series and at the same time 
leads io certain maxima and minima. We find, in fact: 

(a) œ? vanishes for log, n —2 9033, that is for n=18°3. 


(b) e :0 for log,4—1:9053 or n=6°72, giving a 


maximum for N and, when the quantum 
condition is applied, a minimum for 7}. 


(c) 7, $ (aN?) =0 for loge n=2°2386 or n=9°31, giving 


a maximum value of K. 


(d) EO 0 for log, n2 2:4053 or n=11'1, giving 
a minimum for the distance between the 
planes, as we proceed to explain. 

If the quantity B defined by n/2/a7r? is to be treated as a 
pure number, then when distances (rov; z) replace (1, a, b) 
we must suppose that Sz? =17l?/a is replaced by 

Bm?-mfvarn, or z?ír?- Bran.. . (32) 

As rj! aN, it ig clear that z^! e«nN. 

The magnitude of the shortest distance between elements 
is a matter of. some importance in a nuclear system of this 
kind. Between positive elements that distance is 22, or 


when ratios only are concerned 2^; and when n is great 
the distance between a positive and the nearest negative 


electron is approximately A/U5--a*m?[n*. Now 
Ab? : +a? /n? = 48:8+ta=48: B41 
= 1:7232 : 1:4308 = 1:204. 


For higher values of n the distance between next adjacent 
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positive and negative elements is about 9 per cent. less 
than 2: the distance between extreme planes. For helium 
we have 4/7 :1-Fa?* 4) —1:124, and the shortest distance is 
about 6 per cent. less than tlie distance between extreme 
planes. As this is a small variation, a value of 2: may be 
taken as giving a sufficient clue to the magnitude ot the 
shortest distance between elements. 


$14. The difficulty in constructing a table of values, 
sav for the primary series, lies in the fact that an asymptotic 
formula cannot be expected to give good values for small 
numbers, and the independent numerical solutions extend 
only to n—4. 

On comparing the values of a and b (the latter through 
the 8 connexion) given by the asymptotic formule with the 
solution for n=4, the value of a is less than ‘2 per cent. in 
excess, that of b less than +S per cent. in excess, of values 
obtained by solution. These are conspicuously favourable 
results, but the formula gives values 16 per cent. in defect 
for the value of w?, largely due to writing a=1 in the formule 
of approach to (29). The weakness occurs in a vital point, 
since the coefficient in the value of w? determines the scale 
o£ dimensions when the quantum method is applied. 

Attention will be given to a partial correction for values 
of n near the conclusion of the primary series, for which 
œw? is small, and so any terms neglected become of special 
importance. If in the terms containing c" we do not write 
a=1, we shall obtain 


my wu? /e? = cs a — e (1-4 3/ a)? series in £: 
it 1s proposed to examine the increment in the terms written. 
To the first order in («— 1) they are: 
9, ders 3, 1 
C254 — 40A + 2 (t9, — ;c))(a— ) 


or 


7T 


n(a—1l 32n 
Con Gen t m f (log +7). © + (33) 


The first descending term in c, is m/72n, which gives a cor- 
rection 77r/1iin to be applied to e$, —$c,..— We also find for 


n=18, &—1—'024, original N 0213, addition to N :2056, corrected N 297 


6.49, a. 7022, » 0 0—10598, » 197], " 138 
» 20, 4, 090, = 1438, E 1914, N 0476 |. 
e e e (34) 


in which it has been presumed that series in B are legs 
seriously affected. 
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We can now give a short table of initial and final terms 
for the primary series. 


n a N. 5. dz K 

2 1:883 4560 6:338 8:972 2:195 

3 1-468 0424 5:328 5:914 4:669 

4 1:301 5752 5:024 4:524 1:001 
18 1:024 22 12°73 2°58 491 
19 1:022 :138 20:94 4°44 1:91 
20 1:020 4:6 | 607 > 1240 24 


In this table 
(1) a is the ratio of radii r,: 195 
(2) the distances r; and 2z are the digits given with a 
factor 10-7? ; 
(3) the kinetic energy =m, V? x 1075 x x, where x is the 
number in the last column. 


§ 15. It is proposed to state briefly the asymptotic position 
in reference to other series. 

For (ii.) the right-hand member of (23) would contain an 
extra term —/24, and that of (22) an extra term — v[n V B, 
both of an order neglected in the work for (1. ). 

The alteration in e? is on a higher scale, and is most 
readily found by the method of § 12. 

The terms added to potential energy are —2ne?(a? -- 5?)-i 
+ne?, and therefore the terms added to mje?a?/& or to 
mjo?rj*/e, that is to N, have a value a(a? +b?) — a/2, which 
approaches the limit 1/2 when n is increased. 

In series (iii.) there is a new variable c, with an equation 


n(c b) is n(e—b) non 
(Wet b?)%? (a? 4p c — 0232 (o (IE? 4e 


(35) 


required to secure the equilibrium of axial negative electrons. 

With b/c assumed to be negligible and a=1 this equation is 
9\ LS « A 

reduced to ne(1 +) = 1/4, or approximately S= 1/4n, 

a value which makes b/c of order n7?/, 

Again, in (B) we have extra terms (b—c)(a?+b—c¢?)-32 
+ (b c)(a? -b 4-6?) 79?, in which the main contributions of 
the c terms are cancelled and 25 is an approximate value, 
small in comparison with the term 1/447. The alterations to 
b and a, the latter judged as above for (11.), are then small. 


The potential energy has extra terms —2ne*/ Va! Ee b? 
—2ne?/ A a? c4- 03 + 2n] / 1 +c? +€7/2¢, contributing to the 
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value of —2K or —2nm,w?a?. Thus an approximate value 
of the terms added to N is 1/ Vl 4 c — 14nce,or 1 — 62/2 — 1/4ne, 
2/3 
or 1—3/8nc, or 1— 8X =| . 
Lastly, in series (iii.) as modified by a positive electron at 
the centre, the equation (35) is replaced by 


1 n(ctb)  ,  m(c—^) 1l nc 


C (atteb R (ateb?) 48 (L402)? | 

or when b/c is negligible, 
OMNE SPEM | 
Anc? TETT ni (1+ c2) 
This equation requires 
(u? + c?)®2 > 2(14c7)82 or a?—8/4>07(7%4—1), 
that is a3> 2. 

In the primary series, as is increased a approaches 1 as 
limit; I have no doubt this is valid with any finite modi- 
fication such as we are considering, and draw the conclusion 
that the series is of limited extent. In the primary series 
the value of a is already below the limit a=2 when nz 5, 
but in this modification the position is more favourable, as 
giving a— 1:803 for n=3 while a= 1-468 in (1.). 

The series is then probably confined to the cases n=3 to 
nz 5, and its three examples have p=7, g=2 ; p-9,9—3; 
p=ll, q=4. 


§ 16. The three series cover only a moderate section of the 
whole range of atomic numbers. 

The limitation in (i.) and the extensions provided in (ii.) 
and (ili.) point to the need of a stronger attracting force on 
the positive elements ; or we may say that the demand is for 
a higher ratio of negative elements to positive than 1: 2. 
We have reached the limit of negatives which ean be added 
in special positions, and if the problem can be dealt with by 
addition to the main structure that addition must contain 
positive as well as negative elements. It is proposed to 
consider such an addition in the form of the double ring 
which was the subject of my earlier work, and to suppose it 
placed in the central plane inside the main structure. The 
proposal will be examined under two aspects—adaptation to 
given atomie weight and number, and capacity to provide 
attraction on the positive rings of the triplane. 

If m is the number of positive or negative elements in the 
double ring, then p—2n-4- m and in series (i), (ii.), (iii.) 
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n has the respective values q, g+1, g+2. As example *, 
take the case of Ag where g=47, and Aston gives 107, 109 
as ascertained values of p. ‘The arrangement for p=107 
shows m=9, n2 49 in (iil.), m=11, n=48 in (ii), m=13, 
n=47 in (i.). An increase of m by 2 is needed to pass 
to the case p=109. If a minimum value of m is taken, 
series (ili. appears in both cases; and then isotopes 
have the same n, but are distinguished by the use of 
different values of m. 

In the matter of providing attraction for the positive 
elements of the triplane, (1ii.) should be more efticient 
than (ii.), and (ii.) than (1.), since a position of negative 
electrons on the axis or at the centre assists in giving an 
external position to the negative ring in the double ring 
(v. infra). Thus, for large values of n at any rate, (iii.) only 
is likely to appear and one combination corresponds to one 
isotope. 

The central double ring may be expected to make its 
appearance on the completion of the original series, beginning 
with m-2 and gradually requiring higher values of a. 
The case m=1 I refer to the heading (a) of $5, which is 
or may be operative from n —3 forwards within the range of 
the original series. 


17. We consider now in general terms the mutualaction 
of the double ring and the triplane. 

The double ring alone (i. e. under no external force) is a 
plane strueture with positives in the outer circle, with radii 
tending to equality as m is increased, and with a value of 
mwale approaching a limit m x ‘441 or 2mm! log, 2. 

For a combination of the two types occurring first as 
n approaches a value 30, the action of the triplane on 
interior electrons does not differ much from that of a single 
ring of n positive electrons in the central plane. It tends 
to draw the negative electrons of the double ring away 
from the centre and to push the positive towards the 
centre, an action which is aided in (ii.) and (iii.) by a 
central or two axial negatives. When the action is sufficient 
to place the circle of negative electrons in the external 
position, the double ring exercises an attraction on thie 
positive elements of the triplane, depending specially on m 
and on the difference of radii which the external force (of 
the triplane) is capable of securing. 

The demand for attraction on the positive elements of the 


* The only values to which I have access are those in ‘ Nature,’ 
Sept. 22nd, 1933. 
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triplane naturally increases as the number n increases. But 
whereas for small values of m a change in the ratio of radii 
is easy to bring about, it becomes increasingly difficult when 
mis greater and the relative closeness of elements gives to 
near neighbours a controlling influence on the ratio. Thus 
we should expect to find, as n is increased, a demand for a 
more than proportionate increase in m. We do, in fact, 
find that in the range q—31 to q—47, if a like choice of 
arrangements (in respect to series used) is made, m increases 
by 6 Avhile n increases by 16; whereas later ile increments 
become more equal, and finally that of m exceeds that of n 
or q. 

Again, the action of the double ring on the two positive 
rings of the triplane tends to make the latter approach, and 
SO p diminish the number £. This has the effect of 
increasing the number 2:905 in N, cf. (24) and (20), which 
was obtained by subtracting terms in the 8 section from 

5:42—log, n. The amount subtracted would be diminished, 
b thus further aid given towards increasing the alue 
of N. 

These arguments are qualitative, and point to the action 
being in the sense requisite to make the scheme of com- 
pletion feasible. Whether its intensity is adequate, only 
caleulation can show: possibly the nature of the co- 
ordination of thea two sections would be revealed in the 
course of adjustment of numerical values. 

As with the primary series and its two extensions, so 
with this new addition it would appear probable that a 
terminus will be reached beyond which no construetion of 


the type is valid. 


§ 18. The existence of the atom in the shape of nucleus 
and satellites indicates a greater ditliculty in incorporating 
negative electrons in the structure of the nucleus than in 
attaching them at relatively great distances; so that the 
former process is carried only so far as may M needed to 
overcome the mutual repulsion of positive elements. This 
feature is, I think, to be connected with the very different 
mean velocities of positive and negative electrons in a space 
where both are sparsely distributed. The accumulation of 
a positive residue in the nucleus tends to counteract this 
influence by providing an attraction for negative as against 
repulsion for positive electrons outside. 

[f we suppose that in such a space pairs are formed in a 
number of cases, then positive and negative free electrons 
are in the same position as regards attraction to a pair, 


Phil. Mag. S. 6. Vol. 50. No. 296. Aug. 1925. 2K 
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supposing them to pass near to one or other member of 
the pair. But in the case of the positive electron the 
average relative velocity is on a smaller scale than for 
the negative, and there is a longer period of contiguity 
in which the attraction is effective. The combination of 
two positives at the end of a diameter with a negative at 
the centre is therefore more probable than the contrary 
arrangement, and special prominence attaches to the triplet * 
(24*, 1—). 

Butfurther steps are more conjectural. The readier attach- 
ment of members having moderate or small relative velocity 
would, if pairs were fairly numerous, suggest the formation 
of a linear series of pairs (or linear serles of alternate 
+ and —), where a considerable approach to equilibrium 
of forces would be attainable except at the terminals, which 
might be supposed to swing round so as to form a closed 
circuit. In like manner from a formation resembling the 
lattice model of two positives to one negative, the same 
failure in adjustment near the terminals might lead to the 
closure of the circuit giving the triplane model. The 
process of completion would be aided by the near presence 
of a double ring. 

In one of these processes of aggregation a pair is the 
basic element; in the other, a triplet. The former yields 
a neutral structure which appears to have no permanent 
independent existence, unless we suppose it to have escaped 
detection. What advantage has the one type, or what 
special disability the other, to account for a difference in 
probability of existence? The slower velocity of translation 
in the heavier triplet forms gives greater opportuuity for the 
formation of triplet contigurations. The disability may be 
connected with a tendency of the double ring to attract 
slowly moving positive eleetrons within its inner (negative) 
ring. À formation with a negative ring between two positives 
in a plane is certainly less stable than the structure which has 
both positive rings in the outer position (as in the triplane), 
for in the latter less kinetic energy 1s needed to correspond 
to a given angular momentum. In virtue of this tendency 
the double ring may function as a stepping stone to the 
triplane model. 


The disparity in mass between positive and negative 


* The other form of triplet, with two positives at the base ef an 
isosceles triangle and a negative at the vertex, may arise from two 
pairs by supposing a quicker response to repulsion on the part of the 
negatives, whereby One negative is left to prevent the separation of 
positives, 
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electrons makes the latter take the inner place (where the 
field of force is small), either in the double ring or in the 
triplane, where nearly equal accelerations are attributed to 
the two. Kinetic theory connects disparity in velocity of 
translation with that in mass, and an imperfect attempt to 
trace this influence has been made in this paragraph. 
There may be a measure of crudity in thinking of a process 
of aggregation in this way, but it seems easier to conceive 
than an addition to a circuit already elosed. 


XLVIII. Zhe Partial Tones of the Struck String. — Part I. 
Keperimental Investigation of the Fundamental. By 
Wa. H. G&onaE, M.Sc., University College, Nottingham *. 


[Plates XIIL-XVI.? 


Summary. 


By harmonic analysis of photographically obtained vibration-curves 
of the struck string it is found that: (1.) the amplitude of the funda- 
mental is greatest when the string is struck near one of the bridzes; 
(ii.) the position of this maximum point is nearer the bridge the greater 
the relative mass of the hammer; (111.) there are other maxima and 
minima, which become fewer and less pronounced as the relative mass 
of the hammer is reduced until tor the mass-ratio m/ M = 1/2753, there is 
only one minimum and two maxima for the whole length of the string; 
(iv.) the maxima are greater and the minima are less the nearer they 
are to a bridge. 


T is well known that in a pianoforte the strings are struck 
near one of the bridges, but the reason for this is not 
established. The position of the impact has a strong 
influence on the duration of the impact and upon the pres- 
sure law of the impact, and it therefore plays an important 
part in determining the intensities of the partials in the 
resulting free vibrations of the string. 
In the earliest treatment of the struck string, Helmholtz 
(" Sensations of Tone,’ p. 79 and Appendix v.) was able, by 
the aid of various assumptions, to determine the amplitudes 
of the partial tones. Numerical values for five different 
cases are given, but there is no account of quantitative 
experimental work undertaken to compare theoretical and 
experimental values. Helmholtz found, theoretically, that 
if a string be struck at 1/n of its length from one of the 
bridges then the ath partial would be absent from the re- 
sulting free vibrations. He therefore concluded that an 


* Communicated by Prof. E. IT. Barton, F.R.S. 
2K 2 
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essential advantage in striking the pianoforte string at 
1/7 to 1/9 was that the inharmonie 7th and 9th partials 
disappear, or at least become very weak. 

As early as 1884, A. J. Hipkins (Proc. Roy. Soc. vol. 
xxxvii. p. 363), and, again, later (ibid. vol. xxxviii. p. 83), 
showed that if a string is struck at 1/8 the eighth partial is 
not absent. <At this time, however, photographie methods 
of recording the vibrations ot any point of the string were 
not available, and the human ear, otten aided by resonators, 
was largely relied upon to judge the relative intensity of 
any partial. 

The earliest quantitative experimental work was done by 
Kaufmann (Wied. Ann. 1895, vol. liv. pp. 675-712), whose 
very important paper deals chiefly with the pressure-time 
law of the impact. He also gives a graphical method for 
finding the vibration-curve of any point of the string for 
cases where the pressure law of the impact is known. The 
graphical method is used because the well-known analytical 
method would lead to very complicated equations. Included 
in the experimental work is a set of twenty-six vibration- 
curves, half of which record the motion of the mid-point of 
the string, and the other half record the motion of a point 
of the string distant one-third of its length from the bridge. 
The string was struck at each of thirteen equidistant points 
along its length. As a result of these and other experi- 
ments, Kaufmann coneluded that when the string was struck 
at about 1/7 to 1/9 of its length the tone was strongest 
and fullest. 

Theoretical work, similar to that of Helmholtz, was later 
carried out by Delemer (Sci. Abs. A, vol. ix. p. 623, 1906) 
and by Lamb (* Dynamical Theory of Sound,’ p. 74, 1910), 
who each used different expressions for the pressnre-law of 
the impact. Here, again, no experimental results were 
given. 

In the present work an attempt has been made to syste- 
matically investigate the influence of the striking place upon 
the amplitudes of the partials. As will he seen frem the 
curves, it was also found necessary to study the influence of 
the relative mass of the hammer. The photographie curves 
have so far been analysed for the fundamental tone only. 
Whilst the work was in progress a paper by S. K. Datta, 
on the Das Theory of the Struck String (Proc. Ind. Ass. 
vol. viii. part ii, 1923) was published. This deals with tlie 
mass ratio of hammer and string m/M =1°687, and values of 
the amplitudes of the partials are given for the striking 
place at 1/9 and 1/10. Also the change in the amplitude 
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of the fundamental as the position of the impact moves 
from a bridge along the string up to 1/4 of the length. 
The experimental method used consisted in measuring with 
a mieroscope the amplitude after the string had been 
struck at the particular place, and then damped at a suitable 
node for the desired partial. Account has to be taken of 
the fact that the damping eliminates only those partials 
which have not a node at the damped point, so that each 
mieroscope-reading represents a sum of a number of 
partials given by An, Azn, Asn. . ., ete. 


EXPERIMENTAL METHOD. 


In addition to the factors to be studied in the present 
work, it is clear that the absolute magnitude of the partials 
will depend upon 


(i.) the tension of the string, 
(ii.) the length (/) of the string, 
(iii.) the velocity (rg) with which the hammer strikes the 
string, 
(iv.) the optical magnification, 
(v.) the time which clapses between the impact and 
observation of the vibration. 


This latter factor must be taken into account since in all 

ractical cases damping is present to an unknown extent. 
The different partials may die away at different rates, so 
that it is not necessarily sufficiently accurate to take each 
record or observation at the same time after the impact. 

The photographie records of vibrations reproduced in 
Plates XIIT.- XVI. are all displacement-time curves obtained 
by shooting the plate upon which the shadow of one point 
of the string is optically projected. 

The apparatus used has already been described in a 
previous paper (Phil. Mag., July 1924), and, since it 
includes a timing device, it was possible to obtain in each 
case a record of the initial free vibrations of the mid-point 
of thestring. Some of the curves reproduced on a reduced 
scale in Plates XITL-XVI. show even the initial motions, 
whilst the hammer is still in contact with the string. 
Errors due to variations of the fifth factor mentioned 
above are therefore eliminated, By using for any given 
series of observations the same Ungth of string tuned 
to the same pitch, the first two factors are kept constant. 
The third factor, the velocity (e), with which the hammer 
strikes the string, is kept constant by allowing the hammer 
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to fall always from rest at the same initial inclination 
(B) with the vertical. From time to time throughout 
a serles of observations, when the initial conditions are 
shown upon the photographic plate vg can be determined 
from the expression v9 (V tan a)/(magnification), and 
the result compared with the theoretical value given 
by w= X34r(l— cos 8), where (V) is the velocity of 
the plate in the vibration camera, (a) is the inclination 
with the time axis of the initial motion of the observed 
point of the string, and (r) is the distance between string 
and axis of rotation of the pendulum. Reference will later 
be made to the fourth factor, the optical magnification. 

The two factors studied throughout this work were the 
mass of the hammer (m) and the position of the impact (a). 
By the term “mass of hammer” is here meant the mass of 
a particle equimomental with the compound pendulum 
which formed the hammer, so far as rotation about the axis 
of the pendulum at a distance (r) from it was concerned. 
The quantity was calculated from the weights and measure- 
ments of the complete hammer. The position of the impact 
(a) was measured by first smoking the string and allowing 
the hammer to strike once only. "The bright speck caused 
by the removal of the black deposit at the place of impaet 
left a clearly defined mark, from which the distance of the 
bridge was measured. When the larger string was used 
(316 em.) this precaution was not necessary in order to 
get (a) with sufficient accuracy. 


ANALYSIS OF CURVES. 


By recording the vibrations of the mid-point of the string 
the even-numbered partials were already eliminated from 
the curves. 

Mader [larmonie Analyser.—The results given in Tables 
I. and II. were obtained by means ot the Mader Harmonic 
Analyser. Before this was possible, the curves had to be 
enlarged, Now the time axis, which determines the wave- 
length of the curve, depends upon the speed with which the 
plate i is shot in the vibration camera, and is independent of 
the optical magnification, On the other hand, the ampli- 
tudes of the partials depend on the optical magnification, 
but are independent of the speed of the plate in the camera. 
It is clear, then, that all the curves must be magnified by 
the same amount, and not so as to have the same funda- 
mental wave-length, The Mader Harmonic Analyser was 
specially convenient for this work, since its readings are 
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independent of the wave-length of the fundamental provided 
the curve is properly fixed relative to the instrument and 
the tracer correctly set upon the tracing-arm before tracing 
each curve. Each of the original curves reproduced in 
Plate I. was projected on to a screen and traced by hand, 
the final wave-length of the fundamental being about 
32 em. in each case. The curves reproduced in Plate XIV. 
were similarly treated, but, since the pitch of the string was 
higher, the final wave-length in the curves used on the 
analyser was about 14cm. The readings of the sine (54) 
and cosine (Cı) components of the fundamental given in 
Tables I. and 1I. are each the mean of three readings, the 


TABLE [.—Amplitude of Fundamental (A). 


Wedge-shaped Metal Hammer /M —1; Length of String 
(/) 2316 em. 


Number |a inems.= | S,—Mean Sine |©,=Mean Cosine) Ar 
(Pl. xiii. Point Struck.| Component. | Component, |= M S o 
l 11-0 +2065 | + 1-005 2:297 
2 14:37 +289 --0:635 2-050 
3 n H316. TONS ci 
+ 20:3 +3792 +01 ous 
5 983 —4'685 4-041 4708 
6 934 — 4793 +0°05 47793 
7 41:6 — 5:235 —0:078 5236 
8 aa 4-5:33 T0435 Aes 
9 36 +497 +0093 | ‘972 
uL ide +4093 -- 0:02 | i oo 
l 7 — 9] +0°135 2-91: 
: 31:75 —]1:925 — l0 2'UZ2 
14 8675 — 413 — 08 | 1:415 
15 92-0 —]01 4-0:10 1:015 
16 97:0 + 1:066 —0:10 1:071 
17 100-0 +117 4- 0:03 1:171 
18 105:3 —179 --0:12 1-794 
19 110:3 +2445 +0°20 2:453 
20 116/1 4-2-59 — 0:57 2:584 
91 120-2 — 242 +082 dud 
22 128-2 —2°73 +021 2-73 
23 144:3 +2613 —0:10 2-615 
24 139:55 +302 —007 3:021 
25 134:8 — 2:865 --0:09 866 


— - -—- 


last column showing the amplitude (A,) of the fundamental 
obtained by taking the square root of the sum of the squares 
of the sine and cosine components. The readings are in 
centimetres. 
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TABLE II.—Amplitude of Fundamental (A). 


Wedge-shaped Metal Hammer m/M — 9:625 ; Length of 
String (/) 2100 em. 


T | 
piri. | a in cms, = | S, — Mean Sine | C, = Mean Cosine A T 
(Pl XIV ). | Point Struck. Component. Component. |= V 8,7+0," 
] | 1:43 — 2°52 —0:34 2:54 
2 | 3°52 — 4475 = 0:035 4:475 
3 5:58 — 3°47 —0:13 9:47 
4 | 6°37 +261 —001 261 
b | 7:27 — 1595 +002 1-59 
6 8:20 — 0:56 —01235 0:57 
10 10:6 +191 = ():07 191 
ll We Ge f — 2:725 — 0:16 2°73 
12 14:0 —3-99 — 0:15 3:00 
13 15:18 = 8'87 —0:15 3:87 
14 16:3 —3°23 — 0:08 3:23 
15 17:75 —2:345 — 026 9:56 
16 19:94 —1:16 — 0'05 rag 
17 22:6 —1 10 — 0:805 1:36 
18 25:05 — 2:405 — 0005 2:405 
19 21:8 — 3:59 — 0:40 3:61 
20 306 —2:47 —('19 2:48 
21 33°58 —2:]115 —(y09 212 
22 36:9 — 1°945 —0:03 1:95 
23 41:9 94835 — 0:265 2-65 
24 50:0 +3:395 — 065 3:45 


Graphical Method.—The curves of Plates XV. and XVI. 
had previously been analysed by a graphical method, which 
consisted in removing the partials one at a time until the 
resulting curve looked like a pure sine curve. The ampli- 
tude of this remaining curve then gave tlie amplitude of the 
fundamental. To remove any given partial, a tracing of 
the vibration-curve was moved along the axis of the original 
curve a distance of Aalf the wave-length of the partial 
which it is desired to remove. The ordinates were then 
added algebraically at a sufficient number of points, and the 
new curve drawn through these points represented the 
original curve with one partial removed. 


RESULTs. 


The results of four sets of analyses are best seen in detail 
in figs. 1-4, in which the amplitudes of the fundamental are 
plotted against the distance (a) of the striking place from 
the nearer bridge. For the heaviest hammer (see fig. 2) 
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Fig. 1. 


Metal Hammer 
CA 7! 
l * 3i6 cms 


Amplitude of Fundamenta! (A). 


mM (a! y^ Ts Point yee eure sare ean 
! 


Fig. 2. 


Metal Rammer 
T/M * 9 625 
1 * !00 cms. 


5 25 40 45 
S:stance (a) of Struck Point (com Node: Bridge (cms) 


Feit Hammer 
2 T/M * Vti 
; | * !00 cms. 


o 5 io 1S 20 e^ 30 AS AJ 45 
Distance (à of Struck Point from Nearer Bridge (cms) 
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Fig. 4. 
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= 

3 Metal Hammer 

9 Tm * ‘2-53 

5 {* 100 cms 

re 

- 

5 

E 

rd | 

& 0 5 10 is 20 25 30 35 40 45 50 

Distance (a) of Struck Point from Nearer Bridge (cms) 

Fig. 5. 


Influence of M/» upon positions of Struck Point for the first maximum 
and the first minimum values of the amplitude (A,) of the fundamental. 


Mass of hammer 


Ratio M Hii Mass of staing 


iS 20 25 
Length of string 
Distance of strucb point 
there are for the whole string seven places at which the 
amplitude rises to well-marked maxima and six correspon- 
ding minima, whilst for the lightest hammer (see fig. 4) 
there are only two maxima and one minimum. The results 
may be summarized thus :— 


(i.) The amplitude of the fundamental is greatest when 
the string is struck near one of the bridges. 

(ii.) The position of this maximum point is nearer the 
bridge the greater the relative mass of the hammer- 
(fig. 5). 

(iii.) There 2a other maxima and minima points which 
become fewer and less pronounced as the relative 
mass of the hammer is reduced, until for the mass- 
ratio (m/M —1/2:53) there is only one minimum 
and two maxima for the whole length of the 
string. 

(iv. The maxima are greater and the minima are less the 
nearer they are to a bridge. 


o 5 t0 
Ratio 1/a= 
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Attention is drawn to the figs. 7, 8, and 9 of Plate XIV., 
which show that the fundamental is hardly excited at all in 
these particular cases, and a change of 0:12 cm. in the 
position of the impact. is sufficient to make an appreciable 
difference in the amplitude of the vibration (figs. 7 and 8). 
All the figures on this Plate, except figs. 4, 5, and 15, show 
the initial motions of. the observed point. As the position 
of the impact gets nearer the observed point, the successive 
reflexions at the hammer during the impact can be seen. 
It is hoped that. by the oscillograph method (see Roy. Soc. 
Proc. A, vol. eviii. pp. 284-205 (1925)) and the use of a 
carbon contact it will be possible to detect all the corre- 
sponding pressure-changes at the hammer under conditions 
like these. 


In Part II. of this paper it is hoped to give the theoretical 
amplitudes of the partials derived by the well-known method 
(Ravleigh, ‘Sound,’ vol. i. § 130) and to compare these 
results with the es eren al ones here given, the harmonic 
analysis of the curves being completed for the ‘other partials, 


University College, 
Nottingham, 
April 1925. 


XLIX. Notices respecting New Books. 


The Theory of Relativity, By L. Sirperstein, Ph.D. Second 
Edition, enlarged. (Pp. x+563 with 24 figures.] (London: 
Macmillan & Co., 1924. Price 25s. net.) 


T first edition of this work, published in 1914 and dealing 

with the restricted theory of relativity, is well known. This 
is reprinted with very few changes as Chapters I. to X. of the 
present book. In spite of the development of the tensor calculus, 
which forms a weapon of very great power for attacking the 
problems of generalized relativity, the author has adhered to 
the ordinary vector analysis and quaternions in dealing with 
the restricted theory. There is much to be said for this course; 
the older methods are amply sufficient for their purpose, and their 
physical interpretation is more easily comprehended by the 
beginner. Of the new matter in this edition, Chapters XI. to XIV. 
deal with the generalized theory and the crucial phenomena ; 
Chapter XV. deals with the attempts of Weyl and others to bring 
electromagnetic phenomena into the generalized relativity scheme ; 
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and Chapter XVI. is devoted to cosmological speculations. A 
series of miscellaneous notes are added at the end, explanatory of, 
or supplementary to, various matters discussed in these chapters. 

The treatment is admirably clear throughout. The author has 
been at considerable pains to distinguish between the metrical and 
non-metrical properties of tensors, and to make clear the physical 
meaning of the analysis and the results. Students of very modest 
mathematical attainments will therefore be able to read the volume 
with profit. The author avoids the paradoxical methods of 
presentation which have marred some treatments of the theory 
and which have increased the difficulties of the student. The 
treatment of the subject is in many respects novel, and it is evident 
that great care has been taken to minimize the difticulties— 
conceptual and analvtical—of the theory. | 

The last chapter is the one in which there is the greatest 
divergence from other treatises on the theory. A detailed study 
is given of both Einstein's and de Sitter's cosmologies. The author 
explains clearly why, in his opinion, Einstein’s cosmology is 
untenable. The generalized Doppler effect, due both to distance 
and to line-of sight motion, is explained in detail, and the radial 
velocities of special nebule are used to derive an estimate of the 
curvature radius of de Sitter’s space-time. This portion of the 
subject is still very speculative, but the author's discussion appears 
to give substantial support to de Sitter's cosmology. We are 
grateful to the author for this detailed account of a part of the 
theory which has been much neglected. 

Full references to original papers are given throughout. 

In conclusion, we may say that we do not know a better or more 
complete exposition of the theory of relativity than that under 
review, 


Introduction ty Theoretical Physics. Volume I. By Anrucr Haas, 
Ph.D., Professor of Physics in the University of Vienna. 
Translated by T. Verscnoyir, M.C. Bese,  A.R.CS. 
Pp. xiv E3231 with 55 figures.] (London: Constable & Co., 
1924. Price 215. net.) 


Tug days when the various branches of physics could be treated 
as isolated units are long past. Modern physics is, however, 
such a vast subject that a text-book of reasonable size can deal 
with only one brauch or portion of one branch. There is, 
therefore, a real need for a book in which the various branches of 
the subject are. developed in connexion with one another and 
with a consistent notation. Sueh a volume can necessarily not be 
exhaustive, but should deal with fundamental principles in a 
stimulating manner so that the student or worker in other 
branches of science will have a well-balaneed view of the whole 
subject and of tie relationship of its different parts. Christiansen’s 
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* Elements of Theoretical Physics’ was a book of this nature, but 
was published 30 years ago and is now in many respects out 
of date. All students of science should, therefore, be very grateful 
to Professor Haas not merely for filing this gap in scientitie 
literature, but for filing it in such an excellent manner. A 
judicious selection of material, combined with a mathematical 
treatmentin which successive steps are carefully explained, render 
the volume one which can be read with profit by the student of 
everv branch of science, even though his mathematical equipment 
is of the slenderest. 

At present only Volume I. is available in the English translation. 
It is to be hoped that Volume 1I. will shortly be published. ‘The 
first volume is divided into two parts dealing respectively with 
mechanics, including the general theory of vector fields, of 
vibrations and of potential, and the theory of the electromagnetie 
field and of licht. We are glad to see vector notation and 
analysis used from the beginning ; frequently the student makes 
his first acquaintance with the vector notation when he begins to 
study the electremagnetic theory, whereas many problems in 
mechanics such as the rotation of a rigid body about a fixed axis 
lend themselves admirably to vector methods. Professor Haas has 
the happy gift of being able to condense a large amount of 
material in concise yet readable form, and it is surprising what a 
wide. field is covered in about 300 pages. A summary of the 
contents is given at the end which is valuable not only for reference 
purposes, but also to enable the student more easily to trace the 
connexion between different portions of the argument. 

The volume is one which can be thoroughly recommended to 
aud should be read by every serious student of science. 


The Priuciple of Relativity. A Collection of Original Memoirs on 
the Special and General Theory of Jiclatwity. By H. A. LORENTZ, 
A. Einstery, H. Minkowski, and H. Weri. With Notes by 
A. SomMERFELD. Translated by W. Perrett and G. B. Jeffery. 
(Methuen: London. 12s. 6d.) 


Ir is a great convenience to have between one pair of covers 
the important original papers contained in this volume. There is 
first, part of the classical paper by Lorentz on Michelson’s 
Iuterference Experiment, written in 1895, followed by his paper 
ou Electromagnetic Phenomena in a system moving with any 
velocity less than that of Light, which appeared in 1904. Then 
come Einstein’s papers on the Electrodynamics of Moving 
Bodies, which originally appeared in. the Annalen der Physik in 
1905, and his short paper on the Dependence of the Inertia of a 
Body on its Energy Content, published in the sume issue of that 
journal. Next comes the paper by Minkowski on Space and 
Time, which will be for ever a classic, whieh he gave as an address 


502 Notices respecting New Books. 


to a congress of physicists in Cologne in 1906. There is a valuable 
appendix to this paper in the form of notes by Sommerfeld. Weyl 
is represented in this volume by a reprint of his paper on Gravi- 
tation and Electricity, from the Sitzunysberichte der Preussischen 
Akad. d. Wissenschaften, 1918. 

The other half of the volume 1s wholly a reprint of Einstein's 
later papers. ‘There is the paper on the Influence of Gravitation 
on the Propagation of Light, from the Annalen der Physik, 1911. 
Next, the Foundation of ‘the General Theory of Relativity, from 
the same journalin 1916. Next there is the paper on Hamilton’s 
Principle and the General Theory of Relativity, from the Sttzungs- 
berichte der Preussischen Akad. d. Wissenschaften, 1906. Finally 
there are the papers originally published in this same journal in 
1917 and 1919 respectively on Cosmological Consideration on the 
General Theory of Relativity, and the paper entitled “ Do Gravi- 
tutional Fields play an Essential Part in the Structure of the 
Elementary Particles of Matter? ? 

lt will be seen that the contents of this book make it of the 
very greatest value as a convenient reference book for the progress 
of the theory of relativity iu the work of Einstein through its first 
two stages. The addition of the other very important papers 
further increases its value. The translators are to be congratulated 
very heartily on their achievement. 


Einsteins Theory of Relativity. By Max Bory. Translated by 
H. L. Brose, M.A. (Methuen: London. 12s.) 

Tuis book isa translation of the third edition of Born’s book 
which appeared originally in German in 1900. The idea of the 
book, according to the author, was to give an exposition of the 
Theory of Relativity «^ initio, which could be followed by those 
who have very little knowledge of mathematics or phvsies. 
Professor Born set out on this rather formidable task by 
discussing at some length, with the help of a number of experi- 
ments, the classical conceptions of velocity, acceleration, muss, 
force, and so on. The reader is then brought by easy stages all 
the way to the general Theory of Relativity. Professor Born 
has evidently expended a great deal of care on developing all the 
points in the easiest. and simplest fashion for the audience which 
he has in view, and those students who have an ambition to 
understand the Theory of Relativity in spite of a meagre equipment 
in mathematies and phy sies would find it worth while to study 
this book. The translation appears to be very satisfactorv. 


Space and Time. By Cant Benepicks. With an Introduction 
by Sir OLivER Loper. (Methuen. 4s.) 


Tits small thin volume is an essay embodying Professor 
Benedicks’s views on the foundations of new theories. His 
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purpose is not to understand them in themselves, but to discuss 
how far they are necessary or not from the standpoint of science 
in general. The essay is based on an address given to the 
Students’ Club in Stockholm, and though quite slight, it is 
interesting and well worth reading. 


The History of Mathematics in Europe. By J. W. N. SULLIVAN. 
(Pp. 109, with 17 illustrations.) 

Electricity and the Structure of Matter. By L. SovTiütERnNS, M.A., 
B.Sc. (Pp. 128, with 34 illustrations.) 

(* The World's Manuals”; Oxford University Press, 1925. Price 
2s. Gd. net each). 


THESE two volumes are included in a new series, entitled ‘The 
World's Manuals,’ which are in course of publication by the 
Oxford University Press. The series is designed to provide 
the student who is undertaking a special study with the broad 
outlines and guiding principles of his subject, and also to be of 
interest to the great body of general readers who welcome accurate 
and concise accounts of subjects of general interest. The two 
volumes under review are included in the section ** Science and the 
History of Science.” ‘The first of the two is one of the subseries, 
“Chapters in the History of Science,” the general editor of which 
is Dr. Charles Singer. It traces in outline the development. of 
mathematies from its beginnings in Europe up to the time of the 
rise of the conception of mathematical rigour. The contributions 
by the principal mathematicians of the period covered are carefully 
summarized. Specimens of actual solutions of several problems 
(in modern notation) and also of notation from early mathe- 
maticians are given, ‘These enable the reader more clearly to 
realize to how great an extent successive advances were dependent 
upon the improvement of the notation in use and the better to 
understand the quality of their achievements. The second volume 
gives a brief outline of the history of the subject dealt with up 
to the time of the discovery of the electron, followed by an 
account of some of the older and also of the principal modern 
applications and developments of electricity, both theoretical 
and practical. These include radio-activity, the structure of the 
atom, electromagnetic waves, and the use of X-ravs for the study 
ef crystal structure. 

Both volumes are written in a scholarly manner and form 
concise and accurate summaries of the subjects dealt with. They 
can be thoroughly recommended both to the scientific and also to 
the general reader. 
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L. Intelligence and. Miscellaneous. Articles. 
THE CONSTANT N OF AVOGADRO. 


T'o the Editors of the Philosophical Magazine. | 
GENTLEMEN,— 


HAVE just read in the April issue of the Phil. Mag. the 

letter of Mr. L. M. Alexander, Assistant Professor of Phy sies 

in Cincinnati, concerning my paper *A New Determination of 

the Constant N of Avogadro,” which was published in the 

Philosophical Magazine, 1924, xlvii. p. 664, and I wish to thank 
him for the opportunity that he gives me of correcting myself. 

Of course, his criticisms of the two estimates of the per cent. 
error involved in the calculations are obviously true. But I did 
not say in mv paper that niy value and that of Millikan agreed 
within the experimental error, although the difference of 1 per 
cent, is small. Thus, one should read 1 per cent. instead of 0-1 
per cent., and +0-009 instead of 4-008. 

As to the third objection, which 1s also very obvious, it was not 
even necessary to use so many formulas to reach the conclusion 
that, having started. from a value of the area obtained from tlie 
knowledge of A, surface of adsorption, one was bound, after 
cancellation, to reach the conclusion that A=A, unless the 
arithmetic had been wrong. Unfortunately, this identity did not 
strike me before the paper was ont, and I plead guilty to the 
oversight. J may add that I corrected these three errors in a 
subsequent paper on the same subject, which I sent to the 
* Journal de Physique, and which was received in Paris on the 
sixth of January, 1925, long before I read Professor Alexander's 
letter. This paper is now in the press, and would have been out 
before if it had not been delayed by a printers’ strike. 

However, I wish to emphasize the fact that none of these 
errors invalidated in any way the experimental work, or the 
conclusious drawn from it. 

I take this opportunity to correct another slight mistake whieh 
Professor Alexander has overlooked. The real value of N obtained 
from my experiments should read 
instead of 6:009. 


With many thanks for your courtesy, I remain 
Yours very truly, 


'The Rockefeller Institute, LECOMTE DU Noty. 
New York, NS 
May 28, 1025. (P. Lecomte du Noüy, Sc.D.) 


[The Editors do not hold themselves responsible for the 
views expressed by their correspondents. | 
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Vibration Curves of the Mid-Point of the String. 


Metal Hammer m/M=1; 1=316¢m.; a= Distance of Struck Point from Nearer Bridge ; 
Linear Density (p) of Wire = 0:093 gm. per cm.; Time Axis is Positive from left to 
right. Fig. 19 shows Initial Conditions, 
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Vibration Curves of the Mid-Point of the String. 


Metal Hammer m’M —9:625; 1—100 em. ; a = Distance of Struck Point from 
Nearer Bridge ; Linear Density (;) of Wire —0:0174 gm. per em.; Time 
Axis is Positive from right to left. All figures except Nos. 4, 5, and 15 
show Initial, Conditions, 


rEORGE, Phil. Mag. Ser. 6, Vol. 50, PL X V. 


Vibration Curves of the Mid-Point of the String. 


Felt Hammer m/M=1/1'18; 1=100 cem.: a= Distance of Struck Point from Nearer Bridge: 
Linear Density (u) of Wire-- 0:093 gm. pef cm. ; Time Axis is Positive from left to right. 
Initial Conditions can be seen in Figs. 5, 6, 8-13, 15-18. 


GEORGE, 


Phil. Mag. Ser. 6, Vol. 50, Pl. XVI. 


Vibration Curves of the Mid-Point of the String. 


Meta] Hammer m/M —1/2:53 ; l= 100 em. ; a= Distance of Sruck Point from Nearer Bridge ; 
T Density (u) of Wire—0:093 gm. per cm.; Time Axis is Positive from left to 
right, 


Fig, 17 shows Initial Conditions. 
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LI. On the Efect of Chemical Constitution on the X-Ray 
Spectrum of Sulphur. By B. Ray, D.Sc., Lecturer in 
Physics, Calcutta University *. 


[Plate XVIL] 
§ 1. Introduction and Experimental Results. 


S is well known, the phenomena of X-ray spectra are 
almost but not quite independent of the physical and 
chemical state of the element under investigation. This 
effect appears primarily in the wave-lengths of the absorption 
edges, and has been subject to a number of investigations | 
in Professor Siegbahn's laboratory. As would be expected 
from theoretical considerations, the effect on the wave-lengths 
of the emission lines is much smaller. Still, a perceptible 
influence was detected in a recent investigation by the 
writer T, who, using the precision X-ray spectrograph of 
Siegbahn, was able to detect a small difference in the wave- 
lengths of Kea, and Ka, in a number of elements when 
investigated under different conditions. This difference 
was especially conspicuous in the distance between the two 
lines known as the relativity doublet, whereas the absolute 
shitt of the lines was not determined with great accuracy. 
On account of the theoretical interest of the problem of the 
orivin of this doublet, the writer has extended the investi- 
gation to the case of sulphur where, partly due to the 


* Communicated by Prof. N. Bohr. 
t Phil. Mag. Jan. 1925, 
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variability of its chemical compounds and partly due to its 
small atomic number, large effects might be anticipated, 
and where the absolute as well as the relative shift could be 
determined more easily. 

The apparatus used was a vacuum spectrograph with 
metal X-ray tube of Professor Siegbahn's construction. 
The high vacuum in the X-ray tube was separated from the 
low vacuum in the spectrograph by  goldbeaters! skin. 
Since the sulphur rays are very easily absorbed in air, an 
auxiliary oil-pump was used to have the vacuum in the 
spectrograph as high as possible. The salt under investi- 
gation was pressed on the anti-cathode in the form of 
powder in the usual way. As is, however, well known, 
salts placed on the anti-cathode disappear rapidly and are 
apt to undergo chemical alterations, and a special type of 
anti-cathode was therefore used containing four faces, each 
of which was covered with salts at the beginning of the 
experiments, and one after the other could be exposed to 
the cathode rays by simply turning the anti-cathode from 
the outside in its vacuum-fitting. Another new addition to 
the spectrograph consisted in a metallic shutter placed just 
before the photographic plate but supported independently 
by the base of the spectrograph. This shutter, constructed 
by Mr. Olsen of this laboratory, allowed two exposures to 
be obtained on one and the same plate, one just above the 
other, without the risk of any shift in position of the plate. 
This was of special importance for the direct comparison of 
the spectra of the different sulphur compounds. 

Calcite was used as a crystal, and in order to ensure sharp 
images the crystal was during the exposure slowly turned 
to and fro through an angle of about one degree. 

In order to measure tlie wave-lengths of sulphur lines, the 
cobalt lines were taken as reference. In fact, the Ke, and 
Ka; lines of sulphur in the first order appear on the plate 
between the Ka, and Ka, lines of Co in the third order. 
The wave-lengths of the sulphur lines would therefore be 
obtained by interpolation from Siegbahn's precision measure- 
ments of the Co lines. Asa check of this method, the said 
wave-lengths were also caleulated by means of the distance 
from the photographie plate to the crystal, which for this 
purpose could be easily found with sufficient accuracy. 

The results of the measurements are given in Table I. 
The accuracy in the measurements is generally of the order 
0:00 X-unit. The second decimal has therefore been 
printed in small figures. 
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TABLE I.— Wave-length in X-units. 


Compound. ay. a,» 

5363-8, 53609, 

53638, 53009, 

noeuds esent 53638, 5360:99 

5363-9, 5360-9, 

53639, 5360-9, 

Mean ... 5363-90 5360:90 

CaS 5363-9, 5360:90 
FeS 53638; T 
CuS 53639, " 
SrS 5363°9, 
MoS 53638, T 
Ag,S 55639, ” 
SnS 5363-9, " 
Sb,S, 5363 9, 5 
Sb.S, 5363:9, P 
BaS 53638, » 
PbS 52363 9, - 

Mean ... 5363°90 

Na,SO, 5360:90 535875, 

K,SO, s 9358-4, 

CaSO, > 535874, 

Fe.(SO,)s i 52585, 

CuSO, 55 93084, 

SrSO, j 5358-5, 

Ag SO, D 53085, 

BasO, - 9235874, 

PbSO, Y 53584, 

Mean ... 5358:50 

Na,SO, 5360°90 5358°5, 

CaSO, » 53584, 

CuSO, - O358'4, 

Ag.SO, is 5358-4, 

Caso, »5 53584, 

BasQ, " oJ08 23, 

PbSO, - 53585, 

Mean ... 5358:50 


As will be seen, tbe values for the various types of 
compounds agree very closely with each other. As regards 
pure sulphur, no difference could be observed between 
rhombic and plastic sulphur. As seen from the table, also 
no difference could be ascertained between pure sulphur and 
sulphides of various metals. Similarly the values for the 
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various sulphates and sulphites agree closely with each other. 
However, a very marked difference appeared between 
sulphur ond sulphides on the one hand and sulphates and 
sul phites on the other. This difference consisted not only 
in a shift of the position of the doublet, but also in a 
change of its width. Thus, as a mean result ot our measure- 
ments, we have found for sulphur or sulphides AA — 3:0 X.U., 
and for sulphites or sulphates AA 22:4 X.U. The shift of 
the position of the whole doublet was so large that on the 
plates the Ka, line of sulphur coincided with considerable 
accuracy with the Ka, line of a sulphate. As a consequence 
of this, the plate will exhibit three lines instead of four 
when a mixture of sulphide and sulphate is present on the 
anti-cathode. Owing to the reduction of the salts under the 
bombardment of the eathode-rays, photographs of long 
exposures of sulphates or sulphites show besides two stronger 
lines also a third faint line at the position of Ke, for a 
sulphide. (See Pl. XVII. a, b, c, d.) 

This observation raises the question as to the extent to 
which chemical changes on the anti-cathode may influence 
the results. Thus it might be imagined that the identity of 
the spectra obtained with sulphite or sulphate, or with 
sulphur or sulphide, is due to the one form being in a very 
short time converted into the other. However, no trace of 
additional faint lines could be observed, even it tlie material 
on the anti-cathode was frequently renewed. 

Another interesting feature is exhibited by the lines Ka; 
and Ka, Their wave-lengths are always found to be the 
same whether they are excited. in sulphur ervstuls or 
sulphides on the one hand or sulphites or sulphates on the 
other. The only difference lies in the fact that in the former 
case the lines are sharp, while in the latter case they are 
somewhat diffuse, the edge of the lines on the side of short 
wave-leneths being somewhat less sharp than the edee on 
the sde of long “wave-lenuths. Although this want of 
sharpness is probably due to alterations in the chemical 
state, the experiments leave harcly any n tor 
doubting that in the much smalier influence of the ehenieal 
state on the lines Nas, Ka, compared with the lines Ka, 
Ka, we are dealing with an essential difference in the 
behaviour of these lines, to the reason for which we shall 
come back in the following. 


§ 2. Discussion of the Results. 
Making use of Lindhs * measurements of the position of 
the IX-absorption edge in sulphur and sulphates, the results 
* Dissertation, Lund, 1923. 
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of our measurements allow us to calculate the following 
values for the Lr and Lii levels expressed in the Rydberg 
frequency as unit for CuS and CuSQ,. 


Sulphide. Sulphate. Differenee. 
K (Lindh)... 131:85 182:68 0:83 
Lir ive 11:96 12°70 074 
Lim wed 11:57 12:62 O75 


Tn the first place it will be seen that the change in the 
levels is quite considerable, being for the K-levels about 
i per cent. and for the L-levels about 9 per cent. The 
theoretical interpretation of this change has to be sought in 
the changes of the binding of the electrons in the M-group. 
It is of interest, however, to point out that the changes are 
still small compared with the change to be expected if the 
behaviour of tlie sulphur atom in a sulphate compound could 
be simply compared with that of a six-fold charged sulphur 
atom. 

In fact a simple estimate of the effect of the “ outer 
screening "* to which the presence of the M-electrons in the 
neutral sulphur atom gives rise leads to a weakening 
influence on the binding of the K- and L-electrons which 
amounts to about one-half of the value of the L-levels 
themselves and thus is almost ten times larger than the 
difference in the levels observed in sulphur and sulphate. 
Even if for many purposes it is convenient to regard the 
sulphur atom in the sulphate molecule as a six-fold charged 
ion, it is thus elear that the presence of the electrons which 
in this picture are assigned to the oxygen atoms will exert a 
compensating influence on the energy necessary to remove 
an inner electron from the sulphur atom which is nearly as 
large as that exerted by the M-electrons in the neutral 
sulphur atom. 

Compared with the shift of the levels, the shift of the 
emission lines themselves is very small, as is also to be 
expected from the theory, since the outer screening effect 
will be practically the same for a K-electron and an 
L-electron. As seen from the table, the experiments bring 
out that the K-level is changed slightly more than the 
L-levels. Considering, however, what we have just termed 
the compensation of the outer screening effect on the levels, 
itis hardly possible at present to offer any simple explanation 
of the small difference under consideration. 


* Comp. Bohr, and Coster, Zs. für Phys. 1923. 


910 Dr. B. Ray on the Effect of Chemical 


Due to the narrowness of the L-doublet, its change does 
not appear clearly from the table, but, as mentioned in 
the former section, the doublet is quite considerably affected 
by the chemical state, its width being 3:0 X.U. in sulphur 
and only 2:4 X.U. in sulphates. As regards the interpre- 
tation of this result, it must be emphasized that we do not at 

resent possess any simple interpretation of the remarkable 
fact that the L-doublets are given with such close approxi- 
mation by Sommerfeld’s for mula for the relativity influence 
of the binding of an electron moving round a point-charge. 
Compared with this formula, we may express our result by 
saying that the magnitude of this point-charge is almost a 
half unit larger for sulphur than for sulphates, or, in other 
words, that the so-called relativity screening constant is 
about 0*6 unit larger for sulphate than for sulphur. It is 
interesting to note that this change is of the same order of 
magnitude as the difference of the total inner screening 
responsible for the so-called screening doublet Ly Lyr in the 
L-series. Not only the difficulties which at present stand 
in the way for a simple interpretation of the screening and 
the relativity doublets *, but also the difficulty of theore- 
tically estimating the influence of the compensating effect 
referred to above seems to make any attempt of a closer 
interpretation illusory. At present it can only be a question 
of collecting material which perhaps will be of value for a 
future theory of the origin of the doublets. In this respect 
the observations in the present paper mav give information 
of the same character as the observations of Siegbahn is 
Ray f as regards the anomalous behaviour of the K rela- 
tivity doublet for the elements of the iron familv, and also 
of the Laæ-doublet f. for the palladium family and the rare 
earths. Although the latter result undoubtedly offers an 
interesting general confirmation of Bohr’s explanation of the 
singular position of these families within the periodie table, 

no quantitative interpretation can at present be given. 

Before concluding we may still draw attention to the 
difference in the liolvionk of the lines Kaz, Ka, compared 
to that of. Ka,, Kag mentioned in the former section. This 
difference may be brought to an interesting connexion with 
the interpretation of the former lines ad ocated hy Wentzel, 
according to which these lines originate from atoms in 


* Compare Bohr and Coster (4. c.). 
T Ark. f. Mat, Astr. och Fys, Bd. xviii. no. 14. 
t Phil. Mag. Oct. 1924. 
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which both K-electrons are removed. In fact, the increase 
in the charge of the sulphur atom accompanying this 
removal may be expected to have a large influence on the 
orbits of the looser-bound electrons in the neutral sulphur 
atom and in the sulphate molecule. In this respect the 
small shift in the lines under consideration might suggest 
that the ionization would produce an essential change in the 
constitution of the sulphate molecule to the effect of making 
the sulphur atoms behave similarly as in the isolated 
state. This may be connected with the fact that a sulphur 
atom which has lost both K-electrons may be able to bind 
8 M-electrons with a considerable strength similar to that of 
the binding of the M-shell in the neutral argon atom. Due, 
however, to circumstances of the same kind as those playing 
a part in the effect discussed above, it would seem ditticult 
to reach a simple theoretical interpretation. 


§ 3. Summary. 


The wave-lengths of the K-lines of a great number of 
sulphur compounds have been examined. It is found that 
the wave-lengths of the rays within the limits of experi- 
mental error are the same for sulphur and sulphide 
compounds on one hand aud for sulphites and sulphates on 
the other, but that considerable differences are exhibited 
by the wo classes of compounds, the lines Ka, and Ka, being 
shifted to shorter wave-lengths for the latter class at the 
same time as their distance apart 1s considerably diminished. 
For the lines Ka; and Ka, no such shift was observed. 
A general discussion as regards the theoretical interpretation 
of the results is given. 


It gives me great pleasure to thank Professor N. Dohr 
for lus many vali thle suggestions during the whole course 
of the work. Mv Hanks. are also due to Mr: Y. Nishina for 
his unfailing friendly help and interest during the work, 
and to Professor G. Hev esy tor kindly supplying me with 
the sulphur compounds for this inv estigation. 


Universitetets Institut for teoretisk Fysik, 
Copenhagen, 
June 1925. 
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LII. Note on Production of Atomic Nitrogen and its Arc 
Spectrum. By K. T. Compton, Professor of Physics, 


Princeton University *. 


d heer years ago the writer, in collaboration with Dr. P. S. 
Olmstead f, succeeded in obtaining an atmosphere of 
atomie hydrogen at low pressure within a tungsten tube 
heated to about 2200? C., and measured the critical radiating 
potentials of atomic hydrogen by the method of electric 
impacts within this tube. This success led us to attempt a 
similar experiment in nitrogen. The possibility of thermally 
dissociating molecular nitrogen depends upon its teat of 
dissociation, which was then unknow n, but was believed to be 
high. Langmuir f, for instance, states that practically every 
hy: drogen molecule which strikes a hot tungsten filament is 
dissociated, whereas he could detect no evidence of such 
dissoci ation in the case of nitrogen at any temperature 
attainable with a tungsten filament, although he could have 
detected as much as 5 per cent. of dissociation. Neverthe- 
less there was a chance that, within a high-temperature en- 
closure, a detectable degree of dissociation might be attained. 
The results of two years of work on this problem have been 
entirely negative. We have succeeded, by the former 
method, iri obtaining beautiful radiating potential curves of 
nitrogen (and also of carbon monoxide in several cases where 
the water-cooling of the apparatus was insufficient to keep 
cool a Khotinsky wax joint), but there was no evidence of 
any effect which could be ascribed to nitrogen in the atomic 
state. 

Very recently Eucken$ has shown that the heat of dissocia- 
tion of Ny into N is about 440 kg. cal. per mol. as compared 
with 90 in the case of hydrogen. This value is so high 
as to show the utter futility of further attempts along the 
lines mentioned above. 

Another very different method of obtaining atomic nitro- 

en is suggested by the dissociation of hydrogen which is 
eifected by collisions of the second kind with excited atoms of 
mercury, as described by Carioand Franck ||, Duffendack and 
Compton T, and Turner**. This case illustrates a generaliza- 
tion which Franckt f ade led to the original theory of “collisions 

* Communicated by the Author. 

+ Phys. Rev. xxii, p. 559 (1923), 

t Journ. Am. Chem. Soc. xxxvi. p. 1708 (1914), xxxvii. p. 417 (1915). 

$ Ann. der Chemie, 440, p. 111 (1924). 

|| Ze. f. Phys. xi. p. 161 (1922). 

© Phys. Rev. xxiii. p. 683 (1924). 
#* Phys. Rev. xxiii. p. 404 i 
tt Zs. f. Phys. ix. p. 459 (1822 
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of the second kind" developed by Klein and Rosseland"*. 
According to this theory, if any excited atom collides with 
a different atom or molecule, its energy of excitation may be 
transformed into kinetic, chemical, or excitation energy of 
the impacted molecule. ‘Ihe probability of thus effecting 
a chemical or excitation change seems to be the greatest if 
the energy of the original excited atom is just sufficient 
to effect the given change, and diminishes as the available 
energy more and more exceeds the necessary amount. The 
calculations of Turner indicate that practically every collision 
of an excited mercury atom with a hydrogen molecule results 
in its dissociation. 

Now Eucken's value for the heat of dissociation of nitrogen 
corresponds to 19°05 in equivalent volts. There is no atom 
which is known to exist plentifully in an excited state of 
greater energy than this, under attainable laboratory con- 
ditions, except helium. This gas has been shown by numerous 
experiments to possess minimum excitation states of 19°73 
and 20 56 volts energy, both existing in relatively large 
concentration in electrical diseharges through helium at 
pressures of the order of 1 millimetre or more. Thus, if 
nitrogen were mixed with helium under conditions favourable 
for excitation of the helium, we should expect the nitrogen 
to be effectively dissoci: ited by energy transferred from the 
excited helium atoms at collisions of the second kind. 

Conditions favourable for this process may readily be 
predicted. To secnre a large effect, a large electronic 
current through the gas is necessary. (It is well known 
that electrons are much more efficient agents for excitation 
and ionization than are positive ions.) In order to obtain 
large electron currents, ionization is necessary for neutraliza- 
tion of space charge ar ound the cathode. If the vas-pressure 
is low, the necessury amount of ionization may oecur by 
impact of electrons against normal helium atoms, since a 
sufficient number of electrons can, in the long free path, 
acquire energy exceeding the minimum ionizing energy cor- 
responding to 24:5 volts. At higher gas-pressures, the chance 
of thus aequiring the ionizing energy is less, since a larger 
proportion of the electrons lose their energv by exciting 
helium atoms to the 19:7 and 20:5 volt states. In this con- 
dition, more of the ionization 1s of the cumulative or two- 
stage type, which becomes predominant at pressures above a 
few millimetres ft. It can be shownf, for instance, that an 

* Zs. f. Phys. iv. p. 46 (1921). 

+ K. T. Compton, Phys. Rev. xx. p. 284 (1922); Phil. Mag. xliii. 
p. 531 (1922). 

t K. T. Compton, Phys. Rev. xxii. p. 333 (1923). 
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electron moving in a field of 50 volts /em. through helium at 
Imm. pressure would make, on an average, three collisions 
after attaining the minimum exciting energy but before 
acquiring the minimum ionizing energy. [f the gas-pressure 
were increased to 20 mm. the corresponding number of col- 
lisions would be 1200. These figures, combined with the 
fact that excitation is very probable and ionization very 
improbable at impacts by electrons whose energy only slightly 
exceeds the critica] amount, illustrate the great importance 
of excited states and cumulative ionization at the higher 
helium pressures. Thus large current and high helium 
pressure are favourable to dissociation by action of excited 
helium atoms on nitrogen. 

On the other hand, it is obvious that low partial pressure 
of nitrogen is necessary. If the nitrogen were present in 
too large proportion, the electrons would collide inelastically 
with nitrogen molecules, and thus lose their energy without 
effecting the excitation of the helium. This is, of course, 
the explanation of the fact that the spectrum of a helium 
diseharge-tube containing a trace of foreign gas shows the 
lines of the foreign gas with greatly increased intensity. 
The helium atoms serve simply to increase, by elastic col- 
lisions, the total path of electrons through the tube, and thus 
increase the chance of collision with a molecule of foreign 
gas. It is only when the proportion of gas is extremely small 
that the electrons attain the energies required for excitation 
of the helium itself. Calculations similar to those above 
show that, as the helium pressure is increased, the amount 
of nitrogen must be diminished if most of the electrons are 
not to lose their energy directly to the nitrogen. At 20 mm. 
helium pressure, rough calculations show that the nitrogen 
pressure should be less than 0:01 mm., probably considerably 
less, in order to have most of the electron energy go directly 
into the helium. On the other hand, the amount of nitrogen 
must be sufficient to be appreciable. 

These considerations suggest that there should be a rather 
limited range of conditions which are favourable, in a 
discharge-tube, to the production of atomic nitrogen in 
appreciable quantity by collisions of the second kind. If 
Eucken’s value for the heat ot dissociation is correct, helium 
should be the only gas capable of producing this association. 
Although the actual amount of nitrogen thus dissociated 
would of necessity be small, the percentage dissociation should 
be very high, since the chance of meeting of two nitrogen 
atoms would be much less than the chance of meeting with 
an excited helium atom, under the conditions postulated. 

In this state of dissociation we should expect to find the 
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spectrum of neutral atomic nitrogen strongly developed, 
owiug to the favourable conditions for impact of electrons 
against the neutral atoms. 

Since the appearance of Eucken’s paper, the writer has 
been considering the possibilities outlined above, and was 
preparing to put them to an experimental test, when he read 
the very recent paper by Merton and Pilley * on “ Experi- 
ments relating to the Spectrum of Nitrogen." These authors 
have, in a very elegant research, discovered that a new and 
distinct line spectrum of nitrogen is obtained only if the 
following conditions are fulfilled :— 

(1) The nitrogen must be present in very small amount, 
mixed with helium at a pressure of about 30 mm. 

(2) A condensed discharge(therefore large current density) 
must be used. 

(3) The gases must be extremely pure, the slightest trace 
of impurities such as organic matter serving to bring out 
spectra of the impurities. (Only a trace of neon was present 
as an impurity.) 

(4) If the nitrogen is too plentiful, the new line spectrum 
is replaced by the molecular band spectrum. 

_ (5) If argon is substituted in place of helium, the new line 
spectrum is not obtained. 

It is striking that every one of these conditions is exactly 
in line with the above considerations based on collisions of 
the second kind, and they were, in fact, predicted before the 
paper by Merton and Pilley appeared. The experimental 
work of these authors may therefore be considered as still 
another evidence of the importance of collisions of the second 
kind in the field of ionization and excitation. 

The explanation of their experiment suggested by Merton 
and Pillev is, in effect, that the helium limits the electron 
velocities to about 20 volts, which may be the most favour- 
able speed for exciting the nitrogen arc spectrum. Besides 
being less complete than the expli ination suggested in the 
present paper, there is definite experimental evidence agalnst 
it. In experiments both with two-electrode arcs and three- 
electrode tubes, in both of which the electron currents and 
speeds could be independently regulated over wide ranges, 
Duffendack t snd Dutffendaek and Duncan $ have failed: to 
find any evidence of line excitation at these voltages, and 
have not found any except spark lines to be excited at higher 
voltages. It is true that they probably had no appreciable 
proportion of atomic nitrogen present in their experiments. 
However, if the presence of sufficient atomic nitrogen could 


* Proc. Roy. Soc. A, evil. p. 411 ao. 
+ Phys. Rev. xx. p. 665 (1922 f Phys. Rev. xxiii. p. 295 (1924). 
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be accounted for as the direct result of electron impacts, it 
is probable that they and others would have succeeded in 
exciting the new are spectrum, as, for instance, the liue 
spectrum of hydrogen may be excited. 

The peculiarity of nitrogen appears to be, as pointed out 
by Merton and Pilley, that it dissociates under eleciron 
impacts into ions rather than atoms *. This, together with 
the well-proved fact that excitation is a much more promi- 
nent process than recombination in producing spectraT, 
accounts for tle fact that ordinary excitation of nitrogen 
gives omy the molecular band and the atomic spark spectra. 

These considerations mav be considered as supporting 
 Eucken's value of the heat of dissociation of nitrogen. Had’ 
its value been as low as 230 kg. cal. per mol, we should 
have expected argon to be as effectiveas helium in the above 
experiment, 

Finally, two extensions of this work suggest themselves. 
If neon should behave as does helium in bringing out the 
nitrogen arc spectrum, we may conciude that the heat of 
dissociation is as low as 370 kg. cal. per mol. ; if it does not 
the value lies between this and 450, in agreement with 
Eucken. Thus spectroscopie observations may give some 
evidence regarding heats of dissociation. Furthermore, 
Eucken's value of 425 for the heat of dissociation of oxvgen 
suggests that an are spectrum of atomic oxygen might be 
obtained by similar experiments with this gas in helium. 
In this case, however, it is possible that the electron atlinity 
of atomic oxygen may prevent its existence 1n the neutral 
atomic state in any considerable quantity, Likewise CQ, 
with heat of dissociation 415, mav give interesting spectra 
of C and O when properly mixed with helium, [t seems 
possible that many spectroscopic peculiarities of mixtures of 
molecular with monatomic gases, such as the ** comet-tail ” 
spectrum, may find explanation of the sort suggested above. 

Palmer Physical Laboratory, 

Princeton, N.J., U.S.A. 

Note.—After this paper was written, the author found that 
Prof. M. N. Saha and Mr. N. K. Sur had previously suggested 
the desirability of investigating the action of excited helium 
on nitrogen, with especial reference to the possible production 
of the N line spectrum, It may be said, however, that the 
probable significance of the relation between the heat of 
dissociation of N, and the energy of excited helium was 
then unknown for lack of knowledge regarding the heat of 
dissociation. (See Phil. Mag. xlviii. p. 427, 1924.) 

* Smyth, Proc. Roy. Soc. A, civ. p. 121 (1923). 

T Compton, Turner, and McCurdv, Phys, Rev. xxiv. p. 597 (1924). 
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LIII. The Orientation of Crystals in Metal Test- Pieces sub- 


jected to Small Strains followed by IHeat-Treatment. By C. 
F. ELAM, M. A., Armourers and Brasiers Research Fellow * 


N the following paper a comparison has been made of 
the orientations of crystals of aluminium, an aluminium- 
zinc alloy eontaining l8 per cent. zinc, and iron which have 
been formed by the method o£ straining foliowed by heat- 
treatment, with the object of ascertaining whether the 
method of manufacture influenced the orientation. It is 
known from the work of Polanvi f and others that, with 
severe cold work such as occurs in wire-drawing, the 
crystals tend to assume certain definite positions relative 
to the direction of stress, and Glócker f has shown recently 
that on annealing such material this orientation is not 
completely obliterated. Edwards and Pfeil §, in describing 
their tests on iron crystals, were of the opinion that there 
was a similarity in the orientation, and concluded that the 
small crystals in the aggregate which eventually grew were 
so related to the axis "of pull that they underwent a type 
of deformation which favoured crystal growth. The question 
as to whether the large crvstals were formed from new 
crystal nuclei, /.e. by a process of reerystallization or from 
some of the original small ervstals, was diseussed by Professor 
Carpenter || and the author in a previous paper. A similarity 
of orientation would favour the latter view rather than the 
former. 
Altogether the axes of sixty-four crystals have been 
determined and compared. The majority of the pure 


aluminium crystals determined were those occupying the 
whole parallel po tion of a test- -piece, but in one care all 


the crystals in a test-plece containing four were determined. 
In the case of iron, the axes of six ervstals in one strip, 
kindly sent to the writer US Protessor ©. A. Edwards, were 
determined by Mr. R. L. Aston in tlie Cavendish Laboratory, 
Cambridge, who has kindly allowed his results to be included, 
in addition to other ervstal axes determined by the writer. 
Of the alloy crystals, all were turned out of bars consisting 
of several crystals. f 

The method of determieing the ervstal axes in a test-plece 
has already been described f. It is unnecessary to give the 
actual fi rures, as tliese in themselves do not sliow elearly how 

* Communicated by the Author. 

T Ettisch, Polanyi, and Weissenbers, Zeit. für Physik, iv. & vii. 
1921, etc. 

[ Glocker, Zeit. für Physik, xxxi. (1925). 

$ Edwards and Pteil, Journ, Iron & Steel Inst. 1924, no. 1. 

|| Carpenter and E lam. Proc, koy. Soc. A, c. (1921). 

€ Muller, Proc. Roy. Suc. A, cv. (1924). 
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the crystals vary in relation to the axis of the test-piece. For 
this purpose the stereographic projection of the crystal axes 
was made in which one of the cubic (100) axes was in the 
centre of the figure, and the four octahedral (111) axes were 
arranged symmetrically round it * (fig. 1). In order to fit 
the crystal axes determined by X-rays on to this figure, it is 
necessary to rotate them (using a stereographic net) until 
one of the cubic (100) axes coincides with the centre of the 
diagram. The axis of the text-piece is then represented by 
a point P lying in one of the twenty-four spherical triangles 
in the figure. These trianglesare all similar, and by choosing 
Fig. 1. 


110 


10 


a suitable cubic axis to put in the centre of the figure, the 
axes of all the test-pieces can be made to fall into one 
particular triangle, when their relative positions can be 
more easily compared. Figs. 2, 3, 4, and 5 each represent 
one of these triangles, in which the positions of the axes of 
the test-pieces have been marked. It will be at once 
apparent that a great variety of orientation is met with, 
although in the case of aluminium most of the crystals 
favour a position near the (110) axis, and none have yet 
been obtained near a (100) axis. Several of the alloy and 
* Taylor and Elam, Proc. Roy. Soc. A, eviii. (1925)... 
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Fig. 2.—Pure aluminium. 
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Fig. 3.— Aluminium test-piece consisting of four crystals. 
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Fig. 4. —Iron. 
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920 = Orientation of Crystals in Metal Test- Pieces. 


iron crystals, however, were near this position. It is 
possible that the rate of growth is more rapid in some 
directions than others, so that the majority of the largest 


Fig. 5.—Aluminium-zinc alloy. 


100 


tiO 


crystals produced may favour one orientation. This ques- 
tion could only be decided after an examination of a large 
number of erv stals of vary ing sizes. As has been pointed 
out, all test-piec es in fig. 2 were single-crystal test-pieces, but 
those in the other diaurams represent considerable variations 
in size, and there appears to be no relation between crvstals 
in the same test-piece. Furthermore, some experiments 
described by Professor Carpenter and the writer * showed 
that the orientation of a crystal could be changed by 
straining and heat-treating, and that the new orientation 

appeared to have no eelation to that of the original crystal. 
The process is the same as that of conv erting an agoregate 
of small crystals into one crvstal. It is not, however. 
possible to say how this re-orientation takes place. 


" 
Summary. 


The results of the determination of the crystal axes of 
sixty-four crystals produced by a process of straining 
followed by heat-treatment show that the x 'ariety of orienta- 
tion is great, although it is possible that some directions are 
more favoured than "others . The direction of straining does 
not influence the orientation of the crystals to ihe extent 
that was expected. 


Royal School of Mines, 
June loth, 1920. 


* Carpenter and Elam, Proe., Noy. Soc. A, evii. (1925). 
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LIV. The Heating Efect of the y-Rays of Radium B and 
Radium C. By C. D. Erus, Ph. D., Fellow and Lecturer in 
Trinity College, Cambridge, and W. A. Wooster, B.A., 
Hugo de Balsham Student and J. M. Dodds Student of 


Peterhouse, Cambridge *. 


INTRODUCTION. 


N this paper we describe measurements of the heating 
effects of the y-rays of radium B and radium C. The 
main difficulty was to find a method of measuring the y-ra 
heating separately and not superimposed on the \ very auch 
greater a-particle heating effect of radium C. This was 
accomplished in the present experiments by means of an 
automatic compensation of the a-particle heating. 

It is the object of this introduction to point out that this 
measurement has an importance beyond that of determining 
the fraction of the disintegration energy emitted as y-rays, 
since, combined with other measurements, it leads to a 
kno ledge of the absolute intensities of the different y-rays. 

It is generally accepted that the quantum dynamics apply 
to the nucleus and that the emission of y-rays consists in the 
emission of discrete quanta hy, hve, .... so that the relative 
intensities of the different y-rays must mean the relative 
number of quanta emitted. But this discrete emission 
accompanies the disintevration of the nucleus, itself a discrete 
phenomenon, making it possible in this case to speak of the 
absolute intensities in the sense of the probabilities py 
Po, ...-that any one disintegration will be accompanied by 
the emission of one quantum of frequency vi, vg .... It is 
unnecessary to stress the importance of knowing these 
probabilities, they describe the entire phenomenon of emission 
and would lead to an immediate interpretation of the sets 
of nuclear stationary states which are responsible for the 
emission of the y-rays. 

These probabilities can only be found by a combination of 
three different measurements, namely, the heating effect 
of the y-rays, the relative niternsitios of the -ray lines , and 
the coefficient of internal conversion of the y-rays in 
the parent atom. To see this we must consider the y-ray 
emission in more detail. When an atom disintegrates with 
emission of a quantum of frequency v, then in the majority 
of cases this quantum escapes from the atom, but there isa 
certain probability æ that it will be converted inside the 


* Communicated by Prof. Sir E. Rutherford, F.R.S. 
Phil. Mag. S. 6. Vol. 50. No. 297. Sept. 1925. 2M 
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parent atom and give rise to a fast electron. This proba- 
bility of internal conversion was discussed by Ellis and 
Skinner (Proc. Roy. Soc. A, cv. p. 186, 1924), who 
showed that in a typical case of radium B it must be greater 
than one-tenth, and Gray (* Nature,' Jan. 3rd, 1925) found 
even greater values for radium D. The natural 8-ray 
spectra are due to this internal conversion, and we may 
express the relative intensities (i. e., number of electrons) 
of the different -ray lines in the general form 


m 14, I, a Pi% 
= 0m—— æ L 
I; P22 I, P2% 


9 . 


This statement must be extended to cover the fact that the 
y-ray may be converted in any of the electronic levels, so 
we define the appropriate coefficients j«,, 12L > 14L 


1L, ... . etc., and the intensities of the corresponding A-ray 


lines are in the ratio of these quantities when multiplied by the 
ps. These relative intensities can be found directly from 
the -ray spectra, and form one stage in the determination 
of the p’s. The next stage is to find the a's, the proba- 
bilities of internal conversion. There are different methods 
of doing this which will not be entered into here; instead 
we turn to the last measurement by which these relative 
intensities can be turned into absolute ones. For this 
purpose it is necessary to find the total energv E emitted 
per sec. in the form of y-rays by a known quantity of radio- 
active material. Suppose the quantity is such that n atoms 
are disintegrating per sec., then 


E =n{ hv; . mL (yan) — 41, )(1—ja1,,)...] + hy, áü Pol. . }. 


This quantity E is of course the heating effect of the 
y-rays, measurements of which are described in this paper, 
and it is at once seen how essential a position it occupies in 
the problem of the absolute intensities. 

There is an alternative measurement which can take the 
place of the heating effect, and that is to determine the total 
number, Q, of y-rays emitted. This could be represented as 


Q=n{ plied —1a1).. | + po[...}. 


Kovarik * has recently carried out this experiment, and 
reference will be made later to his results which are in 
substantial agreement with ours. Experiments to deter- 
mine the relative intensities of the y-rays are in progress. 


Kovarik, Phys. Rev. v. p. 559 (1924). 
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GENERAL CONSIDERATIONS. 


During the course of their work on the heating effect of 
the a-rays of radium (, Rutherford and Robinson * found 
it necessary to make experiments to determine the order 
of magnitude of the heating effect of the y-rays, which are 
also emitted by radium ©, Their method was to measure 
first the effect due to the a-rays, the y-rays being allowed to 
escape, and then to absorb a certain fraction of the ry-rays 
by means of lead sereens and find the increase in the total 
effect. These experiments were dillieult to carry out, but 
still it was possible to show that the y-ray heating etfect 
must be about 7 per cent. of the total and that under 
practical conditions of incomplete absorption of the y-rays a 
maximum increase of only 4 per cent. was to be expected 
when the lead screens were added. These figures bring out 
clearly the impossibility of obtaining any accuracy by 
a subtraction method ; in fact, to abra a final 5 per cent. 
accuracy in the y-ray heating it would be necessary to carry 
out both the main measurements with an accuracy of about 
lin 500. [It is verv dificult to obtain such an accuracy in 
this type of experiment, and so the only other alternative was 
adopted, that of finding a method by which the y-ray heating 
could be measured independently of that of the a-rays. 
The general principle is not dificult to find since the a-rays 
are eusily absorbed whereas the y-rays are penetrating, so 
that if an absorber, such as a block of lead, were placed some 
distance from the source the only heating effect in it would 
be due to the y-ravs. In practice, however, the matter 
is not so simple, as the following figures show. Suppose 
a small tube containing 190 ilinsimitos of radium emanation 
is taken as a source. The total y-ray energy emitted by the 
disintegration products radium B and C ts about O'S calorie 
an hour: and even with the lead block placed only 6 imm. 
from the source it 1s not practicable to absorb more than 
138 of the y-ravs, giving a heating effect of 010 calorie 
an hour. But the "heating effect ot the a-ravs from the 
emanation, radium A, and radium (! ig over 10 calories an 
hour, and even if the a-ravs are prevented from leaving the 
immediate neighbourhood of the souree, the problem still 
remains of measuring a very small heating effect. of 1/10 
calorie an hour in de presence of a source generating leat 
at a rate 100 times as great. Various methods of shielding 
were tried but they were not successful, the heat radiated 
from the source always being in excess of that produced bv 

* Rutherford and Robinson, LE Mug. (0) xxv. p. 312 (1913). 
o 5) 
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the y-rays. We therefore adopted a slightly different 
principle which finally proved quite successful. Instead of 
trying to remove the a- particle heating we arranged for an 
automatic compensation of its effect. 


Apparatus. 


The actual calorimeter consisted of a hollow circular 
cylinder made out of four equal sectors, and is shown 
diagrammatically in fig. 1. Two opposing ones A and B 
were respectively of lead a and aluminium, and they were 
insulated from one another by the two other sectors C and 
D of Balsa wood. The aluminium sector had holes bored in 
it so as to make it have the same heat capacity as the lead 
sector. This composite cylinder was fixed inside another 
closely fitting evlinder of Balsa wood and caps of Balsa 
wood placed at each end. The whole fitted inside a thick 
copper case. Nineteen silver-constantan thermocouples in 
series were wound round the composite cylinder so as to 
record any temperature difference of the lead and aluminium 
sectors. Through the centre hole of the composite cylinder 
ran an 8mm. copper rod, bored throughout its length with 
a 3mm. hole. This rod was supported at its two ends by 
the outer copper case and did not touch any portion of 
the composite evlinder, there being a three millimetre 
clearance. The radioactive source, which was a small 
glass tube 8 mm. long filled with radium emanation, was 
placed in the centre hole of the copper rod. This arrange- 
ment provided an automatic compensation of the heat 
emission due to the a-particles, for although the central 
copper rod hecame heated, just as much heat was received 
from it by the aluminium sector as by the lead sector. 
Since these were of equal heat capacity their temperature 
rose by the same amount, and the galvanometer connected 
to the thermocouples showed no deflexion. This com- 
pensation will also hold for S-ravs, since radium B and C 
appear to em few if any electrons faster than 12,000 Hp, 
and Varder’s* results show that even these are almost 
completely bes e in the copper tube of 2:5 mm. thickness. 
The same would be true for any radiation which escaped 
from the copper tube but which was yet completely absorbed 
in the aluminium sector and hence also in the lead one. 
As soon, however, as the radiation is sufficiently penetrating 
to pass through the aluminium without being completely 
absorbed, as in the case of the y-rays, then a "temperature 


* Varder, Phil. Mag. xxix. p. 725 (1915). 
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difference will be set up because the radiation will have 
been more absorbed in the lead and therefore have given up 
more heat to it. Hence, although the lead and aluminium 
sectors receive far more heat by radiation from the central 


Fig. 1. 


copper tube than they do by absorption of the y-rays, the 
deflexion of the galvanometer, which measures the differ- 
ence of temperature of the sectors, depends only on the 
Y-ray energy absorbed. With this arrangement the large 
@-particle heating can be made almost to cancel out, and 


Digitized by Google 
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except for the necessity of rather more complicated calibra- 
tion experiments with heating coils, the y-ray heating effect 
could be obtained with the same ease as the total heating 
effect of a radioactive body. 

Certain further details of the apparatus can conveniently 
be given at this point. Each of the metal sectors consisted 
of an inner and outer part as shown in fig. 2, and the 


Fig. 2. 


thermocouples were wound round the outer face of the inner 
part. In this way they registered the temperature of the 
centre of the metal blocks. The thermocouples were made 
by Wilson’s method * by taking a long piece of constantan 
wire and silvering alternate sections, and were connected to 
a moving coil galvanometer of 24 ohms resistance giving 
220 mm. scale deflexion at 1 metre for 1075 ampere. 
Owing to the smallness of the main effects slight thermo- 
electric effects in the galvanometer became very troublesome, 


* Wilson & Epps, Phys. Soc. Proc. xxxii. p. 326 (1920). 
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but this difficulty was overcome by placing a reversing key 
close to the apparatus and taking as reading the difference 
of tbe deflexions with the key in its two positions. This 
reversing key was especially designed to avoid thermo- 
electric effects inside itself. 

Heating coils were sunk in the lead and aluminium 
sectors for calibration purposes, and the currents in them 
measured on calibrated direct-reading instruments. In the 
ease of the lead two heating coils were used, one in both 
the inner and outer sectors, making it possible to study the 
effects of different distributions of heat production. 


EXPERIMENTAL RESULTS. 


The method of making measurements was to observe the 
maximum deflexion reached when the rate of heat supply 

was equal to the rate of heat loss. It was a disadvantage of 
this apparatus that it required forty-five minutes to reach 
this point, but the necessity for having a large mass of 
lead to absorb a considerable fraction of the y-rays made it 
undesirable to shorten it. It was intended to employ for 
the final measurement a sensitive Paschen galvanometer, 
since the galvanometer we used for the preliminary experi- 
ments gave only 7mm. deflexion. This small deflexion was 
measured by means of a travelling microscope, and the error 
involved was found to be less than 1 per cent. Since this 
error was less than the others involved in the experiment, 
we did not consider it necessary to use the more sensitive 
instrument. The actual rise curve was rather complicated, 
a maximum deflexion being reached in 45 minutes, after 
which the deflexion decreased slowly. The initial rise 
was approximately an exponential with a half period of 
8 minutes, but if after the maximum had been reached 
the source of heat was taken away, there was a sharp 
initial fall and then a slow return witha half period of about 
three hours. The explanation of this behaviour lies in the 
fact that the galvanometer only measures the difference of 
temperature of the lead and aluminium, and that the 
temperature-time curves of the lead and aluminium sectors 
considered separately are somewhat complicated owing 
to there being heat transfer not only from the heated metals 
to the colder surroundings but also from the lead to the 
aluminium, It was not ‘thought necessary to investigate 
this in more detail, it being sultlicient to make the calibra- 
tion measurements under exactly the same conditions as the 
y-ray experiments and to verify, as we did, that the 
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deflexion-time curves were identical in the two cases. 
Readings of the deflexion were taken every two minutes 
over a period of an hour, and the maximum deflexion taken 
as the mean of the six measurements made between 40 
and 50 minutes from the start. 

The results for the y-ray heating were very concordant, 
and are shown in Table I. The first column shows the 
amount of radioactive material, the second the deflexion, and 
the third column the values of these deflexions when increased 
to correspond to a source of 70°5 mg.* The origin of this 
particular value will become clear when we consider the 
calibration measurements. It can he seen that the values 
in column 3 agree closely, and we can take the value 6°31 mm. 
for the deflexion for 70:5 mg. as being correct to about 
l per cent. 


TABLE I. 


Value of 
source in millicuries. 


Deflexion for 


Deflexion-in mm. Be als 
10:5 millicuries. 


58°02 5°60 6:81 


| 

48:45 4°69 6:83 

40°47 3°81 6:64 | 
33:80 3:31 6:90 

28:23 2°75 6:87 | 

Mean ............ 681 | 


The whole of this deflexion cannot be attributed to y-rays, 
that would only be the case if the compensation of the 
a-particle heating were exact. This point was investigated 
by putting a small heating coil in place of the emanation 
tube and generating heat there to correspond to the a's of 
about 100 mg. A deflexion of 0*8 mm. was found to result, 
showing that with this arrangement the disturbing effect of 
the a-rays was reduced to one-tenth of that of the y-rays. 
This small residual effect can easily be corrected for, since 
the amount of the a-partiele heating is known to 1 in 200. 
We obtained this correction at the same time as the general 
calibration in the following way. The small heating coil 
already referred to was placed in the central copper tube, 


* We are greatly indebted to Mr. L. Bastings for determinations of 
the strength of the sources used in these experimenta. 


Heating Eject of y-Rays of Radium B and Radium C. 529 


and in all the calibration experiments the same constant 
current sent through it so as to give a heating effect equal to 
that of the e’s and §’s from 70: 5 mg. Various currents were 
then sent through the heaters in the lead block, and also the 
sector in the aluminium block. The result of many experi- 
ments, using either the lead or aluminium heater alone, or 
both combined, was that the resulting deflexion 6 mm. was 
connected by the following equation with the heat Cp, 


produced in the lead block, and that Ca: produced in the 
aluminium 


6—0 42 LC pp —0:573CAi + 0°57, 


where (*py and Ca, are expressed in units of 10~® cal. per sec. 
It may be mentioned in passing that the term 0°57 represents 
the residual effect of the æ’s from 70°5 mg. The inequality 
of the coefficients of Cpp and Ca is due to different conditions 
of heat loss of the two sectors. 

This calibration equation is valid for C4, varying between 
1/11 and 1/3 that of Cpp, and with y-rays the heat produced 
in the aluminium is about 1/7 of that produced in the lead. 
It was important to investigate whether the value of the 
deflexion depended on the distribution of the heat production, 
for with the y-rays the heat is produced throughout the body 
of the lead, the distribution being unequal due to absor ption, 
whilst in the calibration experiments the heat comes from 
the two small heaters. It seems unlikely that any error was 
introduced here because the deflexion did not change when 
the ratio of the amount of heat produced in the inner lead 
heater to that in the outer varied between the limits 6 and 
l7. It was also possible that the heat conducted down the 
wires leading from the heaters might introduce errors, since 
in the y-ray case the heaters, if anything, are at a lower 
temperature than the lead, whereas in the calibration experi- 
ments they are at a higher one. However, no change was 
produced on increasing the conductivity of the leads bya 
factor of 30, so any correction for this effect is unnecessary 
to our accuracy. Viewing the calibration experiments as a 
whole, we consider a reasonable estimate of the error involved 
to be 3 per cent. 


CALCULATION OF RESULTS, 
(a) Amount of y-rays absorbed. 


Before the deflexion obtained with a known source of 
y-rays can be combined with the calibration equation to give 
the total y-ray energy, it is necessary to calculate "the 
fractions absorbed in the lead and aluminium sectors. For 
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this purpose we require the coeffieient of true energy 
absorption as distinct from the scattering, t. e. deflexion of 
energy, and to be applicable to the present experiment it 
must have been determined over a ranze of 16 mm. of lead 
after passing through a preliminary filter of 2:5 mm. of copper.’ 
We are greatly indebted to Mr. Ahmad for measuring the 
total absorption coefficient under precisely these conditions. 
He found the value 2:61 x 107? for the atomic coefficient. 
This may be represented as the sum of three coefficients 


(Tc Tc) = 2°64x 1077, 


where T, r, and e represent respectively the photoelectric 
absorption, the energv absorption in the scattering process, 
and truescattering. The value of the total energy absorption 
coefficient (T -- r)py may be found in the following manner, 
as suggested by Mr. Ahm ad. For aluminium his measure- 
ments give the total atomic absorption coefficient as 
0:278 x 10723, but in this case r is negligible, and so 
(r+o)a = 0:278 x 10793, 
Now the coefficients r and e are both known to vary 
linearly with N, the atomic number, hence 


(r* o)» = i (rto)ar = 1:757 x 107%, 
giving Tpp = 0°883 x 10-73. 


It now remains to find rp, and this may be done by 
deducing from the mean X-ray result 
T = 2:29 x 107?X?N' 


the * effective" wave-length X = 0:0205 À.U. Using this 
value, rpp can now be calculated by means of the formula 


r= NU yay 


o = 665 x 107%, a ume —, 
proposed by Compton, aud strongly supported by the ex- 
periments of Owen * and of Ahmad T. The result is 
"pp = 0:570 x 107 E 


giving as total atomic coetficient of energy absorption for 
the above conditions 


(0-883 -- 0:570) x 10773 = 1-153 107%, 


* Owen, Phys. Soc. Proc. xxxvi. p. 365 (1924). 
t Ahmad, Proc. Roy. Soc. A. cv. (1924). 
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The corresponding ordinary coefficient k is 0-482 cm.~, 


this coefficient consisting of 0:293 for the photoelectric 
absorption and 0:189 for energy absorption in the scattering 
process. The value for aluminium is less important and 
comes to 0:058 cin.7!, when deduced from the above equations. 
It may be noted that this calculation does not depend on any 
particular picture of the scattering process, but merely on 
the validity of Compton's results used as interpolation 
formule. However, in view of the rather indirect method 
by which these values were obtained, it was thought best to 
carry out the further calculations with coefficients 0:482 + 67 
and 0:058+67', and to express our final result with a 
correcting factor involving first and second order terms in 
êr and Br. Should later work lead to slightly difterent 
values of the absorption coefficients, our experimental result 
can be recalculated at once by means of this factor. 


Fig. 3. 


T R 


The calculation was carried out first with the approxima- 
tion of the source being considered as a point half-way along 
the axis of the cylinder, and remembering that each sector 
formed one quarter of tle cylinder, the "fraction absorbed 
can be written 


] (R38 E 
i[I f(0)(1—e «9)cos 0 
0 
TSA 


+) OU e bana $9) ) cos Ó . de |, 


RSB 
where the symbols have the meaning shown in fig. 3. 
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The term /(0) represents the initial transmission factor of 
the copper tube, and is included in the integrals since it is a 
function of 0 owing to the varying thicknesses of copper 
traversed by the oblique rays. 

The actual calculation was a little more complicated in 
order to take into account the gaps between tlie inner and 
outer sectors. Further, the fact was allowed for that the 
absorption coefficient 0 482 cni. ^! represents a mean value 
for passage through a thickness of 16 mm. at various 
obliquities. Assuming this value corresponded exactly to 
passage at 20°, small corrections were applied to give an 
appropriate k for every 0. Atter this further small corrections 
were applied, making in all —3 per cent., to take into 
account the finite length of the source, the holes bored out 
to contain the heaters, and the escape of electrons from the 
surface of the lead. It might be thought that errors would 
arise from the escape of the lead K radiation excited by the 
absorption of the y-rays, since only the L absorption is here 
effective, but a short calculation shows that this correction is 
negligible. 

The final result of the calculation can be expressed in this 
wav. If hycalories per sec. be emitted by the radioactive 
source, then the amount absorbed in the lead and aluminium 
sectors is respectively Apph,and Aa), hy, where 


1 
= 3° 32:'060T — : $ Da 
App = (23:44 + 3298r — 26 (67) )i jap 
3.9 4 4. 1 l 
Aa) = (2°38 + 44 167’) 4 +389: 


(b) Deduction of Heating Eject. 


We can now combine the three stages, the deflexion due 
to 70:5 mg., i.e. 6°31 mm., the calibration equation, and the 
fractions absorbed App and Ag. If Hy represents the y-ray 
energy in 1079 calorie per sec. emitted by 70:5 mg., then in 
the calibration equation 


ô = 0:421 Cp, —0°573Ca) + 0°57 
we have to substitute | 
Cp, = H,. App, Ca = H, . Aa. 


From Hy we then obtain the y-ray energy H, emitted by 
] gram of radium in equilibrium, in calories per hour 
8°62 


Hy = TE T638r— 1:3(87)?— 9:087" 
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Dropping the correcting terms for possible subsequent 
changes in the value of the absorption coefficients, we have: 


The amount of radium B and radium C that is in 
equilibrium with 1 gram of radium emits 8'6 calories 
per hour in the form of y-rays. 


We estimate this result to be correct to 5 per cent.*, and 
we have therefore made no correction for the transient 
equilibrium of the produets in the emanation tube. 


Dicision of the Energy between Radium B and Radium C. 


It is important to find how this total heating effect is to 
be divided between radium B and radium C. A simple 
method of doing this is based on a knowledge of the apparent 
absorption coettcients of the total radium B rays, of the 
total radium C ravs, and of the combined rays. 

Suppose Eg, Ec are the y-ray energies emitted by the 
amounts of radium and radium © in equilibrium with a 
certain quantity of radium, and Ego represents the total 
y-ray energy emitted bv the two bodies. If wy, and ug are 
the respective energy absorption coeffieients of the corre- 
sponding y-rays for any thickness d, then 


E; +E. = Es, 
E,e7"24 + Ee to? = E peT, 
If we write 
p = E,/Ee, 
then €T. 
pec 


There are no measurements of these absorption coefficients 
available which have been made under precisely the required 
conditions, but a preliminary estimate may be made as 
follows. The one quantity we know is u,, = 0482, and the 
conditions to which it refers are preliminary fiitering through 
25 mm. copper and then absorption determined over 16 mm. 
of lead. If we use this value, then p must be taken to mean 
the ratio Ej[E; after passing the filter. The value assigned 
to py is of little importance, since e454 is very small over 
this large thickness, but a value u, = 2°42 may be used, 
calculated by the usual formule from the mean wave-length 

* A preliminary account. of this work was publi-hed in Camb. Phil, 
Suc. xxii. 1925, in which the value 81 cals./hour was given. The 


difference represents the result of the more detailed calculation of the 
absorption given here. 
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of the radium B y-rays. The really important quantity is 
Ao. There is no essential difficulty in measuring it under 
these conditions, but since it has not yet been done we must 
take Ahmad's* values for the absorption coefficient of the 
total radium B and C radiation a ter filtering through 1 cm. of 
lead. His value was 0:426, and since the 1 cm. filter will have 
removed all but about 2 per cent. of the radium B rays, we 
may take this value as u, These three values u,, = 0-482, 
H, = 0:426, pp = 2:42, referring to d 2 l6 cm., give 

If we were to consider the value u, = 0:426 too high and 
take instead u, = 0°42, we should obtain p 20:11. Moseley 
and Robinson f, by comparing the number of ions formed in 
air bv the softer and harder radiations of radium D and C, 
deduced a ratio p = 0 074, while a similar measurement by 
Miss J. Szmidt f gave p = 0:072. There seems, then, little 
doubt about the general order of magnitude, but we believe 
the value p = 0:10 to be nearer the truth, since the method of 
calculation emploved by the above authors would have tended, 
even more than the one used here, to attribute part of the 
harder radium B radiation to radium C. This conelusion 
receives further support from the work of Moseley and 
Makower $, who found that 12 per cent. of the ionization 
given bv radium B and C, after passing through 3 mm. of 
lead, was to be attributed to radium B. It must be remem- 
bered that this value of p refers to the ratio after passing 
2:5 mm. of copper, and so needs a correction since the radium 
D ravs are more absorbed in the copper than those of radium 
C. This correction proves to be only +3 per cent., and 
in view of the other uncertainties may be neglected. More 
work is required on this important point, but accepting the 
above provisional value we obtain the following heating 
effects for radium B and radium C separately. These are 
also expressed in terms of volts per atom disintegrating, the 
values being obtained on the basis of Geiger's || recent value 
for the number of a-particles emitted by 1 gram of radium, 
i.e. 3 1x 10", 

Heating Effects of Radium D and Radium C. 


cals. hour. volts/atom. 
Radium B ,.............. O86 1:$5x 105 
Radium C ...... Seats TT 166 «105 


* Loc. cit. 

t Phil. Mag. [6] xxv. p. 312 (1913). 

E Phil. Mag. [6] xxviii. p. 427 (1914). 

$ Phil. Mag. [6] xxiii. p. 302 (1912). 

|| Geiger and Werner, Zeit. für Phys. xxi. p. 197 (1994). 
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DISCUSSION. 


It was pointed out in the introduction that the full use of 
a value for the heating effect of the y-rays could only be 
made in conjunction with certain other measurements, but it 
is useful at this stage to effect a comparison with previous 
determinations and to see in a general way to what extent 
our measurement fits in with existing views. 

Our result 8°6 calories an hour is in approximate agree- 
ment with that obtained in 1914 bv Rutherford and Robinson, 
6:1 caloriesan hour; buta closer comparison is hardly justified, 
since the earlier measurement aimed only at settling the 
order of magnitude. Reference has already been made to 
the experiments of Kovarik, where he determined the total 
number of quanta of all frequencies emitted by a known 
quantity of radium B and C. His results are not directly 
comparable with ours at this stage, since the two measure- 
ments are connected by means of the relative intensities of 
the B-rays, and accurate measurements on this point have 
yet to be made. Still, it is easy to see that our measurement 
of the heating effect is in general agreement with his 
conclusion that on the average two y-ravs are emitted for 
every two disintevrations, one of radium B and one of 
radium C. For we may deduce from the work on -ray 
spectra that the mean energy of the radium B y-rays is 
0:3 x 108 volts, and that of the radium C y-rays is between 
l'l and 1°7x 10° volts, whereas we found a total energy 
emission from the two bodies of 1:85 x 105 volts, which could 
be accounted for on the basis of one y-ray from each body. 
However, we do not wish to draw any detailed conelusions 
until the measurements on the re‘ative intensities of the 
B-rays and their internal absorption coefticients have been 
made. 

There is one further point which may be mentioned. 
It has been suggested by one of us that the emission of ry-rays 
is due to transition between a set of stationary states in the 
nucleus, the latter either being left in an excited state as 
the result of the previous disintegration, or being put into 
such a state by its own disintegration. In either case this 
view of only one excitation, coupled with the detailed picture 
of the stationary states that have been given, would preclnde 
the emission of a large number of quanta at each dis- 
integration and would suggest rather a number close to 
one, in agreement with the resuits of Kovarik?s and our 
experiments. 
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SUMMARY. 


(1) The heating effect of the total y-rays emitted by the 
quantity of radium D and radium C in equilibrium with 
l gram of radium has been found to be 8:6 calories an hour. 

(2) Of this 0°86 calories an hour is to be attributed to 
radium B and 7:7 calories an hour to radium C. 

(3) The importance of determining the absolute intensities 
of tlie y-rays is pointed out, and it is shown that a knowledge 
of the heating effect is an essential step in the process. 


We would like to thank Professor Sir Ernest Rutherford 
for his continual help and advice during the course of tlie 
experiments. We are indebted to Mr. G. R. Crowe for 
the preparation of the emanation tubes. 


LV. The Motions of Electrons in Oxygen. 
By H. L. Brose, M.A., D.Phil., Christ Church, Orford *, 


1. 1*5 the accounts of previous researches on the motion of 
electrons in gases which have been made in the 
Electrical Laboratory, Oxford, a method has been described 
of determining the velocity W in the direction of a uniform 
electric force and the velocity of agitation U of electrons in 
gases. The investigations of the motion of electrons in 
nitrogen, hydrogen, “and oxygen T were among the first of 
these researches, and it was found that in nitrogen and 
hydrogen the velocities depended only on the ratio of the 
electric force Z to the gus-pressure y, “but with oxygen the 
values obtained for the velocities U and W diminished as 
the force Z and the pressure p were increased in the same 
proportion. This was attributed to the formation of ions, as 
the ratio of the number of ions to electrons in the stream 
would increase with the pressure. The measurements made 
with the smaller gas- pressures were therefore taken as being 
approximately the velocities in oxygen, but the exact values 
of the velocities and the cause which led to the formation of 
the ions were not determined. It was therefore considere d 
desirable to make further experiments with this gas, in order 
to find the velocities more accurately and to ascertain 
whether the formation of ions was due to an impurity in the 
gas, or is an effect which may occur in a very small pro- 
portion of collisions of electrons with molecules of oxygen. 


* Communicated by Prof. J. S. Townsend, F.R.S. 
{ J.S. Townsend and V. A. Bailey, Phil. Mag. xlii. p. 875, Dec. 1921. 
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In the above experiments the electrons were obtained by 
the action of ultra-violet light on a metal plate, and ebonite 
insulation was used in the construction of the apparatus. 
lt therefore remained to make experiments where a hot 
filament is used to supply the electrons, in order to eliminate 
any effect which the ultra-violet light may have had on the 
gas, and to find whether the oxygen became impure owing 
to some action of the gas either on the ebonite insulation or 
on the elastic glue which was used to make air-tight joints 
in the outer case of the instrument. 


2. No diminution was observed in the number of ions in a 
stream of electrons obtained from a hot filament ; and atter 
this had been established, the effect of impurities was investi- 
gated. For this purpose two improved forms of apparatus 
were used where the insulation was entirely of glass, and 
tne joints of the outer case were carefully ground to fit, so 
that the gas should be exposed to as little of the elastic 
glue as possible. These instruments had been made for the 
experiments on monatomic gases, and they have been fully 
deseribed in the account of the experiments made on the 
motion of electrons in argon and hydrogen by Professor 
Townsend and Mr. Bailev*. The results obtained with 
these two instruments were in good agreement, and it was 
found that with carefully prepared oxvgen the number of 
ions in the stream of electrons obtained with ultra-violet 
light was quite inappreciable, even when comparatively large 
pressures of the gas were used. 


3. As examples of the measurements, the results obtained 
with the instrument where the stream of electrons passed 
through a slit at two centimetres from the receiving 
electrodes may be considered. Examples of the values of 
W and & which were obtained are given in Table I., where 
the determinations are arranged in groups, corresponding to 
the cases where the ratios of Zip were approximately the 
same. The quantity + is the ratio of the energy of agitation 
ut the electrons to the energy of agitation of a molecule of a 
gas at 150? C., and the velocity of agitation U is obtained 
by the formula : 


USEI UU VIL d «. e e (1) 


It will be noticed that k and W are independent of Z 
and p, provided that the ratio Z[p is constant. 


* J. S. Townsend and V. A. Dailey, Phil. Mag. xliv. p, 1033, Nox. 
1599, 


Pl. Mag. S. 6. Vol. 50. No. 297. Sept. 1925, 2N 
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TABLE I.—Oxygen. 


386 ]91 4:94 40:0 39:2 
3:98 4 161 40:5 40:4 
3:08 147 3°70 40:5 40:2 
421 | 128 3-04 41°0 40:8 
426 8&6 2:02 41:8 41°] 
4:29 21:2 494 4l9 409 
4:06 6-4 1:29 45:5 428 
508 1&8 3-70 415 431 
5:16 255 4-94 49-0 43-2 
5:21 176 2:42 48:6 43:3 
6:27 99: 370 533 464 
6:32 19:2 3:04 536 46 8 
6-82 337 404 537 47-9 
7:95 12:8 161 595 53:1 
842 25:6 3:04 589 544 
137 12:9 04 70-9 731 
141 427 3:04 134 7+9 
17:1 167 98 843 RGT 
17:6 | 425 2-49 84-2 857 
23:8 | 32 98 102-5 112 
23:8 | 38-2 161 100 114 
333 | /— 429 1:29 118 148 
33:5 23 695 123 148 
39:9 277 (005 131 172 
40:1 38-5 '04 133 176 
403 | 32:1 695 143 192 
52:5 36:5 605 155 215 
58:6 407 695 162 235 


————— i HD 


4. Another set of experiments was made with the apparatus 
where the eleetrons passed through a sht 4 em. from the 
receiving electrodes, and a selection from the results obtained 
with this instrument is given in Table II. 
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TABLE II.—Oxygen. 


The results obtained with the two instruments are thus 
seen to be in good agreement, and may be represented by 
the curves given in figs. 1 and 2, in which the larger values 
of k and W are the ordinates and the ratio Z/p the abscisse. 
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The electric force Z is expressed in volts per centimetre, the 

pressure p in millimetres of mercury, and the velocities W 

and U in centimetres per second. The smaller values of k 

and W are similarly represented by the curves in figs. 3 and 4. 
Fig. 4. 


TT LIZ 
LETT. 


W« 10° 


For comparison, the corresponding curves for nitrogen, 
hydrogen, and carbon dioxide are also given, and the dotted 
curves represent the results obtained in the first experiments 
with the apparatus where the insulation was of ebonite. As 
indicated in the curves for oxygen the proportion of ions 
in'the stream of electrons becomes smaller as the pressure 
decreases, for the difference between points on the dotted 
and continuous curves for the small value of Z/p becomes 
relatively less when Z is constant and p reduced. 

An apparatus was also used in which the electrons were 
produced by a hot filament. It was first tested by making 
measurements with hydrogen. The results obtained with 
the filament are given in Table III. as 4; and W,. The 
neighbouring columns contain the values 4, and W, which 
had been obtained earlier by Townsend and Bailey (loc. cit.) 
with an instrument where the electrons had been produced 
by the action of ultra-violet light. 

These results agree within the error of experiment, which 
is less than 5 per cent. 
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TABLE III.—Hydrogen. 


— — —— — — —— — —À—— e ———— nr M — M ——— M —— 


Z. Zip. ky. | k, 'w, .10-*. W,.10-*. 


D. 
2.98 6:4 2-8 186 186 182 18:9 
2298 | 128 5:58 07.3 28-1 25:3 26-2 
2.98 | 192 8:42 37°3 38:5 324 34-2 
298 | 256 | 112 4T4 484 379 40:2 
26 128 | 492 142 14: | | 
26 192 | 738 192 193 | 


This proved that there could have been no action of the 
ultra-violet light which affected the measurements of U 
and W in hydrogen. It was found that a sufficient stream of 
electrons for making measurements in hydrogen with this 
instrument was produced when the filament was kept at a 
dull red glow. 

When the instrument had heen exhausted and washed out 
several times with pure oxygen, it was found that a sufficient 
stream of electrons was emitted in oxygen only when the 
filament was made to glow very brightly at a much higher 
temperature than in the case of hydrogen. 

The velocities obtained in oxygen by using the filament 
as a source of electrons were generally smaller than those 
obtained in the earlier experiments with ultra-violet light, 
and were rather irregular. The results indicated that there 
was a number of ions in the stream which increased with the 
pressure. These effects were probably due to an impurity 
in the gas introduced by the action of the hot oxygen on 
wax used to make an air-tight joint near the filament. 


5. The results of the experiments in which ultra-violet 
light was used are represented bv curves (figs. 1 to 4) which 
exhibit the quantities & and W in terms of the ratio Z/p. 
The values of & and W corresponding to a series of values 
of the ratio Z/p are given in Table IV. The third column o£ 
the table gives the values of the velocities of agitation U of 
the electrons which have been caleulated by means of the 
formula (1). The fourth column contains the corresponding 
values of the mean free path L obtained by the formula 


: 
Wo ders 
pnU 
where L is the mean free path of electrons moving with the 
velocity of agitation U in the gas at 1 millimetre pressure. 
The velocities W and U are in centimetres per second, L in 
centimetres, Z in volts per centimetre, and p in millimetres 
of mercury. 

The manner in which L depends on U is shown graphically 
in fig. 5. "Tho curves showing the relation between these 
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TABLE IV.—Oxygen. 


L x/co 


Zip. k. W.10-5 | U.10-5 | Lx100. | Ax104, 
50 150 205 141 4:05 521 
40 133 172 133 3-99 414 
30 113 136 123 3:87 303 
20 90 98 109 374 199 
15 71 78 101 3:67 147 
14 74 74 | 99 3-66 138 
13 72 71 97:6 3:73 130 
12 69 67 95:6 3:74 121 
10 64 60 92-0 3-86 105 
7 56 50 86-1 431 83:0 
5 | 47 43 788 4:89 73:0 
2 24 30 | 563 5:91 69:8 
1 13 22 |  4L8 6-39 69:1 
8 10:8 | 19 37:8 6:29 69:6 
6 84 | 16 33-4 6:22 56:6 
4 6 | 10 28 2 4:93 27:5 
Fig. 5 
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quantities in the case of nitrogen, oxygen, and carbon 
dioxide are also given, as they have not previously been 
exhibited in this way. 

The results for oxygen disclose the fact that, as the 
velocity of agitation of the electrons decreases from 14 x 10* 
to 10 x 10’ cm. per sec., the mean free path becomes smaller 
and then gradually increases to nearly twice the value of its 
previous minimum, just as has been shown to be the case 
with the inert gases, in which the phenomenon is much more 
marked, und certain other gases toa less degree. In oxygen, 
however, a stage is reached when, as the velocity of agitation 
of the electrons decreases still further, the mean free path 
attains a maximum, after which 1t rapidly becomes smaller. 
A similar result was obtained by Skinker* in carbon 
dioxide. 

Thus within a comparatively short range of velocities 
a maximum and a minimum value of the mean free path of 
electrons are obtained in oxygen. After this effect had been 
observed in oxvgen, Skinker's experiments on carbon di- 
oxide were repeated and his results were corroborated. 

The minimum mean free path ‘0366 cm. is obtained with 
the velocity 108 cm. per sec., which is the velocity acquired 
by the electron in moving in a field of 2°7 volts, and the 
maximum mean free path ‘064 cm. is obtained with the 
velocity 4:1.107 cm. per sec. corresponding to *48 volt. 


6. The sixth column of Table IV. contains the values of 
2 
ME which 


is lost by an electron ina collision with a molecule of oxygen. 
These values were obtained trom the formula: 


V2 
A-2246. p, an mo X9. c» sS. vw (3) 


e * . m 
the fraction A of the mean energy of agitation - 


It is seen that X increases with U. Some of the loss of 
energy in the collisions with the smaller velocitiesis probably 
due to dissociation of the molecules. This effect would occur 
before ionization by collision, as is seen from Kirkby’s f 
experiments, which show that with small values of the ratio 
Z/p the number of molecules of oxygen which are dissociated 
exceeds the number ionized by collision. 


7. The oxygen used in the above experiments was pre- 
pared by the electrolysis of a saturated solution of pure 


* M. F. Skinker, Phil. Mag. xliv. p. 924 (1922). 
T P. J. Kirkby, Phil. Mag. p. 559 (1908). 
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barium hydrate. The limbs of the electrolysis tube were so 
constructed that the backward diffusion of hydrogen was 
rendered impossible. ‘The oxygen was dried in several 
stages. It was first left for a day or more in contact with 
pure caustic potash. It was then dried three times in 
succession for shorter periods in phosphorus pentoxide, and 
ras admitted into the main apparatus through a glass tube 
which was internally silvered, so that when communication 
with the mercury pumps and the McLeod gauge was cut 
oft by a tap, the mercury vapour was gradually absorbed by 
the silver. Each apparatus was exhausted to a pressure 
less than 34, mm., and was tested for air tightness over 
several weeks during vacation. No sign of a leak was 
registered on the McLeod gauge. Traces of impurity were 
removed by admitting oxygen to a pressure of at least 
9 mm., which was pumped out to below .), mm. by means 
of a Gaede diffusion pump. This process was repeated 
several times until the percentage of impurity in the 
apparatus could be regarded as negligible. 

The hydrogen used was admitted through a palladium 
tube after the apparatus had been exhausted. The carbon 
dioxide was prepared by heating some sodium bicarbonate. 
The order of the currents used in these gases was 107! 
ampere, 


8. It may be of interest io draw attention to some 
attempts that have been. made to account for the increase of 
the mean tree paths of electrons as the velocity diminishes. 
F. Hund* has worked out an electrostatic field of force 
surrounding an atom which is such that almost all electrons 
of a certain smal] velocity are deflected by an amount 27, 
and which leads to the existence of a maximum for L. He 
finds, however, that the power law of attraction near the 
nucleus of the atom disagrees with that roughly estimated 
from other data, and that argon should be the only gas 
which exhibits so pronounced an increase of L with U. 
He therefore assumes that, if the electron is moving so slowly 
that its deflexion, as calculated on the basis of classical 
electrodynamics, would entail a loss of energy greater than 
that actually possessed by the electron in the form of kinetic 
energy, it simply passes through the atom, which mav thus 
be regarded as ring-shaped, the size of the inner circle of 
the ring increasing as the velocity U of the electron 
diminishes. By applying the ideas which H. A. Kramers f 


* F. Hund, Zeits. für Phys. xiii. p. 241 (1923). 
t H. A. Kramers, Phil. Mag. xlvi. p. 836 (1923). 
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used in dealing with the emission of the continuous X-ray 
spectrum, he infers that, when an electron travelling along a 
rectilinear path collides with an atom, there is a certain pro- 
bability of transition to a path of less energy which is also 
rectilinear, but that for decreasing values of U this pro- 
bability rapidly becomes very small compared with L, so that 
a great number of electrons do not radiate during the 
collision; but remain in their stationary orbits and behave as 
if the atoms were not present. The reasoning does.not 
appear to lead to a satisfactory quantitative result. 

A second attempt to sketch a theory for the increase of L 
has been undertaken by Zwicky *. 

He shows that the resources of the classical theory have 
not been exhausted by Hund, and thit it is not necessary to 
have recourse to quantum methods to adduce an explanation 
which starts from comparatively simple assumptions. Like 
Hund, he restricts himself to considering inert gases which 
have no electron affinity. He calculates the deflexion 
experienced by an atom in colliding with four types of an 
atom, which are successively closer approximations to the 
true atom. Even when the atoms are regarded as being 
polarized by the electric field and having, in addition, a 
quadrupole moment, no increase of L occurs. He therefore 
adopts as his final approximation to the true atom a rotating 
dipole which excites an alternating field. On account of 
the phase relations that arise between the velocity of the 
electron and the period of the vibrations in the field, an 
increase of L with a decrease of U (in the terminology of 
this paper) becomes possible. By elementary considerations 
Zwicky shows that an electron which approaches a highly 
symmetrical atom pursues an ever-widening spiral path 
whose diameter is of the order of that of the atom when in 
close proximity to it, so that the electron may pass around 
and beyond it and need not go through it. A more com- 
plete knowledge of L at still lower electron velocities for a 
number of gases will be necessary before the nature of the 
collisions which occur will be sufficiently clear to enable an 
adequate theory to be set up. 


The above researches were carried out in the Electrical 
Laboratory, Oxford. I wish to take this opportunity of 
thanking Professor Townsend for his valuable advice during 
the course of the work. 


* F. Zwicky, Phys. Zeitschr. xxiv. p. 171 (1923). 
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LVI. Note on Suha’s Ionization Formula, and on the 
Theoretical Value of the Photo-electrie Absorption Co- 


efficient. By Prof. E. A. MILNE *. 


ONSIDER an assembly of atoms in thermodynamic equi- 
librium at temperature T, whose ionization potential 

is yı Let x be the degree of ionization, P, the partial 
pressure of tree electrons. Saha’s formula f for the degree 
of ionization. as modified by R. H. Fowler, is as follows :— 


E, (4T)? e- eT XVAT( mm): "0 
Darl EE 7o ERE (1) 


Here A is Planck's constant, k Boltzmann’s constant, ø is 
the “symmetry number” of the atom, and d(T) is the 
partition function of the neutral atom given by 


(T) == qi qge7 (Xi XT L gs o7 Oa xa) AT 4 — 8 (2) 


where X; Xs... denote the energy-levels of the possible 
excited states of the neutral atom, and gi, ga, Q5 ... are the 
à priori weights of the normal and the several excited 
states. It is assumed that no atoms are present in a higher 
degree of ionization. In this form the formula was cited 
by Fowler and Milne §, and it has been frequently re- 
quoted from the latter paper. 

Unfortunately, as it stands (1) is not in general correct. 
It becomes correct on inserting a factor b'(T)in the numerator 
on the right-hand side, where b (T; is the partition function 
for the ionized atom, and is given by a formula analogous 
to (2). 

Formula (1) is correct in the case when '(T)-1. 
Herein is the origin of the error. The corrected version 
is given in gener ral terms in equation (9.94) of Fowler's 
original paper, but his investigation is usually exp licitly 
confined fo the ease in which the ionized atom possesses 
no energy other than translational, 7. e. to the ease b'(T)=1. 
This is in faet true for ionized hydrogen, which Fowler 
considered in det: 

It is now easily seen that the appearance of tlie factors 


* Communicated by the Author. 

t Phil. Mag. xl. p. 479 (1920). t Phil. Mag. xlv. p. 21 (1923). 
$ Monthly Notices, R. A. S. Ixxxiii. p. 407 (1923). 

|| soc. cit. section 7, 
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b(T) and b'(T) is really an unnecessary complication ; they 
disappear if we compare the numbers of ionized and neutral 
atoms in iheir normal states, instead of the whole numbers 
of ionized and neutral atoms. If »',n are the former 
numbers, g',q the weights of the normal states of the 
ionized and neutral atom, we have simply 


(2am)? 2a 


n qq Tq'26—xi/kT V^ i 
- E. , (kT)5?e7Xi E ttn (3) 
If N'N are the total numbers of ionized and neutral 
atoms, OR ] 
n'b (LI > _ nb(T) 
pe N = ~ 9 
q q 


and the degree of ionization is given by 


N' = 


t= N O l EN N 

OS ON de NI c= NaN? 
and thus 
z b iT) "52, — x /AT (2nrm)? | 
p-,P mgr ATE V. A 


When the weights of the lowest state of the ionized and 
neutral atom are unequal, the correction. will make an 
appreciable difference to the caleulated degree of ionization. 
But I wish here principally to point out an important 
consequence of the correction, namely that it implies a 
correction to the formula for the coefficient of absorption 
of an atom beyond a series limit*, as given independently by 
Kramers T and the writer f. 

The formula in question was deduced by the writer by 
equating the number of photo-electric ejections of electrons 
to the number of captures of electrons by ionized atoms. 
Let wv I,dvdt be the probability that a neutral atom in a 
state r of weight q, will in time dt, under the influence of 
isotropic rv-radiation of intensity I,dv, become ionized by 


* The correction is of importance in the calculation of the general 
coefficients of absorption of an ionized gas: the writer has made this 
calculation, with the corrected formula, in Monthly Notices, R. A. S. 
Ixxxv. June 1925, 

t Phil. Mag. xlvi. p. 843 (1923) 

t Phil. Mag. xlvi. p. 224 (1924). The same formula was also 
arrived at independently by Becker, but expiicitly contined to the 
case of hydrogen, where the correction makes no difference (Zerts. fur 
Phys. xviii. p. 333, 1928). 
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absorption of a quantum of energy A», with the emission of 
an election of speed v given by 


hy = dmnvj Rx... . .. . (5) 


where. Xr is the ionization potential in the r-state. The 
coefficient y,(v) is an Einstein probability coefficient, and is 
connected with the atomic absorption coefficient a,(v) by the 


relation 
!y) wr) 
lE m 


Further, let n, be the number of atoms per unit volume in 
the r-state, n the number of ionized atoms in their lowest 
state, n, the number of free electrons. 

An application of the principle of detailed balancing of 
elementary processes (in this case, ejections and captures) 
then shows that 


ny, (v)I, dv dt 


3 ` 3/2 1 i 
= Bonn, (4) e imo [KT [F (v)  L,G,(»)] $ dvdt, 
e e * (6) 


where 2vF,(v) is the probability * of the unstimulated 
capture of a v-electron in the r-orbit by the ionized atom in 
its neutral state, and 27I,G,(v) is the similar probability of 
a stimulated capture. 
We now eliminate n'/n, by the ionization equation 
! ] 9, 13,2 
Z P = 2 (RT) e7 Xr/kT UDO aA E 
Qr h 

and substitute Planck’s formula for I,. On applying (5), 
and imposing the condition that y,(v), F.(v), G.(tv) must be 
independent of the temperature, we arrive at the formula 


_hoy,(v) qo (eX r 
ME ie cR LEER 
This differs from the formula previously given by the writer 
and from the formula derived by a somewhat different 
method by Kramers, by the factor g' in the numerator for 
the weight of the normal state of the ionized atom f. It 
should be mentioned that the less rigorous method used by 
Kramers lends itself only with difficulty to the making 


* More strictly, the effective cross-section of the atom for captures of 


the kind in question. o. NDORO 
+ The form of (8), taking account of relativity mechanics, is in 


effect given by Dirac, Proc. Roy. Soc. cvi. A. p. 981 (1924). 
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of the correction; but Kramers’s own application of the 
formula is unaffected, as he used it for the case in which 
the system after ionization is a bare nucleus, for which 
ee) | 

If it is possible for the collision of an electron with an 
excited ionized atom to result in capture in the r-orbit, then 
conversely it must be possible for an atom in the r-state to 
become ionized by the absorption of a quantum of radiation 
sufficiently large to leave the atom excited. The corre- 
sponding contribution to the atomic absorption coefficient 
would be given by (8) on introducing an appropriate value 
for g', namely the weight of the excited state of the ionized 
atom. But the capture-probability factor F(v) would 
probably be very small. 

Summary. 


Saha’s formula for high-temperature ionization requires a 
factor (partition function) relating to the d priori weights of 
the stationary states of the ionized atom, as well as the factor 
relating to those of the neutral atom introduced by Fowler. 
The formula for the photo-electric absorption coefficient 
requires similarly a factor for the weight of the lowest state 
of the ionized atom, as well as the factor for the weight of 
the neutral atom given by Kramers, Becker, and the writer. 
In all cases a ratio of weights 1s necessarily involved. 


[ ADbDENDUM.—Kramers’s deduction of formula (8) depends 
on considering an enclosure containing a sinvle neutral atom 
and calculating the ratio of the probability that the 
atom is in its normal state to the probability that a. given 
electron is missing and moving free with a given velocity. 
Apart from the difficulty of justifying the applicability of 
probability considerations to a single atom in this way, it is 
clear that the weight of the appropriate state of the ionized 
atom would make an appearance in the final formula, pro- 
vided we compared the probability that the atom is neutral 
and in a given state with the probability that the same atom 
is ionized and in a given state; the ratio of the weights would 
then necessarily occur. In the more rigorous statistical 
discussion, the partial pressure of the free electrons has 
heen shown in fact to be irrelevant*, and this suggests 
that Kramers’s method of considering the free electron is 
not justifiable. 


Trinity College, Cambridge, 
May 1925. 


* Phil. Mag. xlvii, p. 225 (1994). 
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LVII. Reply to Mr. U. Dors “ New Discussion of Bucherer's 
Experiment." By A. H. BvcugnEn, Doctor of Science, 
Professor of Theoretical Physics * 


Ib this Magazine Mr. U. Doi has published a new discussion 

of the experiments carried out by me for the purpose 
of ascertaining the law of mass variability. The aim of 
Mr. Doi has been to establish a^ agreement between my 
experimental results and a formula of his own, which he 
derives from his anti-Kinsteinian theory of relativity. He 
finds for the specific charge of the electron : 


e «€0—8) 


Mo 


3 
m~ 
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while my experiments prove the Lorentz formula : 


e| e N1—8 


— = xxu de 2 
m mo ç ? 70€ (2) 


where, as usual, 8 signifies the ratio of the velocity of the 
electron to that o£ light. 

The latter formula has subsequently been confirmed by 
other investigators. I refer to the work of my assistant, 
Mr. K. Wolz, to that of Neumann and of Cl. Schaefer, 
of E. Hupka and of Ch. Guye. It seems to me there 
cannot be a reasonable doubt as to its correctness. According 
to my original plan, one single radiographic curve should 
have sufficed to establish the law of mass v: ariability. But 
it turned out that the trace of the curve at points of small 
deflexions resulted from two superimposed effects, the one 
being the radiographic action of the -rays on which the 
forces acting between the condenser plates were balanced, 
and the other where they were not balanced. 

Now the original theory of tlie experiment referred to 
the compensated. rays correspondiug to large deflexions ; and 
as the theory of the non-compensated rays appeared at that 
time intricate and difficult, I decided to produce e a number of 
radiographie curves whose maxima were so calculated as to 
represent varying velocities of the electrons. Only these 
maxima were measured, and from them the mass variability 
was deduced with the assistance of the constants of the 
apparatus and of the electromagnetice data. 


* Phil. Mag. xlix. p. 434 (1925). 
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Recently Mr. T. Lewis * has developed the complete theory 
of the curve, taking in account all factors that condition the 
trace. In future, then, it will be possible to demonstrate 
the validity of the Lorentz mass formula from a single 
radiogram. Unfortunately, the experimental films I could 
place at Mr. T. Lewis's disposal were too scanty, and in 
consequence the Lorentz formula could only be established 
up to velocities of 8 = 0:8. 

Comparing Mr. Doi's interpretation of the curve with that 
of Mr. Lewis, it becomes evident at once that the former by 
neglecting the most important factors at work in producing 
the trace cannot be accepted as proving any mass formula. 
I refer the reader to Mr. Lewis's exceedingly interesting 
paper. 

It may not be superfluous to state that todav the 
confirmation of the Lorentz formula can no longer be 
adduced as proving the Einsteinian theory of relativity. As 
Mr. P. Lenard has shown, tbis mass formula results from a 
very simple application of mechanics. For, putting for the 
total energy E of a mass m the expression which Hasenóhrl 
derived from the Maxwellian theory, 


E = me, 


where c signifies the velocity of light; and equating this 
change of energy in unit time to the change of kinetic 
energy of the mass moving with velocity v, we obtain 
at once 


dE vd(mr) 


dt | dt 


Mog 


u m= tae 
ee / 1—g8* 
Mr. Doi in concluding his paper proposes a value for 


the specific charge of the electron = obtained by Prof. A. 
0 


Sommerfeld by applying the special theory of relativity to 
the spectroscopy of hydrogen and helium. However, this 
application to the motion of the electrons within the atom is 
certainly not permissible, and the agreement between his 
theory and the spectroscopic data is only apparent. 


Bonn, June 6th, 1925. 


* Thos. Lewis, B.Sc., Proc. Roy. Soc. A. vol. evii. pp. 544-560. 
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LVIII. On the Transmission of Air- Waves through Pipes. 
By L. F. G. Summons, B.A., A.R.C.Sc., and F. C. 
JOHANSEN, B.Sc., of the Aerodynamics Department, 
National Physical Laboratory *. 


INTRODUCTION. 


HE technique of air-speed measurement by means 
of pressure tubes has received considerable attention 
in recent years, and with the sensitive pressure gauges now 
available no difficulty is experienced in determining, to a high 
degree of accuracy, the speed of steady air-currents. In 
studying unsteadv currents, such as natural winds, continuous 
records may be obtained by connecting the open ends of the 
pressure tubes to opposite sides of a specially constructed 
diaphragm gauge made with light moving parts and possessing 
a high natural frequency. But these records may fail to 
indicate the actual pressure changes which occur at the oper 
ends on account of the wave-motions induced in the tubes 
being influenced by the viscosity of the air and by the 
volume of air enclosed in the gauge. Both factors exert a 
sensible influence on the results, and where long pipes of 
small diameters are employed they may lead to serious errors 
in the estimation of wind speed. 

Some idea of the magnitude of the errors involved in 
certain simple cases representative of gusts and periodic 
flow is provided from experiments recently conducted at 
the National Physieal Laboratory on the transmission of 
waves through rubber pipes. Grouped under two headings, 
the experiments deal (1) with the propagation of a single 
wave resulting from the sudden application of a known 
pressure at one end of the pipe, and (2) with waves 
generated by simple harmonie variations of pressure or 
displacement, applied at one end. The results pertaining 
to closed pipes indicate the relationship existing between 
the pressures at any instant at the two ends, and the extent 
to which these are affected by size and leugth of pipe, and 
hy the type of gauge used; whilst measurements of the 
displacement made at the end of open pipes may be com- 
pared with calculations based on the theory given by 
Lord Rayleigh. This theory (which was propounded in 
relation to acoustic problems) is of course subject to the 
usual limitations: (1) that the maximum velocity must 


* Communicated by Mr. R. V. Southwell, F.R.S. 
Phil. Mag. S. 6. Vol. 50. No. 297. Sept. 1925. 20 
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be small compared with the velocity of sound, (2) that 
= must not exceed a certain limit. Uniform motion 


across each section is presupposed, except within a thin 
boundary liver in the immediate neighbourhood of the 
wall, and this assumption impoxes a further limitation upon 
the theory, restricting its application to pipes larger than 
a certain minimum diameter; for when the thickness of 
the boundary layer becomes comparable with the diameter 
the distribution across the section cannot remain uniform. 
There is reason to believe that the conditions a-suined are 
realized in the experiments made with pipes of *475 cm. and 
:950 emdiamet-r; hence anv comparison between experi- 
mental and theoretical results is valuable, not only in 
showing the deficiencies of the existing theory, but also 
as a basis of reference for checking future theories. 

A rough survey of the results shows that (except where 
resonance occurs, as with pipes of “95 em. diameter) the 
transmitted pressure is less than that applied, and 1s subject 
to a lag in phase which delays the reception of the wave at 
the far end. As a general rule it may be taken that a 
reduction in the pressure amplitude, together with an 
inereased phase lag, are produced by : 

(i.) an increase in length of pipe, 

(ii.) a decrease in diameter, 

(iil.) an increase in frequency. 
Where comparisons have been made, large discrepancies 
exist between the experimental and ealeulated values. In 
some cases the comparisons are perhaps hardly legitimate, 
since the end conditions required for a simple solution of 
the equations of motion were only approximately fulfilled 
by the apparatus employed; but in other cases, where no 
doubts of this nature exist, the evidence shows that the 
present experiments do not fall within the range of appli- 
cabilitv of Rayleigh’s theory. Lastly, the experiments 
demonstrate tlie unsuitability of the ordinary tvpe of 
diaphragm gauge for recording, in detail, rapidly changing 
ressures such as occur during rapid manoeuvres of air- 
eraft, or in natural winds during gusty weather, and point 
to the need of a new form of gauve of small internal 
volume. 

The present cemmunication is divided for convenience 
into three parts. The first is devoted to a review ot the 
Rayleigh theory of wave-motion through pipes ; the second 
deals with experiments in which pressures were measured 
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with a diaphragm gauge; and the third with later expe- 
riments in which more refined means of measuring pressure 
and displacement. were introduced. 


Part I.— REVIEW or THEORY. 


Apart from the resulis of a few rough experiments, 
no data appear to be available relating to the effects of 
viscosity on the transmission of air-waves through pipes. 
On the theoretical side, the subject has received some 
attention from a number of physicists—notably Stokes, 
Kircvhoff, and Rayleigh,—but there is no experimental 
verification, as far as the writers are aware, of their calcu- 
lations for the wave-motion produced by simple harmonic 
rariation of the pressure or the displacement at one end of 
a pipe. 

Rayleigh’s elementary theory of wave propagation along 
a pipe is based on the assumption that the motion is wholly 
longitudinal and approximately uniform across any section, 
except near the wall where viscosity exercises a sensible 
influence. On the ground that the boundary laver so 
affected is small in comparison with the diameter of the 
pipe, he concludes that the viscosity forces may be cal- 
culated from Stokes's formula for the drag of au infinite 
plate when executing harmonic vibrations in a plane 
parallel to its own. The equation of motion for waves 
of frequency n, established in the usual manner from 
considerations of the forces acting on a small element of 
the fluid contained between two sections ôe apart, is 
shown to be 


CRVA E i OF oe’, - (1) 


where & denotes the displacement of the fluid at section z, 
y is the coefficient of kinematic viscosity, 
P=perimeter, and S — eross-sectional area of pipe. 

) A . e 
a = V Po — velocity of sound in air, 


Po 
ratio of specifie keats of zir 


Y 


* Rayleigh’s ‘Sound,’ vol. ii. 1896 edition, p. 318. The equation 
given by Rayleigh has ‘been red moditied by the substitution of £ 


for —. 
> 


*. 
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A solution of (1) may be obtained in the form 


LE SAE ll se coo de ode 0) 
provided that 


T" ze TL 
aim? = (veg. n* ct g gh coc (3) 
where the two roots of m may be written +(p+iq). 
Making this substitution in (2), we have 
PERAQUEPTHE, g o oso n & (i) 
A particular form of this solution, applicable to the present 


problem (since it represents the combined effects of the 
incident and reflected waves) is 


E = Ae-?* sin (nt—qz) + Be7??!72? sin {nt—q(2l—x)} 
+ Ce-?? cos (nt — qc) + De7??!7? cos (nt —9(201 —2)), (5) 
where A, D, C, and D are arbitrary constants to be determined 


from the specified terminal conditions, and /=total length 
of pipe. With the aid of the relation 


Ò 
P= Po = —poy E, 


equation (5) can be used to calculate the pressure at any 
point in excess of the normal pressure po. 

On the assumption that £— ,sin nt at z—0, two cases 
of immediate interest arise :— 


Case 1. Free End.—The condition to be satisfied at r=l 
fo 


1s EM —0. Hence we have 


A=B, and C=D; 
S. E = Ae” sin (nt—qr) + Ae ?-* sin {nt—9(2l—.2r)} 
+ Ce7?* cos (nt — qe) + Ce“) cos {nt —¢(2l— 2x), 
s ow. (6) 


where A and C are determined by substituting &= £, sin nt 


for z—0 in (6), and afterwards equating coefficients of sin nt 
and cos nt. 


CasE 2. Fixed End.—The condition for a fixed end is 
E=Oatr=l., 
A=-—bB, and C=-—-D; 
E = Ae“? sin (nt—g2) — Ae?) sin (nt —g(2l—.2)} 
+ Ce-?* cos (nt— qe) — Ce^?3!-2, cos {nt — q(21 — x) }, 
- (7) 


where, as before, A and © are determined from the condition 
E = sinnt at z = Q. 


We now have 
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Again, substituting 3a from (7) in the relation 
fe) 
p—po- — py 9, 


we obtain the following expression for the excess pressure 
at the fixed end: 


A TEN us ERR (nt — gl + 0) 
(1—2e-?' cos 29l + e^ 4?!) : 
e^ *P( p sin 2gl +q cos 29) —3 


t: 0 = —.-, ^—— -— POENE P S £ 
B e^ *"'( p cos 2ql—g sin 290) —p 


where 


Part II.— MEASUREMENTS OF PRESSURE BY MEANS OF A 
DIAPHRAGM GAUGE. 


(a) Experiments on the Propagation of Single Waves. 


A preliminary series of experiments was conducted with 
the object of determining the influence of viscosity on the 


Fig. 1. 
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propagation of a wave along a pipe due to a pressure 
suddenly applied at one end. The essential features of the 
apparatus comprised an air-tight reservoir of about 50 litres 
capacity connected by rubber pipe to the diaphragm gauge 
illustrated in tig. 1. A second connexion to the reservoir, 
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closed with a cock, enabled the pressure of the contained air 
to be raised to a pre-determined amount above atmospheric, 
usnallv not greater than 2 cm. of water. The gauge con- 
sisted of a chamber having a volume of about 160 c.c. closed 
by a corrugated metal diaphragm. A flat adjustable spring 
provided an additional control and enabled the sensitivity to 
be varied within certain limits. The motion of the diaphragm 
was indicated bv an optical lever, made with light moving 
parts so as to reduce the inertia effects to a minimum, and 
designed to give an angular movement of the mirror propor- 
tional to the vertical displacement of the diaphragm over a 
range of -- 1:3 cm. of water. The natural frequency of the 
instrument was much higher than the frequencies common 
to the experiments, and the inertia effects, even in the 
extreme case of a sudden application of pressure to a short 
length of pipe, were shown to be negligible. 

Observations of the deflexion ot the gauge were made 
photographically by means of a roll-film camera operated by 
an electric motor, the time-scale being provided by tlie 
movement of a shutter, electricallv actuated by a Weston 
relay, which interrupted a beam of light at uniform intervals 
during the unrolling of the film. In making «n experiment 
the pressure in the reservoir was raised by admitting air at 
higher pressure through the by-pass into the reservoir, the 
gauge connexion being meanwhile stopped at the reservoir 
end. The film was then started, and the reservoir put into 
rapid communication with the gauge by means of a quick- 
release device. 

The results of these preliminary experiments are presented 
in fig. 2 as curves of pressure on a time base, supplemented 
by Table I., which shows the time-intervals required by the 
pressure at the far end to reach 90 per cent. of its maximum 
value. Thev illustrate in a striking manner the influence of 
viscosity in delaying the growth of pressure at the far end. 
This final pressure is approached asymptoticallv, and the 
tiwe-interval required depends upon the diameter and the 
length of the pipe; it is found to be independent of 
the magnitude of the pressure itself, as would be expected 
in the light of dimensional theory. Thus, referring to the 
accompanying Table I. (in which the times taken for 
the pressure to reach 90 per cent. of the maximum value 
are taken as a standard of comparison). we see that an 
increase in the diameter from 3:99 to 6:35 mm. reduces 
the time-interval from 78 to 1:05 secs. ; a decresse in 
length from 30°79 to 15:24 m. is accompanied by a 
reduction in time from 8:2 to 6:1 secs. ; but an alteration 
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in the initial pressure from 8°76 to 12°95 mm. of water 
roduces no appreciable change in the time. It should be 
stated that the figures refer to time measured from the 
instunt of reception of the wave at the far end (that is 
to say, the instant at which the diaphragm starts to 


Fig. 2. 
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record); there is necessarily an interval between starting 
and receiving the wave, but this is small, since the mea- 
surements indicated that the velocity of propagation in 
the s:nallest pipe was probably not less than 91 m./sec. 


TABLE I. 
Pipe Applied 
Length Int. Diameter Pressure Time 
(metres). (mm.). (mm. of water). (seconds). 
30°79 3:99 HIT T8 
31770 6:35 EET 1:05 
30 79 3 99 8°76 8'2 
30°79 3:99 12:95 84 
15:24 3:99 8:25 01 


(b) Waves produced by a simple harmonic pressure variation. 


The apparatus employed for the second series of ex- 
periments is illustrated in fig. 1. It consisted of an 
airtight reservoir of about 215 litres capacity, connected 
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by the rubber pipe under experiment to the diaphragm 
gauge. The oscillating movement of a piston in a cylinder 
connected to the reservoir alternately compressed and ex- 
panded the enclosed air. Both the amplitude and the 
frequency of the pressure changes could be readily varied, 
but in general the pressure variation was restricted to the 
range +1 cm. of water at frequencies below 2:5 per second, 
the mean pressure throughout remaining atmospheric. 

Measurements of transmitted pressure were made by 
observing the motion of a beam of light, reflected from 
an optical lever on the gauge to a scale placed about 
4:5 metres away. To obviate errors arising from irre- 
gular movements of the zero (due either to barometric 
or temperature changes) the complete traverse of the spot 
of light from side to side was noted, and the mean value of 
a large number of oscillations was accepted as representing 
the maximum range of pressure for the frequency under 
investigation. From observations of the position of the 
reflected beam at the instant when the piston reached one 
end of the stroke, rough estimates were made of the phase- 
displacement between the forcing motion and the pressure 
at the gauge; these measurements were greatlv facilitated 
by the use of a second beam of light actuated by an electric 
contact fixed to the piston rod in such a position that the 
light became visible as a flash on the scale when the piston 
reached its extreme position. 

This series of experiments provides measurements of the 
pressure at the far end of rubber pipes up to 122 metres in 
length produced by a harmonic variation of imposed pressure. 
Details of the amplitude and phase relationships existing 
between the transmitted and impressed values are afforded 
by the curves of figs. 3 and 4, which refer to pipes of 
4:75 mm. and 9:53 mm. bore respectively. It should 
be mentioned that the figures indicating the length of 
pipe refer in all cases to the length, including that of 
a short reduction piece, beyond the outlet pipe from the 
reservoir. 

An examination of these curves reveals several important 
features: in the first place it is seen that, for a given 
frequeney, the amplitude of the transmitted pressure is 
in general smaller than that of the applied pressure; and, 
in the second, that the transmitted pressure is diminished 
by a reduction of pipe diameter, as is evident from a com- 
parison of the curves of figs. 3 and 4. Further, fiv. 4 
clearly indicates the occurrence of resonance in pipes of 
3:53 mm. diameter, and shows the influence of pipe-length 
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in modifying the maximum amplitude. From a con- 
sideration of fig. 4 it is apparent that even with the shortest 


pipe—viz., the outlet pipe from the reservoir (about 0°813 m. 
long and 9-53 mm. bore)—the rise of transmitted pressure 


Digitized by Google 


562 Messrs. L. F. G.Simmonsand F. C. Johansen on the 


with an increase in the speed of fluctuation indicates an 
approach to a condition of resonance: on this account 
an allowance must be made for the presence of the outlet 
pipe in any comparison undertaken between the different 
results. The curve designated Om. in fig. 4 has been 
taken (for purposes of calculation) to represent the standard 
pressure at tlie near end of the pipe for different frequencies. 
From a few experiments, the results of which are not here 
included, a lay in phase was observed between the impressed 
and transmitted pressures. This phase displacement was 
found to increase in magnitude with an increase in the 
length and a decrease in the diameter of the pipe. 


Comparison with Theory.—1n a number of cases, values 
for the pressures have been calculated by the use of 
Rayleigh’s formula (see Part I.), and these, together with 
the corresponding observed values, are given in the 
following Table :— 


TABLE II. 
Pipe. Pressure 
Frequency — ——— (min. of water). 

(cycles Internal Diameter Length — an 
per minute). (mm.). (metres). Calculated. Observed. 

50 1-6 0:76 4:57 0:56 

50 16 2°59 154 0:13 

50 3:175 6:10 4:62 117 

50 3:175 24°38 5°48 0:25 

50 475 6:10 4:59 2:55 

50 4°75 24:38 5:28 0:64 

50 9:53 6:10 4°59 4°93 

50 9:53 24:38 5:03 6:55 


Note.—In all calculations a value of 0-144 in c.g.s. units has been taken for 
the kinematic viscosity of air. 


The discrepancies existing between calculated and ob- 
served values are too large toadmit of any useful comparison 
being made between the two sets, and suggest the desirability 
of investigating the terminal conditions existing in the 
pipe. T 

An estimate of the compression of the air in the gauge 
caused by a pressure of about the magnitude met with in 
the experiments shows that there is an appreciable movement 
of air at the far end of the pipe. The assumption, therefore, 
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that the gauge constitutes a fixed end is useful only for 
purposes of rough comparison. An attempt was made to 
calculate the eff-ct of the motion of the air into the gauge 
on the recorded pressure, but a'though the correction from 
this cause was found to be so large as to indicate the 
importance of making a similar allowance in all cases where 
fluctuating pressures are measured by means of a diaphragm 
gauge, it cannot account for the wide divergence between 
the calculated and observed results. 

The same conclusion can be drawn with regard to a 
correction for the conditions obtaining at the near end of 
the pipe. Further, the difficulty of estimating with any 
certainty the complex behaviour of the air in the reservoir 
makes it advisable to conduct experiments with a modified 
form of apparatus rather than to introduce a further cor- 
rection factor which will probably account for no more than 
a small proportion of the discrepancy. A consideration of 
these experiments furnishes the subject matter of Part ITI. 


Part IJ].—MEASUREMENTS OF PRESSURE BY MEANS OF 
ALCOHOL MANOMETERS. 


In order to obviate the difficulties inherent in the use 
of the reservoir and diaphragm gauge, modifications were 
made in the apparatus so as to secure conditions at the 
ends of the pipe under experiment capable of mathematical 
expression, to as close an approximation as possible. The 
reservoir at the near end of the pipe was dispensed with, 
the experimental pipe of 9:53 mm. diameter being directly 
connected to a cylinder of the same bore. By means of a 
piston and crank mechanism, » definite simple harmonic 
displacement of the air could be secured at the near end : 
the amplitude could be readiiv varied within fairly wide 
limits, but most of the measurements were obtained with a 
piston-stroke of 29 mm. 

Of the several attempts to measure pressure whilst main- 
taining approximately zero dispiaeement of the air at the 
far end of the pipe, the most successful involved the use of 
a liquid manometer consisting of a glass tube of small 
diameter (about 2 nim.) supported vertici ally with its lower 
end below the free surface of alcohol contained in a vessel 
ef much grater diameter (about 25 mm.). Reliable 
results were obtained with this type of sauge at the lower 
speeds, but at higher speeds the readings were influenced 
by the inertia and viscosity of the alcohol. 
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To calculate the corrections required, it is necessary to 
suppose that the column of liquid oscillates through a small 
range +a about a mean position distant l from the end, 
under the action of an applied pressure psin nt. On the 
reasonable assumptions that the resulting force due to 
surface tension remains unchanged and that the mass of 
oscillating liquid is constant, the equation of motion is 
easily seen to :: 


ouis dà RR) T -gpr = = p sin at, 


where the first two terms £i" the relatively small 
forces due to inertia and viscosity respectively : thus p can 
be determined from the known solution of the equation. 
Clearly, this method leads only to an approximate estimate 
of the corrections; hence the numerical results given for 
pressures at the higher speeds do not represent the same 
degree of accuracy as those at the lower speeds. 

The coettivient of viscosity, k, appropriate to the motion 
was determined from oscillation experiments with a U-tube 
partly filled with aleohol : a value of 35 c.g.s. units found 
from these experiments has been taken for the purpose of 
the calculations. 


Open-ended pipes.—The displacement of the air at the 
open end was made apparent by the motion of a soap-film 
introduced into a glass tube, about 20 em. in length and 
about 12:7 mm. in diameter, connected to the end of the 
pipe. When at rest, the film formed a thin diaphragm 
across a section about half-way along the tube; during 
an experiment it oscillated about this position ‘with an 
amplitude which in some cases approached 5 cm. To 
obtain satisfactory results it was found necessary to keep 
the wall of the tube wet with the soap solution: this 
reduced the resistance to motion and at the same time 
tended to preserve the existence of the film, which generally 
lasted for less than a minute. With precautions taken 
to secure the best conditions, the maximum resistance at 
the highest speeds was less than a pressure of L:25 mm. 
of water: in other words, the far end did not accurately 
conform to the conditions of a free end owing to the 
existence of this extraneous pressure. Rough calculations 
show, however, that the maximum error from this cause 
is probably less than 6 per cent. of the observed value 
of the displacement. It should be added that the dis- 
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placements could be measured in the majority of cases to 
within 0:5 mm. (i.e. about 1 per cent.), and that the 
film results were subsequently checked by observing the 
motion of smoke injected into the tube. 

Fig. 5 shows the variation of amplitude with length of 
pipe at a constant speed (R.P.M.=75) resulting from a 
forced motion (£— 14/5 sin 7°85t) imposed at the near end. 
Theory and experiments indicate a critical length of pipe 
(in the neighbourhood of 46 metres) at which the dis- 


Fig. 5. 
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placement reaches a maximum ; but whereas the observed 
value of this displacement is 19 mm., the figure calculated 
from equation 6 (p. 556) is 44-4 mm. This difference 
is not likely to be materially reduced if an allowance is 
made for the pressure required to overcome the resistance 
opposing the motion of the film, since in the particular case 
(/=0) the difference from this cause is only about 10 per 
cent. of the observed value. Further evidence of the want of 
concordance between the two sets is seen in the accompanying 
Table of results pertaining to a pipe of length 30°5 metres 
and 9°53 mm. diameter. 
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TABLE III. 


Amplitude of Displacement (mm.) at 
far end of 30°48 metres pipe. 


R.P.M. -— —— —— 
Calculated. Observed. 
25 15:24 14:47 
15 21:2 19:55 
115 33°78 26°42 (max.) 
155 82°55 (max.) 15:49 
180 38°61 — 


These figures are of interest in showing that both the 
calculated and observed values for the displacement increase 
with frequency up to a certain point where a maximum 
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value is reached. In contrast, however, with the curves of 
fig. 5, where the observed and calculated maxima are seen 
to occur at about the same lengths of pipe, the maxima 
here occur at widely different frequencies. 

In figs. 6 and 7 amplitude of pressure is plotted against 
length of 9:53 mm. bore pipe for the two conditions of 
fixed aud open end respectively. The pr.s-ure was mea- 
sured at the end of the closed pipe, and at intermediate 
points along the open-ended pipe. In both cases the curves 
of ealeulated and observed pres-ures are of similar shape, 
the caleulated values being, as before, larger than those 
observed. The close agreement noticeable in fig. 6 may 
reasonably be ascribed to the low frequency of oscillution 
(26 cycles per minute), and provides an interesting con- 
firmation of the etfects of frequency on viscosity and inertia 
losses, us mentioned in the preceding paragraph. 

The curve of observed values plotted in fig. 7 is obtained 
from fig. 8 by cross-plotting, and provides a typical example 
of the variation of pressure along an open-ended pipe for 
frequencies not exceeding 60 per minute. In the example 
given, the pressure attains a maximum at or near the piston 
end; but it will be observed that at higher frequencies 
the maximum pressure occurs at other positions nearer the 
open end. There is a marked disparity between the cal- 
culated and observed values, which clearly demonstrates 
the need for a revised theory in closer agreement with 
observed facts. 

Fig. 8 shows the relationship between frequency and 
pressure, mexsured at various distances from the near end, 
in an open pipe 62°18 m. in length and 9:53 mm. in diameter. 
For points within 18 metres of the near end the curves 
show the same characteristic feature of pressure amplitude 
increasing with rapidity of fluctuation up to a maximum 
value in the neighbourhood of 60 cycles per minute; from 
thence to about 120 evcles the pressure decreases slightly, 
but at higher speeds it tends towards a second and higher 
maximum value, possibly in the neighbourhood of 180 eycles 
per minute. At points along the pipe beyond 18 metres 
from the piston the first crest in the curve is absent, but 
there is in all cases a rapid increase of pressure st about 150 
eveles per minute. This indication of the presence of a 
second peak value probably represents the pressure conditions 
with fair aeeuracy, although the actual values of pressure, 
as already stated, are somewhat uncertain owing to the 
difficulties associated with the measurement of fluctuating 
pressure at high speeds. It is reasonable to suppose that 
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these peak values indicate resonance between the applied 
motion and the natural vibrations in the pipe; tbe one 
at 60 cycles appears to correspond to the fundamental, 
and the second at 180 to the first overtone. Theoretically, 
in a frictionless fluid, the pressure should reach infinity 
simultaneously at all points along the pipe, and the 


Fig. 8. 
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extent to which this rule is violated in practice is evidence 
of the influence of viscosity in modifying the motion of 
air in the pipe. The unexpected result that the pressure 
at 180 cycles is greater than that at 60 cycles has not 
been satisfactorily explained. 

From a consideration of the frequencies and pipe-lengths 
at which resonance occurs it is possible to form a rough 
estimate of the velocity of wave propagation. Calculations 
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of this velocity have been made from the observed results 
given in Table IIl., in fig. 5, and in the following Table, 
which refers to observations of displacement made by 
means of a soap-film at the end of 9°53 mm. bore pipes 
of various lengths, the frequency being maintained constant 
at 150 cycles per minute :— 


TABLE IV. 
Length of Pipe Amplitude of Displacement, 

(m.). (mm.). 

3°05 13:0 
15:21 212 

24-38 29-2 (max.) 
30-48 21:9 
4572 10:8 
60:96 84 


The values for the velocity of wave propagation obtained 
from the conditions of resonance observed during measure- 
ments of displacement receive an interesting confirmation 
from a similar value obtained by a consideration of the 
resonanee conditions indicated by the pressure curves of 
fig. 8. The calculations are approximate only, and the 


simple equation 
E = Asin(nt—qz)-- A sin [nt —q(21—2)]), 


from which viscosity terms are omitted, has been deemed 
sufficiently accurate for the present comparison. In the 
following Table references are given to the sources from 
which the wave velocities are determined ; the velocities 
refer to pipes of 9°53 mm. bore in all cases:— 


TABLE V. 
Velocity of Frequency 
Wave Propagation. at Resonance. Resonance Observation. 
(m. per sec.) (cycles per minute.) 
28 150 From displacement: Table III. 
234 115 = » 3 Table IV, 
229 75 " " > fig. 5. 
249 69 From pressure: fig. 8. 


In the determination of the last value in this table, 
a mean figure of 60 cycles per minute has been taken for 
the frequency at which resonance occurs. 

From a few measurements of displacement at the end 
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of a pipe of 4:75 mm. bore, a velocity of propagation 
amounting to 59 m. per second is obtained. It mav be 
concluded, therefore, that in general the velocity of wave 
propagation diminishes rapidly with reduction of pipe 
diameter; but within the limits of experimental accuracy 
no appreciable effect of frequency on that velocity cau he 
detected. 

In conclusion it may be stated that the present paper 
is not intended to provide a theory of the transmission 
of air-waves through pipes. It aims at no more than a 
comparison of existing theories with the results of ex- 
periment. The inv estigations completed up to the present 
serve to illustrate a few of the more serious sources of 
error met with in full-scale work, and indicate the necessity 
for the introduction into such work of more refined apparatus 
than has hitherto been employ ed; for whilst the ie 
problem of viscous flow in pipes mav not be insoluble, 
remains probable that the difficulty of deter mining and ex- 
pressing with mathematical exactness the complex terminal 
conditions likely to be encountered in the practical mea- 
surement of fluctuating pressures, will prove to be greater 
than that of making use of forms of apparatus in which long 
transmission pipes are not constituent parts. The essential 
features of such apparatus appear to be a paupe of very 
small internal volume and very light moving parts, situated 
at the point where the fluctuating pressure exists, and an 
electrical method of transmitting the pressure reading to a 
central station. 


Finailv, the writers desire to acknowledge their in- 
debtedness to Mr. R. V. Southwell for his helpful criticism 
and advice and to Mr. A. H. Bell for his assistance during 
the early part of the experimental investigation. 


LIN. On the Combined Vibration of a Bar and String, and 
the **Wolf-Note? of a Stringed Instrument. Dy \. B. 
Morton, M.A., and FLORENCE M. CHAMBERS, M.Sc., 
Queen's University, Belfast *. 


l. Introduction. 


"i r1 V small motion of the ends of a vibrating string plays 
an important part in the action of a stringed instru- 
rent, inasmuch as it is the link by which the energv js 


* Communicated by the Authors. 
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transferred to the body, and so to the air. In general, the 
effect of this yielding of the supports on the pitch is only 
slight, but it is well known that in instruments of tie violin 
family the interaction of string and body is such that it 
makes impossible the steadv production of one particular 
note, the so-called ** wolf-note.? 

The late Lord Rayleigh * treated tlie matter in a general 
way by supposing that the string was fastened at each end 
toa mass which was acted upon by a spring, idealizing in 
this way the inertia and elasticity of the body of an instru- 
ment on which the string is stretched. The system made up 
of the mass and spring has a natural frequency ot its own, 
The effect of the yielding of the ends is to raise or lower the 
pitch of a note according as it is higher or lower than this 
critical piteh—iu other ‘words, the pitch of the string moves 
away from that of the supporting system. A further dis- 
cussion on similar lines is included in Prof. Raman’s 
important monograph on the motion of strings f. 

By way of supplementing and illustrating this general 
method of treatment, 1t appears of some interest to examine 
a definite srecial case in which the motion can be w orked out 
in detail. The case of a string stretched along a uniform 
bar suggests itself as a rough "model or simplification of 
a stringed instrument. On theoretical grounds also it is 
interesting to study the coupling together of two elastic 
bodies which, taken separately, obey such entirely different 
laws of Vibration: The investigation, undertaken with this 
general point of view, led to a result which seemed to have 
a possible bearing on the phenomenon of the wolf-note. 


2. Theory. 

A string and bar are Joined at their ends by short irans- 
verse connecting pieces of negligible mass. Let origins be 
taken at the centre of each, and let the transverse displace- 
ments of string and bar be denoted by y, 7 respectively, 
For simple harmonie oscillations of frequency p/2a the form 
of the string is given by 

y= AÀ cos qe + D sin ga, 


where the periodie factor is omitted, and 


q' -pn[tt, 
m, l, T being mass, length, and tension of the string. 
* (C Text-book of Sound, vol. i. p. 135, 


t “Indian Association for Cultivation of Science,” Bulletin 15, p. 119, 
?p2 
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The tension of the string will produce a permanent thrust 
in the bar of the same constant magnitude to a first 
approximation. We must, in the first instance, take account 
of this thrust in considering the vibrations of the bar, though 
it will appear later that its effect on the frequencies is small. 
Accordingly, the differential equation satisfied by the curve 
of the bar is 


d‘n ,du  , 
qui TEE ger 
where 
25 —T/EI, 


r4=p°M/IEI, 


M, E, I being mass, Young's modulus, and moment of 
Inertia of cross-section. 
The general solution is 


7 —acos riz + sin riz +y cosh rer +6 sinh rox, 
where 


r9! = (rf 4-51) — s?, 
The conditions to be satisfied at the ends r= + 4/ are 
. (1) Equality of displacements, n=y ; 
(2) Vanishing of bending moment, d?n/dz?=0 ; 


(3) Equality of shear in the bar and the component of 
the tension transverse to the bar, 


EI d*yld.$ = T(dy/dz —dm/dz). 
We write 
hl-6, l=, 
sr l=, inl- Qs. 


The terminal conditions vive 


(1) a cos $, +y cosh pi =A cos 6, 
B sin dg, +ò sinh $4 Bsin6 ; 
(2) — rila cos $, + ray cosh $20, 


— rif sin di + 7,76 sinh $20 ;; 
(3) After some reduction, 
ræ sin + riy sinh $,— —T¢A sin QEL”, 
r8 cos $1 —rjó cosh p= — TqB cos 6/EIr*. 


-—— — 
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The constants A, a, y which belong to the even modes of 
vibration are separated from B, 8, 8 of the odd modes. 

At this stave it is necessary to examine the way in which 
the unknown quantity p oceurs in the magnitudes which 
have been introduced, and to separate it out from the 
constants of the problem. It enters in the first power in 6, 
and so we may take @ as representing the frequency of 
a note given by the system. In fact, the wave-length in the 
string is 7/0, so that the pitch of the note is determined 
when @ is known along with the physical constants of the 
string. For the fundamental of the string, vibrating with 
fixed ends, @=4-r. 

The quantity $ involves p}, so 0/$? is a constant, viz., 
2(nEI/MTOU)!; we denote it by c. In connexion with the 
third terminal condition, the quantity Tg/EL? comes into the 
analysis. This contains p-3; we put it =k/2, where 
k=(mT?P/MEI)}. 

The two constants c, k admit of simple expression in terms 
of two others which have immediate physical meaning. In 
the investigation of the motion of such a coupled system one 
would expect to tind as determining factors the ratio of the 
masses of the two members and the ratio of their elasticities 
or stiffnesses. For the latter we may take, in the present 
case, the ratio which the tension of the string bears to the 
Force EI//? determined by the bar, being 1/7? of the minimum 
force capable of buckling the bar. Accordingly we put 


p=m/M (mass ratio), 
e— TP/EI (stiffness ratio). 
Then e 2 (uje)s, 


k= (ue). 

An immediate acoustical significance can be attached to 
the quantity c. Multiplied by a certain number it gives the 
interval-ratio between a definite proper pitch of the string 
and a definite proper pitch o£ the bar. Here, and afterwards, 
when string and bar-pitehes are mentioned, it 1s supposed 
that the string has fixel ends and the bar has free ends. 
If we take the fundamental pitches in both cases we lave, 
for the string, 


0—im, 
pm (T/ml): ; 
for the bar, b=37/+ approximately, 


p= ar? EDIAGOM DB), 
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So (bar-frequency)/(string-frequency) 
= 9g (mEIMSA(MTP), 
= 97c/8. 
Under ordinary circumstances k is small, while c may have 
any magnitude. 

Returning now to the determining equations (1), (2), (3), 
we eliminate the arbitrary constants and obtain * period- 
equations" for the even and odd vibratious in the rather 
complicated forms— 

Even: 

(př tan pı +p? tanh do) = —k tan 8 (1+ at). 

Odd: 

$ (ps? cot $,— p? coth $,) = —& cot (1+ ot). 


In these we have written 


pi —nr, 
pars] r, 
o=s/r; 

so that pi3- (14 03)! 4- o?, 


pi —(1l-4co!)—oc*. 

We have pipa=1, but both symbols are retained for the 
sake of symmetry. 

An interesting way of checking the accuracy of the 
analysis in this and similar questions is to verify that the 
angular momentum of the system, as it passes through 
the centre of the swing, is zero. For even modes this is 
ensured bv the symmetry on the two sides of the centre ; 
but for an odd mode it implies the vanishing of the angular 
momentum for half the bar and string taken together. The 
expre-sion of this reduces to the equation 


“hl 
| (Mq my)z dæ=0 ; 
1) 
patting 
y= D sin 47, 


n= B sin rye + 6 sinh ror, 
we get 


M 18 (sin $i— Qı Cos $i Vr? — ó(si uh $. — ho cosh de) iis?] 
+ mB(sin @—@ cos 8) /q?=0. 


When the values of 8, 6 given by the first and second 
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terminal conditions are put in, this reduces to the period- 
equation. 

The equations as they stand are quite intractable, since 
p, which is sought, occurs in pi, pa, c as well as in 6, $, di, ds. 
A great simplification is etfected if c? can be neglected in 
comparison with unity, and under ordinary conditions this is 
the case. On putting in the values it will be found that 


a? — k[A0 ; 


k is a small fraction, while 0, in the most interesting cases, 
is near a multiple of i7, corresponding to a pitch given by 
the string. If o? is neglected, pi, pe become unity and 


$;—4$,—4. We thus obtain— 


Even modes: 
(tan $ 4-tanh $) 2 —ktan6 ; 
Odd modes: 
$ (cot 6 —coth $) 2 —k cot 6, 
with 0 —c$*. 
The two constants c, k (or u, e) determine the distribution 
of the proper pitches of the combined system, i.e. the ratios 
of their trequencies. Having obtained a pair of values of 


0$ satisfying these equations, we can express the forms 
of string and bar by tlie equations— 


Even: 


y=A cose | cos 0, 


n=tA f cos RES @+ cosh “re cosh 3 " 

Odd : 
9 

y=Bsin ef sin ð, 


i l 
n=4B f sin "Te [sin p+ sinh 284 inh e! ^ 


When & vanishes the equations break up into those which 
give the vibrations of a string with fixed ends and a free-free 
bar separatelv, viz., 


Even: tan $+ tanh $ —0, tanĝ=%. 
Odd: cot $ —coth $ 2 0, cot 0 — o. 


In the above analysis the usual practice has been followed 
of neglecting the effect of the rotatory inertia of the bar. 
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Before proceeding to the discussion of the simplified period- 
equation, it is worth while to compare the small influence 
which the neglected term has upon the frequency with that 
exerted by the thrust in the bar. To take the rotation of 
Mp" 7 has to be added 
ALIE TZ las to be aade 
to the differential equation already discussed. Here A is 
the area of the cross-section. The effect is merely to change 
the meaning of the coefficient 2s?, and to add to g? a term 
which reduces to (2«?$?/D), where « is the radius of gyration 
of the section. The ratio of this to the former g? is 
(4x°6?/I2u). Here the small quantity p=m/M in the de- 
nominator counteracts the smallness of &?/P, so the two 
small effects may be comparable in magnitude. 


the sections into account the term 


Fig. 1. 


INTERVAL RATIO -25 “$0 


To examine the solutions of the period-equation for the 
combined system as simplified, we assume a definite value for 
the constant k. Then for each value of $ we can calculate 6, 
and thence c—6/$?. ‘The results are shown by plotting 
0 against c. On the diagram are drawn a series of lines 
radiating from the origin, 0/c—4?, for values of @ in odd 
multiples of 7/4. The values 37/4, 17/4, etc., correspond 
very nearly to the even modes of vibration of the bar by 
itself, and 5m/4, 9z/4, etc., to the odd modes. 

The diagram (fig. 1) has been drawn for £—'01. The 
even and odd modes are indicated by full and broken lines 
respectively. When a vertical is drawn through the proper 
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value of e, it meets the various branches at heights pro- 
portional to the frequencies of the notes given by the 
compound system. It will be seen that in general these 
consist of string-notes slightly moditied by the vielding of 
the ends of the bar and bar-notes modified by the presence 
of the string. With this value of k the divergences are 
inappreciable, except near the gaps, where the bar-lines run 
off into string-lines. For clearer illustration of the course 
of the curves the exaggerated fig. 2 has been drawn for k=1. 
The graduations marked below the axis give the interval-ratio 


97c/8. 


The curves fall to the origin in a succession of cascades. 
The falls have the approximate direction of the radiating 
lines which represent the undisturbed frequencies of the bar, 
and run from a gap in one string-level to a gap in the next 
level of the same kind (even or odd). The intermediate level 
of the other kind is crossed at points marked with a circle. 
After the fall the curve runs inwards close to the horizontal 
line, crossing it at a point marked with a cross and dropping 
in another fall from the next gap. 

The curves are not carried down to the origin, to indicate 
that the simplified equations lose their significance for small 
values of 0 when c? ceases to be negligible. For this reason 
a branch, belonging to the odd equation, along which @ and 
$ are small, is omitted. It would indicate a mode of vibra- 
tion, having a single node at the centre, which is mechanically 
impossible. There is no physical interest to justify an 
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examination of the way in which the origiu is approached by 
the exact curves. As @ approaches zero the quantity p, 
becomes infinite, so the terms tan $, and cot $, introduce 
essential singularities. 

There are three kinds of special poinis to be considered, 
viz., those in the centre of the gaps and the points marked 
with a circle and with a cross. The first and second are 
alike cases of resonance, when there is coincidence between 
a bar-note and a string-note, but the two are distinguished 
by quite different effects:— 

(1) At the gapsthe coincident notes correspond to bar and 
string vibrations which are of the same kind—both even or 
both odd. Such a pitch caunot be elicited from the com- 
bined system. In place of it there are two displaced pitches, 
producing “resonance with beats." When the bar and 
string frequencies coincide exactly the number of beats is 
a minimum ; mistuning in either direction makes them come 
faster. 

To examine this analytically we take the even equation, 


tan 0 — — $ (tan $ + tanh ¢) /k. 
When & is small the right-hand side is in general large, and 
0 lies near an odd multiple of 7/2. It 68 is the displacem: nt 
of the proper piteh of the string, 
60 =k/¢ (tang + tanh $), 
with $-(0/c)*, the approximate value being put for @. 
This "per ation fails if c is such that the value 
0—(2n41). 9 makes (tan + tanh $) a small quantity ; in 


other words, when this value of @ nearly corresponds to an 
even mode of the har also. We know that even in this case, 
for small k, the deviation from the undisturbed string- 
frequency is small, so we may write 


$ (tan $ + tanh $) 2 $(sec? $ + sech? ) dh 
= (sec? $ + sech? $)60, 2c, 

which gives 

60 = 2ck/ (sec? $ + sech? $60, 

60 = + (2ck/(sec? $ + sech? $)]. 
Here $ has one of the values lying close to 37/4, 77/4, ete., 
so as an approximation we may neglect sech $ and put 
sec? $ 2, giving 

60 = t(ck)i = -+(2m/M)} approximately. 

The same result is arrived at for the odd modes. 
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When the fundamentals of bar and string coincide, 
0—«[2. gb = 37/4, c=0/¢?=8/97. 
For k=:01 this vives 


68— 4:05 roughly, 
—3J? say. 


This agrees with measurement made on the graph. 
The forms of bar and string are shown on an exaggerated 
scale on fig. 3, with 6@= + 10°, @=90°. 


Fig. 3. 


(2) When an even frequency of the strine coincides with 
an odd frequency of the bar, or vice versa, the note is given 
unaltered by the combination; for the period-equations 
are satisfied, for any value of k, if we have at the same 
time tan =Q and tan 0-Ftanh$ — 0 or cotÓ 2 0 and 
cot 0 —coth $ = 0. 

The corresponding points are marked with a circle. They 


T 


are the intersections of the level @= T with the lines 


9 
$-—J5m/i at c=8/25r='102? 
and $-—9-/A at c-8/8lmc—-:031, 


and of 0— m with 
p=3r/4 at c= 8/9r "255 
and $-—Tz/A at cH 8/490 =-052. 


Here, and elsewhere, the approximate values are taken for d. 
In this motion the bar vibrates as if it were alone; the 
string has loops at its ends instead of nodes, so that an even 
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mode is changed into an odd one having the same wave- 
leugth in the string (fig. 4). The string exerts no influence 
on the vibration of the bar because the tensions at the ends 
have no transverse component. It is to be noted that, for 
the same values of kand e, there is another mode of vibration, 
with a very slightly higher pitch, in which the string vibrates 
with its ends almost motionless. The raising of the pitch 
implies shortening of the wave-length, so that the nodes fall 
a little inside the ends of the string. On the graph for 


Fig. 4. 


5 


k=-01 the point which represents this node is indistinguish- 
able from that marked with a circle; the separation can be 
seen on fig. 2. Since the energy of the motion is conveyed 
to the air by the bar, this second note will be scarcely 
audible in comparison with the other. Under ordinary 
conditions the two notes will,in any case, be too close to 
give beats, and also a very small displacement, in the 
direction of increasing c, brings us to the intersection of the 
bar and string curves, with complete fusion of the two 
frequencies and disappearance of beats. Therefore this kind 
of resonance may be called * resonance without beats," to 
distinguish it from that indicated by the gaps in the 
curves. 

(3) In the motion just diseussed, a natural pitch of the 
string when vibrating with fixed ends is yielded by the 
combined system. There is another case in which this 
occurs, when the ends of the string actually are fixed points. 
The period-equations are satisfied when both sides become 
infinite, which happens if, for a particular value of c, we 
have at tlie same time 


(Even mode) tan@=~x, tand=x, 
(Odd mode) cotd=n, cotd=x. 


Confining attention to the fundamental of the string, 


o — — — M - rond 
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0 — yr, this pitch is given unaltered if, along with this, 
$-—7][2, 37/2, 51/2, ete., 
t. e. if e—2fm, 2/9, 2/257, ete., 
='637, ‘071, 025. 
The corresponding points on the diagram are marked with 
à cross. 

The form of the string is now y=A cos mejl, so the ends 
are nodes. Equation (2) shows that the constant y vanishes, 
the hyperbolic term disappears from the equation of the bar, 
and it also vibrates in a sine-curve. The relation between 


the amplitudes of the string and bar-curves is given by the 
third terminal conditions 


af/A = —k sin 0/20 sin $ 
——k[m, kdm, -—kjbm, 
=—p, Jb, —ÓOp,... 
since ck—2y. 


The tangents to the string and bar at the motionless ends 
always slope on opposite sides of the horizontal (fig. 5). 


Fig. 5. 


p on oo 


Similarly, the first overtone of the string is given unaltered 
with motionless ends when 


0—7, 
p=r, 27, i ss 
and c—l/m, ]l/4m, 1/97... 


='319, :080, -:030. 


3. Laperiments. 


In order to test the theory some experiments were made, 
the * bar " being a piece of light metal tubing such as is 
used for a kind of gong. It was a little over a centimetre] in 
diameter and 54 cm. long. On this a steel pianoforte wire of 
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29 S. W.G. was mounted in tlie following manner. At one 
end of the tube a coned brass sleeve was inserted transversely, 
and into this fitted a conical brass peg with a cross-piece. 
At the other end a slit was made along the diameter of the 
tube parallel to the axis of the peg, and a small bridge was 
soldered to the tube above this. A knot was made on the 
wire, which was then slipped into the slit, drawn tightly 
over the bridge, and pissed through a hole in the peg. 
By means of ‘the peg the string could be tuned to any 
desired pitch and held by friction of peg against sleeve. 
The range of tension was such that either the first or second 
overtone of the string could be brought into coincidence 
with the first overtone of the bar. The system was suspended 
horizontally, with the string underneath, by cords attached 
-to the outer nodes of the bar in this ( (odd) mode of vibration. 

The system was kept in forced oscillation bv the action of 
periodic foree applied by a small electromagnet, through 
which passed the alternating current from a triode valve. 
The frequency of this was altered by means of a variable 
inductance in the circuit. 

The natural trequencies of the system are indicated by 
maximum response, 

The various pitches were expressed in terms of the corre- 
sponding lengthsof a standard sonometer wire. Thealternating 
current trom the valve passes through this wire, which 
runs between the poles of a strong electromagnet, fed with a 
steady current. The reaction between the alternating valve- 
current and the field gave rise to a periodic force on the 
sonometer wire The length of wire giving maximum 
resonance is inversely proportional to the fraquency of the 
alternations. 

After a frequency of the combined system had heen 
determined in this manner, for a definite tension of the 
wire, the bar was clamped and the measurement repeated 
so as to get the corresponding string-piteh with fixed ends. 
The length of sonometer wire corresponding to the bar-piteh 
used was fonnd by the method of beats. 

The following effects were observed :— 

(1) When the string and bar-pitches are not close together 
a large visible motion of the string was obtained at the 
proper frequeney of the applied force, but only a. very faint 
sound was heard. "The motion of tlie ends of the stri Ine is 
now very small, and its proper pitch very slightly displaced. 

(2. When the pitch of the second. (even) overtone of the 
string is approaching that of tho first (odd) overtone of 
the bar the amplitade of the string motion decreases, hut the 
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note becomes londer. When the pitches coincide there is no 
visible movement of the string while a loud sound is produced 
by the bar. The string has a node at the centre, loops at the 
ends and at the points of trisection. This is the case of 
* resonance without beats." 

(3. When the first overtone of the string (odd) is near 
the first overtone of the bar (odd) there are two different 
frequencies of the applied force which produce loud sounds. 
As the strine-pitch approaches the bar-pitch from below, the 
upper of the two resonances rises from the bar-pitch. When 
the coincidence 1s exact the two resonances are at equal 
distances above and below the common pitch of string and 
bar. As the string-pitch rises higher the lower reso: ance 
approaches the bar-piteh from below. The observed ampli- 
tude of the string-inotion is large, being maxipum when 
coincidence is exact. This case of *' resonance with beats ” 
was examined quantitatively in the manner explained above, 
the lengths of sonometer wire being determined for the 
resonance-pitches and the string-pitch for a series of tensions 
of the wire. The first and second lengths are then plotted 
against the third. 

For a theoretical graph to compare with these measure- 
ments we cannot use the representation of fig. 1. in which 
k is constant and the independent variable is e. This has to 
be modified so that p = ke is constant. For the coincidence 
of the pitches in question we have 


0—m-,  p=5r]4, = 16/25r=-2037. 


The experiments therefore cover ranges of có extending on 
the two sides of these values. 
The equation to be satisfied is 


d (coth $ —cot p) =k cot cd?, 


For a series of values of c running from ‘190 to 230 the 
corresponding values of 4=2u/e were calculated. For the 
bar and string used in the experiments i m; M —:00317. 
Then the set of curves y=feot er? was drawn along with 
the curve y=a(coth.e—cot.r) for the range of x between 
:210 and 7:240. The intersections give the values of $ for 
each c. The resonance frequencies are proportional to h? 
and the string-frequency is inversely as c. The length 
of the sonometer wire corresponding to the bar-note was 
34-4 cem. Accordingly the magnitudes plotted in the 
experimental graph are got by calculating 


344 x c/'2037 and 344x (225)?/9*. 


584 Prof. W. B. Morton and Miss F. M. Chambers on 


The result is shown in fig. 6. The readings obtained in two 


series of experiments are shown marked with a circle and 
a cross respectively. 


Fig. 6. 


Cm. 


3] 


36 


35 


34 


33 


32 33 3 


4. Wolf- Note. 


It remains to consider the possible bearing of the above 
theory on the curious phenomenon of the “ wolf-note.” 
It is generally agreed that the difficulty in producing this 
note is due to its coinciding with a proper pitch of the body 
of the instrument, a kind of resonance not to be confused 
with the resonance of the enclosed mass of air, as investigated 
by Helmholtz. Assuming this, we have first to inquire 
which of the two kinds of resonance is more likely to be 
concerned. The question is not easy to decide à priori, and 
it seems possible that resonance of either kind might produce 
the effect. Consider first that without beats. Here there is 


r è ë ——— 
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a possibility of a sudden change in the mode of vibration of 
the string at the critical frequency, passing from the normal 
manner in which the motion is large in the centre and small 
at the ends to the type of fig. 4, with the middle point of the 
string at rest and the ends moving largely. One would 
expect such a transition to upset the ordinary technique of 
bowing and to prevent the bow from biting properly. On 
the other hand, under the forcing action of the bow the 
formation of the central node may in actual fact be prevented, 
and so the normal mode of vibration be retained. 

The other kind of resonance is more in accordance with 
the fluctuating nature of the motion, as shown in the photo- 
graphic records taken first by White and afterwards by 
Raman *. The displacement-time curves for points on the 
string and belly are like those given by two beating vibrations. 
White regarded the fluctuations as beats between a natural 
frequency and that impressed on the instrument by the bow. 
Raman pointed out that such beats of forced vibrations 
would occur only at the beginning of the action of the applied 
force, before the establishment of the permanent réyime. 
He found the explanation of the fluctuations in his theory of 
the action of the bow. According to this theory, a bow 
which presses on the string with a given force and moves 
with a given velocity can maintain the fundamental vibration 
only so long as the rate at which energy is withdrawn from 
the string at its ends remains below a certain limit. When 
this is exceeded the mode of vibration alters into a type in 
which the octave predominates. When the wolf-tone is 
sounded on the string the resonance builds up an excep- 
tionally large motion of the body, accompanied by a rapid 
withdrawal of energy from the string. Then the mode of 
vibration changes, resonance ceases, the rate of loss of energy 
falls below the limit, the normal aetion of the bow is 
restored, and the process is repeated in regular cycles. 

The plate which accompanies Prof. Raman’s paper shows 
simultaneous traces of the motion of a point on the string 
and a point on the belly of a violoncello taken by the method 
used by Prof. Barton and his pupils. Both traces show the 
periodie changes, each cycle containing about sixteen 
vibrations. In agreement with the theory, the maxima of 
the body-movement follow those of the string bv about a 
quarter-period of the cycle, and at the minima the octave 
harmonic is clearly evident. The string-vibration at the 


* White, Proc. Camb, Phil. Soc. xviii. p. 85 (1915); Raman, Phil. 
Mag. xxxii. p. 891 (1916). 


Phil. Mag. S. 6. Vol. 50. No. 297. Sept. 1925. 2 Q 


986 Prof. W. B. Morton and Miss F. M. Chambers on 


maxima has the familiar zigzag form. The curve at the 
minima resembles that which is obtained when the funda- 
mental component is omitted from the harmonic analysis of 
this form as given by Helmholtz*. The scale of the 
photograph is too small to permit of an n exact verification of 
this. The vibrations of the body, reproduced on a much 
larger scale, are rather irregular in appearance, and seem 
to consist of the fundamental, mainly or altogether, except 
at the minima where the octave shows up. 

One is tempted to connect the beat-like course of the 
vibrations, as revealed by these photographs, with the two 
close frequencies shown to exist for the free vibrations 
of the bar-string system in * resonance with beats.” It 
might be supposed that the fundamental in the Fourier 
series for the rectilinear form of vibration was replaced by 
two slightly displaced frequencies, each having half the 
amplitude and beating together. Beginning in phase with 
each other, they would build up the zigzag form. When 
the phase- difference amounted to a half-period they would 
cancel and give the intermediate form with predominant 
octave. This appeared plausible, but when the wave- 
forms were plotted by calculation on this basis, for 
comparison with the observed trace, it was found that the 
rectilinear forms returned only after two periods of the 
beats. The reason is that at the first return of maximum 
amplitude of the combined vibration the phase is reversed in 
relation to the remaining terms of the harmonie series. The 
displacement 


sin 2arnyt + sin 2r st 
=? cos (n, —ng)t . sin ar (nj + n,)t 


has its amplitude 
=? for t0, 


but =—2 for t— l/(n, — ng). 


If in the graph of the resultant displacement we measure 
from a crest at one maximum to a crest at the next we shall] 
find the distance to differ by a half wave-leneth from an 
integral number of waves. Thus the distance “between the 
recurrences of the rectilinear vibration-forms for the string 
should be twice that between the maxima for the fundamental 
vibrations of the body, whereas these distances are equal on 
the photograph. 


æ ‘Sensations of Tone’ (Ellis), Appendix VI. p. 354. 
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The phenomenon of ** resonance with beats ” cannot there- 
fore be invoked as an explanation of tlie observed cyclical 
phenomena at the wolf-pitch, and we are left with Prof. 
Haman's theory, which relies solely on considerations of 
energy-transfer, and makes no reference to modes of vibra- 
tion of tlie combined system of string and body. It is 
possible that the ignoring of frictional forces in our theory 
has deprived it of any ‘applicability to the actual case of 
a stringed instrument, but it is difficult to think that there is 
no connexion between a note which does not exist as a free 
vibration, in the one instance, and a note which is difficult to 
produce as a Forced vibration in the other. 

There is one observation recorded in Raman’s paper which 
seems to indicate the existence of the two different kinds of 
resonance. The effect of a mute attached to the bridge was 
examined, and was found to be a lowering of the pitch of 
the wolf-note. A load of 404 gms. was found to depress 
the frequeney from 176 to 137, and also to cause “ two new 
but comparatively feeble resonance-points to appear at 
100 and 184 respectively, without any attendant cyclical 
phenomena.” 

Raman has also published * a photograph of the motion of 
string and bridge when the "cello is played pizzicato at the 
wolf-note pitch. This is a ease of a tree vibration, but 
the damping is so great that any cyclical character which the 
motion might possess could not readily be detected on 
the graph. The amplitude of the string-motion is greatest 
just after the release, while that of the bridge rises to a 
maximum after five or six NT but this lag is con- 
ditioned, in part at any rate, by the faet that we are 
dealing with the beginning of the motion when the “initial 
conditions” still influence the form. 

One or two fresh points in connexion with the wolf-note 
phenomenon were suggested by some observations made at 
our request by Mr. L. Met ann, B.Sc., who is a skilled violin- 
player. On the only violin on which he could find a 
wolf-note this lay high up on the E string, at the pitch B, 
a twelfth above the note of the open string. When the 
tension of the string was relaxed the wolf was still found at 
the same pitch, i.e. with a shortened string. When the 
open pitch of the string was brought down to C, the excep- 
tional character of the note B began to disappear, and was 
quite gone at D flat. 

Nie: constaney of the wolf-note pitch agrees with the idea 


* «Nature, vol. ci. p. 261 (1918) 
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that it corresponds to a proper pitch of the body of the 
violin, but there are two points difficult to explain. The 
first arises from the high frequency of the note, about 1980. 
This cannot be the fundamental pitch of the body. If it is 
an overtone, why is the wolt-effect not found on the lower 
proper pitches ? 

We made an attempt to determine roughly the proper 
pitches of a violin, regarded as a bar of "variable mass- 
distribution, using the method given by Lord Rayleigh for 
such a case (‘ Sound, vol. i. pp. 114 & 291). We were 
encouragel to try this by the successful application of the 
method by T. C. Tobin to caleulate the proper periods of 
large ships *. We used the tabulated values of the functions 
involved which are given in his paper. The use of the same 
mathematical machinery to deal with a liner ora violin is 
a rather striking instance of the unimportance of the linear 
scale. The values found were as follows :— 


First Second 

approximation. approximation. 
Fundamental ............ 164 155 
First overtone............ 1289 1236 
Second overtone......... 2520 2454 


This leaves it doubtful whether the wolf-note found by 
Mr. McCann was the first or second overtone. It is to be 
remembered that our measurements were made on a different 
violin. 

The other point is the disappearance of the wolf-note with 
the lowered tension of the string. This may perhaps be 
explained on Raman’s theory if we suppose the decreased 
force between string and body implies a smaller transference 
of energy at the ends. On the other hand, it involves also 
a shortening of the string and a consequent; decrease of the 
ratio m/M, causing the gaps on our graph to close up. 

In the hope of obtaining fresh light on some of the points 
raised in this section, we intend to try the experimental 
method deseribed in the second part of this paper ‘to find 
the proper periods of a violin which has a marked wolf-note. 


* Inst. of Naval Architects, Paper No. 6 (10922). 
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LX. The Electrical Conductivity of some Dilute Liquid 
Amalgams. By E. J. WiLuiams, M.Sc., Late University 
Research Student at University College, Swansea *. 


BSERVATIONS on the electrical conductivity of 
amalgams have been made by various workers, notably 
Larsen f, Weber f, and Matthiesen and Vogt §. The problem 
has been considered theoretically by Skaupy |], who has 
made use of the experimental results obtained by the 
above-mentioned observers. The variation of the relative 
conductivity with temperature, and the nature of the depar- 
ture of the variation of the relative conductivity with 
conce tration from » linear law, are quantities of considerable 
theoreti al interest, and in order to obtain reliable values of 
these it is necessary to have accurate and co nprehensive 
data. The observations which have been referred to include 
only a few made at temperatures higher than 100? C., whilst 
the results for the lower temperatures due to different 
observers are not always in agreement. The object of the 
present work was to provide accurate data covering a greater 
range of temperature, and to extend observations to amal- 
gams of metals not previously investigated. This paper 
mainly deals with the experimental results obta ned in the 
case of cadmium amalgams, which had been previously 
investigated by several observers **, and alsoin the case of 
magnesium and indium amalgams, which had received no 
attention previously tt. 

For the sake of comparison with the amalgams and also 
for testing the accuracy of the experimental method, the 
electrical conductivity of pure mercury was measured over 
the range 0? C. to 300? C. l 


* Communicated by Prof. E. J. Evans, University College of Swansea. 
t Ann. Physik, (4) i. p. 127 (1900). 

t Wied Ann. xxiii. p. 471 (1881). 

$ Phil. Mag. xxiii. p. 161 (1862). 

l| Deutsch. Phys. Gesell. Verh. xviii. p. 252; Phys. Zeits. y. 597 (1920). 

T The observations are being continued by another worker. 

** Larsen, Ann. der Physik, (A) i. p. 127 (1900, ; Weber, Wied. Ann. 
xxiii. p. 471 (1884) ; Calvo, Zon, ii. p. 408 (1910) ; Borneman & Rau- 
schenplatt, Metallurgie, ix. pp. 473 & 505 (1912); E. von Schweidler, 
Sifzber. Akad. Wien, civ. p 978 (1895); A. Battelli, Atti Accad, Lincei, 
(4) iv. p. 206 (1887); R. S. Willows, Phil. Maz. j5] xlviii. p. 445 
(1899); Vicentinia Cattaneo, Atti Acecad. Fisiscritict, (4) lxv. pp. 147, 
227 (1893). 

tt Willows (Phil. Mag. [5] xlviii. (1899); made observations on the 
conductivity of an amalgam containing 1 per cent. of magnesium, but as 
the amalgam was in the solid state it does not concern us. 
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Experimental Arrangement. 


The resistance was measured by means of a Callendar and 
Griffiths Bridge, which when used in conjunction with 
a delicate galvanometer enabled the resistance to be measured 
with an accuracy of :0001 ohm, this corresponding to 
a tenth of a millimetre of the bridge-wire. Nothing would 
be gained by determining the ‘resistance with greater 
accuracy, since ‘0001 ohm corresponded to the change of 
resista c: produced by the smallest change of temperature 
measurable in these experiments, The various resistances of 
the bridge were calibrated in terms of the largest resistance 
by the usual method. A knowledge of the absolute values 
of tlie resistances of the bridge was not necessary for deter- 
mining the relative change of the resistance of an amalgam 
due to chenge of temperature or composition. It was, how- 
ever, necessary that the various resistances of the bridge 
should be consistent amongst themselves, which was ensured 
by the calibration. 

The resistance to be measured was connected to the bridge 
by flexible leads about two yards long, and compensating 
leads, connected to terminals provided for them on the 
bridge. were used to avoid effects produced by changes 
of resistance of the leads during the periods of making 
measurements. 

The amalgam was contained in a capillary tube which 
opened out into two vertical limbs as shown in fig. la. 
Into these limbs fitted the leads as shown in fig. 1 4. 

The copper wire c was connected to the bridge, and also 
to the amalgam in the capillary by means of the mercury m 
and the pli tinum wire p. The copper wire was kept in 
a fixed position by means of a capillary b in order that 
the resistance of the leads be maintained constant during 
measurements. In making a determination of resistance, 
the resistance with the leads in the same amalgam eup was 
first measured and then with the leads in the limbs of the 
capillary tube. The difference between the two resistances 


was the difference between the resistances of two columns of 


amalgam at the same temperature ¢; the resistance of the 
leads cancelling out. The two columns referred to are 
the column be! ween the platinum terminals when in the same 
amalgam cup, and that between them when in the limbs of 
the capillary, The former is of course almost negligible in 
comparison with the latter, but this need not be assumed. 
In all the measurements these two columns were the same, 
so that the difference between their resistances, or what will 
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be henceforth called the resistance of the amalyam, was 
proportional to the resistivity at that temperature *. 

For measurement of resistance at 0? C. a bath containing 
melting ice was used, and for measurement at room temp- 
erature a water bath. At all higher temperatures the 
amalgam columns were immersed in a boiling liquid ; the 
agitation of the liquid caused by boiling ensuring a uniform 
temperature. The following is a list of the liquids used with 
their respective approximate boiling-points in °C. :—water 
(100), alcohol (129), aniline (184), diethyl aniline (221), 
eugenol (256), glycerine (288), diphenvlamine (300). Some 
of the liquids did not boil at a constant temperature with con- 
tinued heating, the temperature increasing gradually as they 


Fig. la. Fig. 1 à. 


c 


were boiled. In those cases, the observations were not made 
until the rate of variation of temperature became sutħeiently 
small to warrant an accurate determination of resistance and 
temperature. The time taken by the capillary tube and 
amalgam to assume the temperature of the bath wasinappre- 
ciable and caused no trouble. In all cases, however, a series 
of readings of temperatures and resistances was made to 
ensure a reliable result. 

Two thermometers were used to determine the tempera- 
ture; the one a platinum thermometer and the other a 
mercury thermometer. A set of mercury thermometers 
graduated in tenths of a degree and certified by the National 
Physical Laboratory was used. The difference between the 
temperatures recorded by the two thermometers respectively 

* This statement applies to the relation between the resistivity and 
the resistance of the amalgam when the latter is corrected for the 
expansion of the capillary tube. 
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did not in general exceed 0*2C.and when the difference 
was greater it was probably due to disuniformity in the 
temperature of the bath. 

One of the difficulties met with was the formation of 
bubbles in the capillary tube at the higher temperatures. 
There was greater tendency for this to happen in tubes of 
small diameter, and at the higher temperatures tubes of 
narrow bore (diameter «:7 mm.) were not used. This 
formation of bubbles could be avoided to a large extent by 
heating the amalgam to a temperature not far from its 
boiling-point before and after adding it to the capillary tube, 
and in the latter case removing any bubbles that formed. 
If after an experiment no bubbles were present in the tube 
it could be assumed that none had formed at the high 


Fig. 2. 


temperature, and therefore that the result obtained was 
free from any uncertainty arising from this effect. The 
values of the resistivity at high temperatures obtained by 
some observers are high compared with those obtained in the 
present experiments, and probably the discrepancy arises 
from the formation of bubbles in the tubes used by these 
observers. 
Magnesium amalgams readily oxidized when exposed to 
the air, and in order to prevent this oxidation, magnesium 
amalgams were prepared and added to the capillary tube in 
a vacuum, the entire process being carried out in a sealed 
glass tube shown in fig. 2. The mercury was added at a, 
and the magnesium at b, the magnesium falling into the side 
vessel cand kept separated from the mercury. The tube was 
then evacuated and the open ends a and b sealed. The 
mercury was then poured into vessel c on to the magnesium, 
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and the amalgam prepared. The amalgam was then poured 
back into the capillary tube and the resistance measure- 
ments made. The resistance of the leads could not be 
eliminated exactly as before because the platinum lead 
d could not be detached and put in the same cup withe. An 
extra lead f was therefore provided near the lead e, the 
ratio of the effective resistance of f to that of d and e being 
determined by preliminary observations at room temperature. 


Variation of the Resistance of Pure Mercury with Temperature 
within the range 09-300" C. 


Two series of observations were made, one with a capillary 
tube (A) of diameter 0:5 mm. giving a resistance of the 
mercury of about 1:7 ohms at room temperature, the other 
with a tube (B) of diameter 7 mm. and giving a resistance 
of the mercury column of:8 ohm. ‘The results are given in 
Table I. 


: r—r 
a, —nverage temp. coeff. from 0° to t°, i.e., 2, 


> 


ryt 


a,—average temp. coeff. from 0° to ¿° corrected for 
expansion of the glass tube * ; 

p: and c, are the values of the resistivity and conductivity 
respectively at t°, the conductivity at 0° C. being, by definition 
of unit resistance, 10630. 


TABLE lI. 
a, X 108 | 
ide a X104 | pr x 109. | ecx 10. 
With With Weighted 

Tube A. Tube B. Mean. 
0? C. 94074 | 106300 
16:8 &:09 &07 8 9083 9 066 05201 | 104705 
100 9772 9760 9-768 9:861 | 103351 9675S 


129 10:064 10 077 10:068 10-1690 | 106415 | 03072 
184 10:622 10:614 10-619 10:734 | 11265 | 88706 
221 10:999 11:000 10:999 11:121 | 117194 | 85329 
256 11:395 11:399 11:393 11521 121820 | 82086 
288 11:716 11716 11:853 | 126158 | 70245 
297 11:9224 11:824 11:964 | 127509 | 78423 


* The values of the linear expansion c efficient were determined for 
the glass capillary tube used, for different ranges of temperature. It 
increased with. the temperature, the observed value for the range 
09-100? being 8:6 x 10-5, and for the range 09-1809, 96 x 10- *, 
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The estimated probable error in æ (excluding the room 
temperature value) is on the average about ‘15 per cent. 
The difference between the valuss of a, obtained with tubes 
A and B respectively is nowhere greater than this. Various 
formule have been proposed to represent the variation of 
the resistivity of mercury with temperature. ‘The values 
of the resistivity at different temperatures obtained in the 
present experiments can be represented by a quadratic 
formula to within 0°5 per cent. This deviation is, however, 
greater than the experimental error, tlie estimated probable 
value of which is about 0:02 per cent. By introducing 
a cubic term into the formula tne resistivity can be repre- 
sented with a maximum deviation of only :025 per cent. 
and an average deviation of ‘015 per cent. The formula is : 


pim pol 1 40,8879 t+ 0,975 2+:0,200} . . (1) 


A very accurate determination of the resistivity at 100? 
relative to that at 0? has been made by Jager and Steinwehr *. 
The value of the resistivity at 100° given by the above 
formula agrees to within *01 per cent. with their value. 
The onlv previous data that have been found for temper- 
atures above 100? are due to Vicentini and Omodei t, and 
Benoit f. The values of the temperature coefficient obtained 
by the former for the ranges 0°-100° and 09-300? are about 
‘7 per cent. greater than those obtained here, whilst for 
ranges from 0? to intermediate temperatures the values 
given are about 2 per cent. greater. The values of tlie 
temperature coefficient obtained by Denoit are on the whole 
about 2 per cent. less. 


CONDUCTIVITY OF AMALGAMS. 


The results of the observations on the amalgams of 
cadmium, indium, and magnesium are given in Table II. 
À brief diseussion of the results, which will also serve to 
explain the table, will now be given. 


Cadmium ÁAmalgams. 


Two specimens of cadmium were used, one obtained from 
Harrington, London, and the other from Kahlbaum, 
Germany. The resistances of amalgams of equal concen- 
trations prepared from each of these specimens were found 
to be tlie same to within experimental error. 

* dnn. d. Physik, (4) xlii. p. 1165 (1914). 


T Arti Acecad. Torino, xxv. p. 30 (1839). 
[ Comptes Rendus, 1xxvi. p. 341 (1873). 
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The values of the conductivitv changes at room tempera- 
ture for concentrations ranging trom ‘009 per cent. to 
4 per cent. are given in the first part of Table II. pis 
the weight of cadmium per unit weight of amalgam, 6 is the 
relative increase of conductivity, that is, 

conductivity of amalgam - conductivity of mercury at the same temp., 
conductivity of mercury 


and a is the estimated rate of variation of the relative 
Increase of conductivity with concentration at infinite 
dilution. 

The values of b in column 6 measure the departure of the 
variation of the conductivity with concentration from a 
linear law. The constancy of b (the variations are within 
experimental error for amalgams containing less than 
2 per cent. of cadmium) shows that the variation of the 
conductivity of dilute amalgams with p oheys a quadratic 
law, the conductivity, c, of an amalgam of concentration p 
being given by 

e— culo 180p—207?1!. 
Skaupy, as the result of an analysis of Larsen's results, 
concludes that the variation of the conductivity of dilute 
cadmium amalgams deviates considerably from a quadratic 


law. Except for very weak amalgams the values of m, = " 


obtained in the present experiments and those obtained by 
Larsen agree to within about 0'5 per cent. The weakest 
amalgam investigated by Larsen contained ‘0163 per cent. 
of cadmium, ad the value of m obtained for this was 9:8, 
which marked a sudden increase over the values obtained for 
the higher concentrations. There is no evidence whatever 
in the present results of the existence of such an increase 
in m. Regarding as real this sudden increase Skaupy 
estimated Lt m as 10 8, and as a result could not represent 


the eotiducti vily bv a quadratic formula. 

The results obtained at different temperatures show that 
the relative increase of conductivity, 6, increases uniformly 
with the temperature, the percentage increase being inde- 
pendent of the concentration of the amalgam to within 
experimental error. The actual magnitude of the increase 
with temperature is comparatively small, the increase in 6 
due toan increase of temperature from U* to 3009 C. being only 
20 per cent. of its value at 0° C. Bornemann and Hauschen- 
platt* have made observations on the conductivity of dilute 


* Loc. cit. 
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cadmium amalgams at high temperatures, and they give 
results for two “amalg: ams whose concentrations expressed i in 
atoms per cent. are '0 99 and 3:02 respectively. The ratio 
of the values of 8 at 1009, 200°, and 300° calculated from 
these results is 1[(00: 107 : 1:00. The ratio according to the 
results obtained in the present experiments is 1:00: 1:06 : 1:14. 


Indium Ámalgms. 


Indium was foun to pass readily into solution in mercury. 
Two different specimens of the metal were used, and were 
found to give the same results to within experimental e ror. 
Owing to the limited supply of the metal, amalgams 
containing more than 3 per cent. of indium were not investi- 
gated, and only a limited number of amalgams of lower 
concentrations could be used. 

It is seen from the table that the variation of m with 
concentration is small, and the value of b is consequently 
uncertain. The relative increase of conductivity increases 
with the temperature, and as in the case of cadmium 
amalgams, the percentage increase is independent of concen- 
tration. The increase is vreater than for cadmium amalgams, 
the percentage increase due to an increase of temperature 
from 0° to 100° being 8 for indium amalgams as compared 
with 4 for cadmium amalgams, 


Magnesium Amalgams. 


Magnesium in the form of ribbon was used. Although 
the metal dissolved: in mercury at ordinary temperatures, 
the rate of dissolution was greatly increased by w arming the 
mercury. If prepared in tlie presence of air the magnesium 
was not retained in the amalgam; the resistance of the 
filtered liquid being the same as that of pure mercury. 
This was due to the rapid and complete oxidation of the 
magnesium contained in the amalgam, an effect which had 
been previously noticed by manv observers. This oxida- 
tion was prevented by emploving a method which has 
already been described in the account of the experimental 
arrangement, 

It was found that on cooling an amalgam containing 
0:2654 per cent. of magnesium, “the conductivity increased 
suddenly at about 4? C and then continued to increase 
irregularly. The variations were attributed to the separ- 
ating out of solid from solution, and an examination of 
the amalgam showed the presence of solid floating on the 
surface. It was concluded, therefore, that an amalgam con- 
taining 02654 per cent, of magnesium is saturated at 1? C. 
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In consequence of this comparatively small “ magnesium 
content " of mercury, only three amalgams were investigated. 
The change of conductivity wa s, however, so great that 
accurate measurements could be nae. 


Relative increase of Conductivity and Atomic Concentration 
of the Metal, 


In the last column of Table II. are given the values of the 
ratio of the relative increase of coniuctivity at infinite 
dilution to the concentrations expressed in atoms of the 
metal per atom of mercury. Skaupy * has found that this 
quantity, A, 13 approximately the same for amalgams of 
different metals. This conclusion means that atom [or atom 
the effects of different metals on the conductivity of mercury 
are the same. The results v hich have been obtained in th.s 
investigation for indium and magnesium amalgams are new, 
and were therefore not included amongst those considered 
by Skaupy. [t is therefore interesting to find that the 
values of A for cadmium and indium respectively are very 
nearly the sume ; the values at room temperature being 
in the ratio L: 0°05. A for magnesium is somewhat high in 
comparison, being 41 per cent. greater than A for cadmium, 
It is worth noticing, however, thi at weight for weight there 
is not the slightest trace of equivalence between the effects 
of cadmium and magnesium upon the conductivity of 
mereury ; tlie respeetive values being in the ratio 1 : 675. 

The variation with temperature is all and is inthe same 
direction for the three metals, and consequently the relative 
values of A do not change much with temperature. The 
ratio Aca: Ain : Ag at ETE C. is 1:102: E41 as compared 
with 1:095: l4l at 14°C. 


SUMMARY OF RESULTS. 
The values obtained for the resistivity of mercury at 


various temperatures within the range 0?-300? C. are repre- 
sented by tlie formula 


pcm pol 10.8 1E +UI TIE + 10,200] 
to within the probable experimental error, the estimated value 
of whichliis:02 percent. The resistivity at 100? C. C. according 
to this formula differs only by *01 per cent. from a determin- 


ation made by Jager and Steinw elir (1914). 
The results obtained for cadmium amalgams show that the 


* Loc. cit, 
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TABLE II. 


| 
Nature of | Temp. °C. Cole: x 102.6 x 10* m= 


| | | | 
ò a—m_ a-Lt. m. X.i 


Amalgain. | p p | pov | 
Cadmium, — 14? | W087 7 0$ 18 | 780 437 
Amalgams.; 0437 | 33 | 8 | 
OGA O Sh TB | | | 
| 07129. . 87,1 T7, ^ 2x10 | 
| |o 2782 213,| 77; | 14x10 | 
| | 819 Sun, ! 76, | 31x10 
| 4152. | 545,| 7-6, 24 | 
RA | 945) T9 | 3 | 
9013 754 | T60| 90 | 
1474]  |105 | 7501 20 MEE 
1:9603 450 | 740 20 | | 
29566 — |2U49 | 727l 18 | 
BS423 — 2736 | 712) 17} | | 
TM icm. SENI. RE. UNE 
100° “BUD $05) 80 ) 24x10] 812 | 458 
728 YTT | 79, | 21x10 | 
0013 Tad | 7-92 20 | | 
9508 — 15°00 | 770 | 21 | (0| 
29566 | 2247) 7591 18 EE 
30423. 12851 | T43] 18 | E 
uL e — EUREN pele — OX el 
09 "9913 | 139 | 1:50 776 mmm" 
184° 9913 R27 | 885 | 855 C48) 
3020 0013 900 , 9-09 | | 929 522 
— E E MEESE ee 
Indium 14° 107 75) TU T2000 414 
Amalgams 493 325 70, | | 
1-062 (£906 | 112 | | 
1-845 13:10 | T15 l| 
1:033 1374 | 712 
3043 21-30 | 7-00 | 
100° 493 330, T0 | TO C445 
1:062 813. T 65 | 
1:033 LERO TOT | EE 
2043 2296 | 755 | 
NE MERC ae E St a 
0? 1:953 13-60 | 71:05 | 1:13 LIO 
184° 1:033 6:0. SH | 8ó2 490 
—À CPI: ——— — — ——ea e — Bayes ec Di | i 
Magnesium 14° "0524 265 507 9007 ÖIS 
Amalgams. ‘1181 0:03 502 | | 
| 964 [1318 497 | 


— 


— 


1009 1481 623 528 5335 dl 
9654 13:906 527 | 

0° "1131 DSR 49-8 503 614 

39-8 20254 1305s 49:3 503 '614 


1949 :2654 15:08 | 546 | 2926 018 
| | | 
Roc um LU uS Le ovibus ne eroe is ct 
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conductivity of dilute amalgams (containing < 2 per cent. 
Cd) can be represented to within experimental error by 
a quadratic formula, the relative conductivity at 14? C. 
of an amalgam containing p parts of Cd in 1 part of 
amalgam being given by 14+7°80 p—20 p?, The departure 
of the variation of the conductivity of indium amalgams 
with concentration from a linear relationship is small, 
whilst in the case of magnesium amalgams it could not be 
accurately tested as amalgams containing about 1 per 
cent. of magnesium are saturated at room temperature. 
Lt €—*o 
p> cq. p 
conductivity of an amalgam of concentration p at 14? C. and 
c; i$ the conductivity of pure mercury at the same temper- 
ature, for indium and magnesium amalgams respectively 
are 7720 and 507, as compared with 7°80 for cadmium 
amalgams. 

The effects of these metals, atom for atom, upon the 
conductivity of pure mereury are sensibly the same, a result in 
agreement with an empirical relation obtained by Skaupyas the 
result of consideration of amalgams of other metals (including 


Lt € — Co 
; 5? where 
P=Vcy.p 


p'is the atomic concentration, for Cd, In, and Mg respec- 
tively, are £37, 414, and 6° 15. 

Results are given showing tlie effect of temperature upon 
the conductivity of Cd am: leams over the range 6°-300° C. 
and of In and Mg amalgams over the range 0"— 134° C. The 
change of police increase of condueti vity with temperature 


The estimated values of a, = , where c is the 


cadmium, however). The values of A, = 


is small, the values of nens for Cd, In, and Mg amal- 
(09) 

gams being 1:041, 1:077, and 1-060 respectively, the relative 
Increase being independent of the concentration to within 
experimental error. As a result of the smallness of the 
tem per: ature effect, the extent of the agreement with Skaupy’s 
rule is verv little aiffeuted by considering values of condue- 
tivity at different temperatures. The ratio of the values 
of Aca, Ain, Ag Which relate to values of conductivity at 
184°C., is 1: 1°02: 1-41 as compared with the value 1:095: 
1-41 of the ratio of the values relating to rooa temperature 
conductivities. 


[In conclusion I wish to express my warm thanks to 
Professor lj. J. vans for his most valuable assistance 
during the course of the work. 
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LXI. The Electric Charge carried by Thorium X and Thorium 
Emanation Recoil Atoms in Gases. By G. H. BRIGGS, B.Se., 
Lecturer in Physics in the EN. of Sydney *. 


FQ HE charge carried by recoil atoms, resulting from the 
decay of the radio-active emanations when the latter 

are mixed with a gas, has been the subject of numerous 
investizations. — Wellish f. was the first to show definitely 
that the recoil atoms of radium active deposit at the end of 
their recoil path in air, hydrogen, and carbon dioxide are 
either positively charged or neutral. In two papers i the 
writer has described experiments by which values were 
found for the percentage of the recoil atoms positively 
charged at me end of their recoil paths in various gases, for 
Ra A recoil ling from Ra Em and Ra B from Ra A. It was 
shown also that the behaviour of the active deposit of Th Em 
in an electric field is explained, if it is assumed that in any 
gas the percentage of Th A atoms positively charged at the 
end of their recoil path is the same as for Ra A, and that a 
similar relation holds for Th B and Ra B.  Thissimilarity in 
the behaviour of isotopic atoms also gave a satisfactory 
explanation of Lucian's $ results for the active deposit of 
Actinium emanation. It is probable that the recoil atom 
during its recoil path through the gas captures and loses 
electrons in much the same manner as positive rays and 
æ particles do, and that the final charged state at the end of 
the recoil path is a matter of chance, depending on the 
nature of the collisions near the end of the path and not on 

the initial velocity of the recoil atom. Identical results 
would not be found for isotopic recoil atoms if the charge at 
the end of the recoil path were dependent on the initial 
velocity. The present paper describes experiments in which 
Th X and Th Em were examined from the same point of view. 


Part I.—7Torium X. 


Two very simple methods of preparing sources which give 
appreciable amounts of Th X by recoil were tried and proved 
satisfactory :—(a) A platinum disk, diameter 2 cm., was 
platinized just sutficiently to produce a slight tarnish, and a 
small quantity of mesothorium bromide dissolved in water 


* Communicated by Sir E. Rutherford, F.R.S. 

t Phil. Mag. xxviii. p. 417 (1914). 

I Phil. Mag. xli. p. 357 (1921); P. Roy. Soc. N.S.W. lvii. 249 (1923). 
§ Phil. Mag. xxviii. p. 761 (1914). 
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was spread over the surface and allowed to dry. (b) Radio- 
thorium was separated in the usual way from mesothorium, 
the precipitate carrying down the radiothorium being 
allowed to settle on a similar platinum disk. The gamma-ray 
activity of the former source was equivalent to that of 0:15 mg. 
radium and the latter to that of 0-10 mg. Both of these sources 
gave Th X, and also Th A and Th B by recoil. These products 
were readily collected on a negatively charged electrode, an 
exposure of one minute giving sufficient Th X to be easily 
measured with a Dolazalek electrom:ter having a sensitivity 
of a few hundred millimetres per volt. It will be shown 
later, however, that the efficiency of recoil was only about 
3 per cent. 

The exposure apparatus consisted of a box, shown in 
longitudinal section in fig. 1, made of two brass plates A 
and B separated by ebonite. Its internal dimensions were 
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16x43x2 cm. The source C was placed in a recess so 
that it was flush with the bottom of the box, and the recoil 
atoms were collected on a circular brass plate D, which in 
some experiments was flush with A, and in others, when in 
the position D', was only 7 mm. from B. The time of 
activation of the plate D was controlled by moving with an 
electromagnet a slider F which covered the source. To 
carry off Th Em escaping from the latter, a current of the 
gas under test was maintained through the box at a mean 
velocity of about three centimetres per second. The gases 
were dried with phosphorus pentoxide and filtered. In order 
to obtain saturation of the recoil atoms more readily in the 
presence of the intense ionization from the source, the 
working pressure was always maintained in the neighbour- 
hood of 10 ems. Voltages up to 1200 were used ; the time 
of exposure was generally 15 or 20 minutes. — The activated 
disks were covered after removal with thin aluminium foil to 
prevent the escape of Th Em produced by the decay of the 
Thorium X collected, and their a-ray activities were measured 
at various times during the next 6 or 10 days. Otten a 
series of exposures were made, using the gas and air alter- 
nately. The order of making the exposures did not influence 
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the result in any definite manner, although there was some- 
times difficulty in obtaining values consistent to within less 
than 2 per cent. 

The percentage of Th X positively charged in air was 
found by making exposures in which the source and the disk 
to be activated were separated by only 0:4 mm. and the 
pressure was reduced to 0:005 mm. Under these conditions 
all the atoms recoiling from the source should strike the disk. 
The ratio of the amount of Th X collected in this way to the 
amount collected in air in an equal time at a pressure of 
10 cm., the distance between the source and the disk D being 
7 mm. and the voltage 400, was found in successive experi- 
ments to be 100:0, 100:2, and 99:4 percent. It is concluded 
therefore, that in air all the Th X recoil atoms are positively 
charged at the end of their recoil paths. 

The experimental results obtained by comparing the amount 
of Th X collected in various gases with that collected in 
air are given in the second column of Table I. The third 
column gives the electric force. 


TABLE I. 


————— Á— —— 


| Ratio of the amount 

of Th X collected in 

Gas. | gas to the amount 
collected in air x 100. 


Electric force | 
in volta per em. 


Hexane es. oce seribarciere tas 90 500 


IIelyiinz iion inaa 99 9 600 
aor NEMPE E | 101 530 
Hydrogen v......ccccceeeeeeceeeeeee: | 100:2 600 
Nitrorom its aeo Dot pete bandes S 1000 530 
Cuybonaliosides eene cemere | 90-7 600 | 
Nitrous oxide ......... ME. | 99 600 
Acetylene Ga: caec nusgide sa cdenieate: | 101 400 | 
AMMONI ceken ri | 94:6 530 
EHlylother oo deerit 017 600 
Methylacetate — .................. 94 800 | 
Ethyliacetate: uos ere 94 800 | 
ACOLOUG "osos rides tame Sowa Us | 90 800 | 

Meth ylith: aneuetetates sspastiud ess | 87 : 570 | 

| | 


In these experiments the ionization from the source is very 
intense, saturation of the ions being obtained in air at 
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atmospheric pressure only with an electric force of 250 volts 
percm. In fig. 2 are curves showing how the amount of 
Th X collected on the upper plate varied with the electric 
force in the case of air and ammonia at 12 cm. pressure and 
in ethyl ether at 10 cm. pressure. It is seen that saturation 
of the Th X atoms is much more difficult to obtain in 
ammonia than iu air and more difficult still in ether. From 
the upward trend of the curves for ether and ammonia it 
appears that at sufficiently high voltages they would coincide 
with that for air. This is probably true for all the other 


Fig. 2. 


Percentage of Th x collected. 


Electric force in Volts per. cm. 


Saturation curves for Thorium X recoil atoms in : 


l. Air. 
2, Ammonia. 
3. Ethyl ether. 


gases or vapours which give experimental results below 100 
per cent. The experiments had to be discontinued before 
this point eould be more thoroughly investigated, but it 
seems fairly safe to conclude that not only in the first seven 
gases of Table I., where tiie values differ from 100 per cent. 
bv less than the experimental error, but also in ammonia and 
all the vapours investigated the Th X atoms are all positively 
charged at the end of the recoil path. This is in marked 
contrast to the behaviour of ThA and RaA or ThB and 
Ra B, as can be seen from Table IL, which summarizes 
the results of the present experiments and those given in 
the two previous papers by the author. 


212 
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Percentage of recoil atoms positively charged 
at end of recoil path. 


| 
| Ra À Ra B 
Th X Th Em. and and 
Th A Th B. 
|- | i — 
EIGDIBOS ataid 100 937 »964 
EV POU Go Gore heidastcidécsds 100 Zero 88 * 95 * 
BYOPOEMP aisean 100 Zero 82°4t 93t 
ME. EE OE baie | 100 Zero 82:4 93 
NitrógéB airon a visor cia 100 | 
Onrbon dioxide .............- | 100 Zero | 718 893 
Oarbon monoxide............... : - 67 * 82* | 
MERON exer Arr AT | MS | vay 618 81°8 
Nitrous oxide Peters: 100 ‘ue 61:8 798 
DUTY TRE REESE | ‘ies ‘aa 15:9 781 | 
TE P NR REO | 100 M 29 749 | 
I L PAE AIEI IEEE TI 100 a Zero 694 | 
B EEEE a n i 61:8 | 
Hydrogen sulphide ............ isi ds ‘i 54°9 
Will eis dz condeteddnus | 100 zd " 55 
Methyl acetate  ..............- | 100 ans T 50 
Ethyl acetate .................- | 100 iss T 35 
ROOTING Caeira er a | 100 jae á 43 
Methylal |... eecoesesceese vases | 100 ek " 3T | 
FORAS (oiopdesivi o b a E erce |. 100 E " 3:3 | 


| | 


* Estimated from value for active deposit of Ra Em, Briggs (/oc. cit.). 
1 Wellish (Zoe, cit.). 


” LES LES 


It may be asked whether these experiments in which the 
recoil occurs under very unfavourable conditions can yield 
trustworthy results. This question will be considered in the 
following sections, which give a more detailed account of the 
active deposit collected from these sources under various 
conditions. 

Typical decay curves of the deposit collected in various 
gases are shown in fig. 3. In air the activity reaches a 
maximum in four hours, and after about six days decays with 
the period of Th X. The curve shows that in air the 
activated plate collects from the source a certain amount of 
Th A or Th B together with the Th X. The less marked 
maximum in the curve for ammonia shows that the total 
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amount of Th A + Th B collected is smaller than in air. In 
ether hardly any Th A or Th B is collected, and the activity 
decavs almost as if it were due entirely to Th X. There is, 
however, Just enough Th A or Th B present to mask the 
maximum which would be expected at the end of the first day 
if only Th X had been collected. Decay curves of this tvpe 
were found with all the vapours examined. 


Fig. 3. 
l 
PG. E SEP " 
F 


O days / 2 3 4 
Decay of a-ray activity of the deposit collected in: 
l. Air. 


2. Ammonia. 
3. Ethyl ether. 


To determine whether the Th A or Th B collected in air 
was received through recoil trom the source or from the 
decay of free emanation which has escaped from the source, a 
sheet of metal was attached to the disk Don the down-stream 
side and in the same plane. The amount of Th A + Th B 
collected on this was measured at various distances along it 
and was found to be practically constant and, for an equal 
area, about | per cent. of the Th A + Th B collected on D. 
Hence the Th A and Th B collected on the activated disk is 
practically all due to recoil from the source. It may be 
noted that when the upper plate was positively charged no 
detectable activity was collected. 
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An approximate estimate of this quantity was made in the 
following manner. The total number of a rays emitted per 
second from the Radiothorium source was determined from 
the saturation-ionization current produced by it in air. It 
was assumed that æ rays are emitted in equal numbers from 
the Radio Th, Th X, Th Em, Th A, and Th C present. This 
assumption neglects any escape of emanation from the 
source. Knowing the initial ionization current from the 
Th X collected in a given time, it was deduced that 1:25 per 
cent. of the total number of Th X atoms produced in the 
source eseape by recoil, so that the actual efficiency of recoil 
of the Th X was 2:5 per cent. For the mesothorium source 
the efficiency was 3:5 per cent. It was also calculated from 
the decay curve that the mean efficiency of recoil of the 
ThA and Th B is about equal to that of the Th X. Owing 
to the fact that only a few per cent. of the recoil atoms 
escape from the plate, the equality which holds between the 
numbers of the various kinds of atoms transforming per 
second in the plate if none escaped is not appreciably 
disturbed as a result of recoil. 

From decay eurves, such as those shown in fig. 3 for the 
deposit when collected in air and in ammonia, it is possible 
to calenlate the ratio “e” of the total number of Th A+ 
Th B atoms collected in ammonia to the total number 
collected in air. Now, if the present method of experiment 
is justifiable, the ratio r should be able to be predicted 
from the previous results for Th A and Th B given in 
Table IT., if in addition the ratio “s” of the number of Th B 
to the number of Th A atoms escaping from the source were 
known ; s is then the ratio of the efficiencies of recoil of Th B 
and Th A. From Table IT. it can be seen, for examp'e, that 
for ammonia the ratio r should be 


sx0+69°4 


It was impossible to measure s directly. 

In Table III. are values of r for some of the gases 
used in the present experiments and the values caleu- 
lated from the results previously published for the case 
when sz land for s— L8. which is the value of s giving 
the best agreement. That it is possible to obtain this agree- 
ment for a series of gases, for which the percentage cf Th A 
positively charged ranges from 82 to zero and of Th B from 
93 to 70, is sufficient support for the results obtained in the 
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present experiments. The value 1:8 for s leads to the conclu- 
sion that the efficiencies of recoil of ‘Th X, Th A, Th Bin these 
experiments are as 1: 0°78: 1:40 ; the ranges of the a rays 
producing the recoil areas 1: 1:16: 1°31. These values for 
the efficiency of recoil neglect any escape of emanation. 
Some rough measurements indicated that about 10 per cent. 


of the emanation escaped from the source. 


TABLE III. 
Amount of Th A -- Th B collected in gas x 100 
29 99 99 in air 
| Observed. Calculated for 
| i 
| Mean. s=1'8. s- 1. 
Carbon dioxide......... | 87:5 | 
(o0 83 | 
'— 93 
905 89:1 gs7 8s4 
Nitrous oxide | ......... 8X6 
853 
| 80:9 83:3 82:1 80:7 
Acetylene ............... 5607 
50600 
| ' 960 56:2 55°0 43:3 
| Awumonia .occeeces cence /—— 488 
| ^— 463 
! 407 
| © 495 
| 024 | 
: | 904 | 
| | i 
| 39 6 


40 48:6 | 501 


The decay curves for ether and the other vapours used 
show that a small amount of ThA or Th B is collected. 
From Table II. it is seen that the percentage of Th A 
positively charged in gases such as H.S and NH; is zero, 


while the value for Th B is still quite large. 


It is most 
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probable therefore that the small amount collected in 
vapours in the present experiments is wholly due to a small 
percentage of the Th B recoil atoms being positively charged, 
while the ThA atoms are all neutral. This is the only 
conclusion which is consistent with the experiments in 
ether vapour made by Wellish (loc. cit.. He concluded 
that none of the active deposit of Ra Em was positively 
charged. However, as Ra B only played a minor part in 
his experiments, it is readily shown that if 5 per cent. of 
the Ra B atoms were positively charged in ether thev would 
have produced an effect only of the same order as the 
experimental error. It is reasonable then to attribute the 
whole of the Th A 4- Th B activity collected in the vapours 
to Th B. In Table II. the percentages of Th B positively 
charged so obtained are given for the vapours of six liquids. 
They range from 3°3 per cent. to 5°5 per cent., but are 
probably not accurate to more than 1 in 5. 


Part II.— Thorium Emanation. 


Having found a method of obtaining Th X by recoil 
as described in Part I. the charged state at the end of the 
recoil path of Th Em recoiling from Th X was examined. 
The apparatus used is shown diagrammatically in fig. 4. 


Fig. 4. 


The right-hand end of the box AB described in Part I. 
was divided by a metal diaphragm S parallel to the 
plates A and B and midway between them. A stream 
of gas entering through the long tube T was thus 
divided, one half being led into an ionization chamber 
P and the other into a similar chamber Q. Either of the 
ionization. chambers could be connected to a quadrant 
electrometer. When a disk activated with Th X by recoil 
was placed in the recess R and the plate A charged 
negatively, it was expected that the emanation atoms 
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recoiling from the disk would, if positively charged, travel 
across to A, give up their charge, and then be swept by the 
gas stream into the ionization chamber P. If uncharged 
the emanation atoms would be carried into the ionization 
chamber Q. To keep the field uniform the diaphragm was 
always maintaiued at the mean potential ot the plates 
A and B,and to reduce the disturbing effect of eddies in 
the gas stream the tube T was about 80 em. long and 4 cm. 
in diameter, the section being changed gradually to fit the 
rectangular end of the box. Some tests with smoke showed 
that no visible eddies were produced in air. The mean 
velocity of the gas through the box was generally about 
9 to 10 cms. a second and the pressure atmospheric. 

The procedure in an experiment was as follows :—4A disk 
activated with Th X was placed in the recess, the electric 
field in the required direction was established between the 
plates, and a stream of gas was led through the box and 
out through the bv-passes M and N. The two streanis 
having been adjusted to equalitv a steady flow was main- 
tained for some time, often more than an hour, and then 
the streams were allowed to pass through their respective 
ionization chambers. The ionization current in Q was 
always very large, and without any added capacity would 
have given an electrometer rate of 8U mm. a second. By 
observing the rate of decay on stopping the flow this current 
was plainly due to Th Em. With air, oxygen, and carbon 
dioxide no detectable current in P was found. The same 
result was obtained with various potential differences up to 
400 volts with the top plate negative and also when it was 
positive. 

In hydrogen it was found more difficult to get conclusive 
results. A small ionization current was obtained in P, which 
was unaltered by reversing the potential or by keeping both 
plates at the same potential. and was evide ntially due to eddies 
in the gas or to diffusion of neutral emanation atoms 
from the neighbourhood of the disk into the upper half of 
the box. By replacing the diaphragm by one about half as 
long again with a circular aperture 2:5 em. in dismeter 
directly above the source the ionization current in P was 
found to be zero. 

It appears then that Th Em recoil atoms in air, oxygen, 
carbon dioxide, and hydrogen are neutral at tlie end of their 
recoil paths. This is most probably true of all three radio- 
active emanations in any gases or vapours, the monatomic 
gases being perhaps exceptions. 
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Summary and Discussion. 


A method of obtaining Thorium X by recoil has been 
described, and the following results for the charged state of 
Th X recoil atoms have been found. 

In He, O;, Hy, Na, CO,, N,O, and C,H, all the Th X recoil 
atoms are positively charged at the end of their recoil paths. 

In six vapours examined and in NH; the percentage of 
Th X collested on a negatively charged electrode ranged 
from 87 to 94, and because of the difficulty in the experi- 
ments with these of obtaining saturation of the recoil 
atoms it is concluded that in these also all the Th X atoms 
are initially positively charged. 

The charged state of the Th Km atom recoiling from Th X 
has been examined in air Au, H,, O,, and (Ox, and it is found 
that in these gases all the “recoiling atoms of Th Em are 
neutral, 

The results of an earlier research on Ra A and ThA and 
Ra Band Th B led to tho conclusion as is to be expected 
that in regard to the charge carried at the end o£ the recoil 
path isotopie atoms behave identically. Hence the results 
obtained apply to corresponding substances in the other 
radioactive series, Also the results for Ra B should give 
those for other atoms of atomic number 82 produced by an 
a-ray change, i.e. Ra D, Th D, and Ac D recoiling from 
Ra C’, Th C', and Ae C’ and Ra G trom Polonium. The 
result for Th X should give also that for Meso-Th 1 recoiling 
from Thorium. 

The factors which determine the probability of a recoil 
atom being positively charged or neutral at the end of its 
recoil path ure complex. The recoil atom may be 
regarded during its passage through the gas as an atom at 
a "high temperature whieh tends to lose electrons, the 
degree of ionization approaching an equilibrium state 
corresponding to the velocity at any instant, As its velocity 
becomes smaller the degree oť ionization on the average 
becomes less and the recoil atom tends to complete its outer 
electron group. If we consider the results obtained for the 
four recoil atoms in any one of the gases investigated, 
except perhaps helium, there is strong evidence, although 
observations with Th Em were made only in four gases, that 
the number of positive recoil atoms is zero for Th Em and 
100 per cent. for Th X, with intermediate values for Th A 
and Th B, the order in which the number increases being 
Th Em, Th A, Th B, Th X [in some cases Th A is zero as 
well as Th Em]. On Bohr’s scheme the number of 
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electrons in the outer groups of these atoms are 8, 6, 4, and 
2 respectively, and it is to be expected that a singly or 
doubly ionized Th X atom will not show a strong tendency 

to recapture eleetrons, whereas in the case of Th Em ilie 
tendency to revert to the neutral state with the complete 
group of eight will be marked. The intermediate per- 
centages found for Ra B and Ra A are consistent with this 
point of view. The ionization potentials of the four atoms 
increase from about 5:1 for Th X to about 11 for Th Em, 
but there does not appear to be any reason for expecting 
the ionization potential to enter into the mechanism in a 
way that will completely account for the results, in particular 
that Th X atoms are all ionized, whereas Th Em atoms are 
all neutral at the end of the recoil path. It appears rather 
that the results are to be correlated with the chemical 
properties of the recoil atoms. lrt is of interest to note here 
that a similarity between the behaviour of the emanation 
atom and that of the « particle may be inferred from these 
experiments and those of Henderson * and Ruthertoed f, 
who found that the number of neutral @ particles rapidly 
Increases as the velocity becomes less. It is thus probable 
that the æ particle comes to the end of its path as a neutral 
atom, which is precisely what the present experiments have 
shown to be the case for the emanation recoil atom. 

In the case of either Ra A or Ra B one can examine the 
influence of the eas on the number of charged recoil atoms. 
Here the ionization potential of the gas does not seem very 
important, but, as was pointed out in an earlier paper, the 
ease of dissociation generally appears to be the dominating 
factor. Briefly, the hypothesis which was suggested was 
that ata collision at which the recoil atom dissociates a gas 
molecule, the recoil particle has a large chance of capturing 
electrons. if positively charged, and at a non-dissociating 
collision, if its velocity has not fallen below a limiting value, 
it has a Jarge chance of losing electrons. Thus in a very 
easily dissociated gas the al atom will continue to 
dissociate when its velocity is too small to ionize itself and 
the chance of it becoming neutral will be great. This still 
leaves argon in an anom: alous position. 

The mechanism is probably further complicated by 
chemical interaction between the recoil atom and the vas. 
The recoil atom may form temporary chemical association 
with some of the products of dissociation. The latter 
may have been ionized at the collision and when separation 


* Proc. Roy. Soc. A, cii. p. 496 (1922). 
T Phil. Mag. xlvii. p. 277 (1924). 
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takes place the positive charge may remain with the recoil | 
atom. The chance of the recoil atom becoming charged in 
this fashion should vanish when the velocity of the recoil 
atom is so small that it has enough energy to dissociate 


molecules, but not sufficient to ionize as well. 


The experiments described in this paper were made in the 
Physical Laboratory of the University of Sydney. The 
author is indebted to Professor Vonwiller for his interest 
during the progress of the work and to Sir E. Rutherford 
for his heipful criticism of the results. 


Cambridge, April 1925. 


LXII. Vibrations of two Pendulums connected by a Spring. 
Dy V. N. SoLoviEFF * 


[Plates XVIIL-XX.] 


NUMBER of mechanical models of coupled electric 
vibrations have been described in the preceding 
volumes of this Magazine f. The double-cord pendulum of 
Prof. Barton, so thoroughly investigated in his turee valuable 
papers, seems to be tlie best of them. It may be also 
preferred to the other models described in the previous works 
of Wien, Garbasso, Sellmeier, Oberbeck f, ete., as it repre- 
sents the most ingenious combination as regards simplicity 
of theory, convenience of construction, and exactness of 
analogy. Nevertheless, this model scarcely satisfies the 
above-mentioned natural requests in fullest measure, because 
Prot. Barton, as well as his numerous predecessors and 
followers, is trying to imitate the difficult case of magnetically- 
coupled cireuits. On the contrary, the case of electric 
coupling. being essentially similar to the practically more 
important ease of inductive coupling, admits an easy 
mechanical treatment. So perhaps the present paper, in 
which the author describes a model constructed independently 
of the works of Prof. Barton (the Philosophical Magazine 
for 1915-22 was not received in Irkutsk until June 1924), 
will be of some interest. 
The model consists of two high and massive supports, 
* Communicate! by the Author 
+ Prof. Barton and Miss Browning, Phil. Mag. xxxiv. p. 246 (1917), 
xxxv. p. 62 (1918), and xxxvi. p. 50 of the same year; Mr. Jackson, 
xxxix. p. 294 and xl. p. 329 (1920) : A. L. Naravan, xliii. p. 567 (1922). 
] Wien, Wed. Annal. lxi. p. 151 (1897): (tarbaaso, Vorlesungen tiber 


lieardlische Spectroscopie ; Sellmeier, Pong. FEES exlv. p. 538 (1872 2) ; and 
Oberbeck, Wed. Ann. xxxiv. p. 1041 (1858). 
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A and B (fig. 1), of two wooden laths, a and b, and of two 
bobs, P and Q, suspended to the laths by means of filaments 


Fig. 1. 


Fig. 2. 


j4. 


or thin wires. Due to such a manner of suspension very 
good, clear vibrations in the desired plane may be obtained 
without any difficulty. The bob is represented on fig. 2. 
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Tne tin tunnel M is sollered to the cylindrical tub N, 
made ot the same material. The funneis are filled with 
sand coloured bv methvlene-blus and the tabs with shot 
or any substitute. Coupling is performed by means of the 
spring S, which may be easily replaced. Both bobs are 
situated in the same horizontal plane, also in the case of 
different lengths, so that sand traces may be always obtained 
on a single moving board D. Toe perspectiva view of the 
whole arrangement is shown on Plate XVIII. 


Let l, and J, be lengths, m, and my misses, S; and S, linear 
displacements of two peadulums P and Q respectively. 
Further, let k be the extension coeticient of the spring S 

dynes 


expressed in ———, Then, neglecting the friction, the 
em. 


differential equations of motion may be written for small 
oscillations as follows : 


PS & 
2 + ("i +k)8, =S | 


Or, putting 


? 
K k kg k g 
— * — * 4. -—— >) hd — -—- 
<<) esee Ay, A= Ks, and d + — i5 z + — I5 
m; My mi L My ds 


which are the frequencies of the first aud of the second 
pendulums when connected with the spring, if the second and 
the first bobs respectively are fastened immovably, 


PNI ) 9?Q Y n 
un + PPS = AS, | 

) 
dN, + PS, = 4S ‘ a 
dë pg = had. J 


The coefficient of coupling is given by 


kik 
2 ie? 
T = 3» 91» oe . . . e e e 3 
Y = pepa (3) 
With a corresponding spring (or wire) y may be increased 
to 100 per cent.” 


* In all the models here deseribed it is practically impossible to obtain 
the coupling greater than 50-60 per cent. 


— ee a 
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Solving the equations (2) in the ordinary way, we obtain 
the general solution 
S, = A; sin (pit +a) + A, sin (pst + 25), | 


25232 Spr 
S, = uud A, ain (pit +a) $ A Ag sin (pat + a2), | 
i 1 


where À;, Ag, a, ag are arbitrary constants and p, and p; are 


given by 


aptabe+P e+ VEEP) y 
2p, z P,*-FP,;— v (PF P, )? + 4k ikg 
The relations among the ratio of frequencies 7 and y are 
2 


graphieally represented on fig. 3, showing the difference 
Fig. 3. 


1 2c Go 40 So 66 Y% 


between the cases when the heavy bob is on the long 
pendulum (graph A) or on the short one (graph B), just as 


in the double-cord model*. When P, = P,, - may he 
2 
expressed in terms of y : 
Pia f LEY 
m p LAT (6) 


Phil. Maz. no. 211, p. 44, July 1918. 
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just the same formula as for two magnetically or electrically- 
coupled circuits with equal periods (graph C). 

Introducing the initial conditions in the equations (1) and 
in the differentiations of these with respect to time, we may 
find the solution for every special case. But we shall 
confine ourselves in this paper to the case of a single 
displacement. 


Then for t — 0, s = S, s, — 0, ae S fe = 0, and the 
special solution will be t dt 
P 2 ler P "e 
$i = So p»? cd cos pit — So Ais : 
| (7) 


(Pipi (Pape) 
ky (pi? — pg) J 
In the case of resonance (P, = P, = P) these may be 
rewritten as follows : 


sı = dS, (cos pit + cos pst), \ 


s= Di (cos pit — cos pst). 


e . 8 
So = 45 ET (cos pit — cos pst), f (8) 
where 
EL ; 
and pj = PX1—q) €. . (9) 


When the lengths of pendulums are equal (l — 1) (7) 
becomes 


Mo nu ) 
S ——— 
WU. mi Tnm Icon pP my + ng So cos pat, | 
( . (10) 
1 
$e mE T j = š 
2 ane (cos pit — cos pst), j 


where 


?— P? + ka, 
C H "E 


po? = P ,— ko. 


In the case of electrically-coupled circuits (fig. 4) the 
equations of motion are in the usnal notation : 


Ll 1 1 1 * 
Las + (et a) m ele > | 


: (12) 
pd c Eg | : 
2 lt? nn ( NES OR 
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It is clear that these equations are identical with (1). 
Indeed, the dimensions of the respective coefficients are 
exactly the same if we put with Prof. Barton the inductances 
L, aud L; analogous to the masses m, and ms, and the 


T ; l l 1 
capacities C,, Cs, Cy, to the spring factors po "e and i 


i mg. . ; or. em. 
(The dimension of "2 is just the same as of k, i. e, “———5 J. 
l cm. sec. 


Fig. 4. 


C, Ci == C; 


* L, 


So two pendulums * connected by a spring represent an 
exact analogy with electrically-coupled circuits. Moreover, 
they may be used to elucidate the case of inductive coupling 
with the same success as the models of Prof. Barton and 
Mr. Jackson, because the coupling in their models is also 
performed by means of displacement itself and not by means 
of its second differentiation. The simplicity of theory f and 
some little preferences of easiness and commodity of experi- 
mentation, make the described model suitable for laboratory 
work 1, as well as for demonstration use. 

The above theory is illustrated here with a few curves 
only, because photographing is very dear in Russia. The 
curves Nos. 1-4 (Plate XIX. )are obtained with the pendulums 
of unequal lengths (l: lz about 1:2), Nos. 5-8 (Plate XX.) 
with equal lengths ; Nos. 2-4 illustrate the formula (8) and 


* Or two springs, in which case ~, and k, their extension coefficients, 
; ; nu m.» 
must be put into the equations (1) instead of od and T but then 
1 2 
experimental adjustment is more difficult and the damping is larger. 
+ Look at the contrast between (1) of this work and (27) and (28) of 
the first and (9) and (10) of the third papers of Prof. Barton. 
[ In thia case students’ familiarity at least with the elements of theory 
seems to be necessary. 
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may be regarded as a mechanical analogy of Tesla’s trans- 
former; Nos. 7 and 8 relate to (9).in which case the pendulums 
are not interchangeable and show the effect ot different 
initial conditions ; Nos. 5 and 6 are obtained with equal 
masses and lengths, which is a special case of (8) and (10) 
simultaneously ; No. 1 shows the general case (periods, lengths, 
and masses unequal). The couplings used are always given 
as percentages. The upper curves in all photographs : with 
uneqnal masses relate to the heavier bob. ‘The initial 
conditions are shown in most of the photographs by the 
sand traces which are plotted by the pendulums before 
starting. The damping was very small in these experiments 
and has therefore been neglected in the above theory. The 
case when it is large is reserved for a later paper. 


In conclusion, I wish to express my sincere thanks to 
Prof. S. A Artziby sheff for giving me the idea of this work 
and kindness in putting at my disposal the instruments of 
the laboratory, and Prof. J. P. Krawetz, to whom I am 
indebted for many valuable suggestions. 

Physical Laboratory of University, 


Irkutsk, Siberia. 
July 20, 1924. 


LXIII. A New Vacuum Thermoelement. 
Dy Dr. W.J. H. Morv and Dr. H. C. BURGER * 


I the application of the thermoelement for measuring 

radiation, the advantage of enclosing the element in 
vacuo has often been enunciated, and determinations have 
frequently been made of how much the sensitivity is 
increased by removing the air. The gain in sensitivity 
varies considerably, according to differences in the form of 
the element and the properties of the metals used, but is 
often rather important (5 to 10 fold). 

The sensitivity of a thermoclement of given components 
is determined by the temperature difference of both junc- 
tions for a given radiation striking one of them. If none 
of the energy received were lost, the temperature of the 
exposed junction would rise without limit; in reality an 
equilibrium will be reached in which the energy received is 
equal to that lost. In the ease of thermoelements in air, 
the energy is led off: (1) by the air, (2) by conduction 
through the metals, (3) by radiation. A great gain of 
sensitivity caused by exhausting means only that loss through 
the air was predominant previously. 


* Communicated by Prof. O. W. Richardson, M.A., D.Sc., F.R.S. 
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The sensitivity of a vacuum-element of given components 
depends wholly on the heat conduction through the metals. 
The energy lost by conduction must be minimal, or better 
must be small as compared with the unavoidable loss by 
radiation. When this is the case, the effect of exhausting 
may become enormous. [n our vacuum-elements the sen- 
sitivity is about 300 times as great as in air. A decrease of 
the leading away of the heat by conduction, however, implies 
an increase of the electrical resistance, and therefore should 
not be exaggerated. There will exist a conditio optima, i. e., 
the resistance of the thermoelement must be adapted to 
that of the galvanometer which is used to indieate the 
thermoelectric current. Anyhow there will exist for given 
components an ideal sensitivity of the thermoelement, an 
impassable limit, where the only loss of energy is through 
radiation. 

This ideal sensitivity, viz. the case of equilibrium of 
radiation, may be computed easily for a given combination 
of metals. 

Let d be the thickness of the receiver, O its area, r; and 
r; the mean reflecting power of front and back surfaces, c 
the specific heat and p the density of the material from 
which the receiver is made, I the radiation (in cal. per cm.? 
and per sec.), T the absolute temperature of the receiver, 
and ø the constant of radiation = 1:38 x 107" cal./em.? sec. 

Then the constant of externai thermal conduction A is 


h= (l—r,+1—7,) .4cT*. 

The energy received per sec.— I.O . (1— 7). 

The energy lost per sec. =h.O.AT, 
if AT is the temperature difference between the element and 
the surroundings. This difference is a consequence of the 
radiation received. 

The condition of equilibrium is 

I.O.(1—7)-A.O0.AT, 

or 

I (l-r) 
h ; 

In order to derive the sensitivity, let p be the thermo- 
electric power of the combination in volts, then the electro- 
motive force E of the thermoeleinent is 

F= T Hun. 
h 


eae: E l-r 
and its ideal sensitivity S = qe tp. 


AT= 


to 
Un 
bo 
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For a given thermocouple the ideal sensitivity may thus 
be computed, and one can compare this figure with the real 
sensitivity found by experiment. In this way one has a 
good knowledge of how far the loss of energy by conduction 
(and eventually tlirough the air) is negligible. 

As a matter of course it is also possible to compute 
the decrease of sensitivity caused in a vacuum-element by 
conduction, when the dimensions and the heat conductivity 
of both metals ure known. From such computations we got 
the conviction that it must be possible to approximate to the 
ideal sensitivity rather closely. 


The ordinary method of constructing thermoelement: 
implies a fairly good heat conduction. The best elements 
consist of a silver wire and a quite thin rod of bismuth, 
soldered together with an alloy of low melting-point. Silver 
has a high conductivity, the bismuth part has a cross-section 
which is relatively quite large. As the length of these 
elements was limited by practical reasons, tlie loss of energy 
by conduction was by no means negligible. 

The usual method of construction involves moreover 
another and more serious disadvantage. The quickness of 
response of such elements even in contact with the air is 
rather poor. When now the air is expelled, and accordingly 
the sensitivity increased, the slowness of the apparatus 
becomes uncanny. The great heat-eapacity of the element 
and especially of the solder is responsible for this. 

As we proceeded with the construction of our vacuum- 
thermoelement, we were convinced that the direction in 
which we had to improve the element was to reduce the 
thickness of the metals, the solder. and the receiver to 
a minimum This measure would have the advantage of 
decreasing the heat-conduction and thus increase the sen- 
sitivity, and at the same time would improve the quickness. 

As to the quickness attainable, it could be estimated 
beforehand. The computation of the quickness of a thermo- 
element becomes somewhat uncertain if the loss of energy 
by conduction plays a predominant. part, since in that case 
the notion of quickness is indefinite. It is possible, for 
instance, that with a thermoeiement 50 per cent. of the 
final electromotive foree is reached quite rapidly, while 
it takes a very long time before 99 per cent. of this final 
value is attained. But since we expected to obtain almost 
the condition of equilibrium of radiation, a computation on 
the premise of a heat-conduction zero would mean a fair 
approximation. 
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For that case (no other loss of energy than by radiation), 
the quickness of the thermoelement may be derived from a 
simple caleulation. Using the same symbols as above, we 
will consider a thermoelement, exposed to radiation for some 
time, the radiation being intercepted ata given time ¢=0, 
and calculate the rate at which the temperature-difference 
between the element and the surroundings falls off. The 
temperature-difference existing at a time ¢ will be expressed 


by 


where 


Now the * "quickness" of the thermoelement may be 
defined as the time 8 elapsing before AT has attained Í per 


cent. of its initial value. Ase- 5 —0'01 means 02 41:38 to, 


l.p.c 
ae n ee 
(l—r,+1—r,).40T° 
In order to give a numerical example, we will apply this 
formula to the new thermoelement described further on. 
Of one of these elements the constants were approximately 


d=1:1 10-4, p=8°5, c=0-097, ,— 0-10, 7,0710, T=300. 


The computed ** quickness”? 0 is 2°3 see., a value which 
is in fair agreement with that given bv experiment. 

Before we proceed to a detailed description of the new 
thermoelement, we will lay stress upon what in our eyes is 
a great advantage of the vacuum. The presence of air may 
give rise to unexpected and annoying perturbances. As a 
matter of fact, slight adiabatie variations of the air pressure 
change the temper rature of a junction, especially if its heat- 

capacity is small. Besides one has ever to be apprehensive 

of convection of the air surrounding the element, brought 
about by outside circumstances, By a sufficiently high 
vacuum these errors are avoided, and the reliability of the 
instrument is greatly increased. 


In order to minimize the heat conduction and at the same 
time the heat capacity of the thermoelement, we made use 
of the so-called thermofoil, described elsewhere" This 
material is constructed in the following way. Two rather 
thick plates (e.g. of manganin and constantan) are soldered 


* Proc. of the London Phys. Soc. xxxv. p. 258 (1923). 
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together with silver. The superfluous silver is polished 
away, after which a narrow seam of silver remains. The 
bimetallie plate is then rolled out in the direction of the 
seam. In this process the seam is practically not broadened, 
and it has been found possible to prepare in this way a quite 
thin foil, consisting of two sheets of metal connected by 
a silver seam, the silver having the same thickness as the 
metals. By simply cutting this thermofoil into narrow 
strips, a large number of thermoelements is obtained. 

These elements are applied in the construction of the 
thermopiles which have been described by one of us. The 
thickness of the elements was about 0:005 mm. The quick- 
ness of these piles (an equilibrium is reached within 2 seconds) 
is to a great part due to the effective heat transport by 
means of the air between tle strips and a heavy plate of 
copper. 

If such a thermorpile is evacuated, its sensitivity increases 
considerably, but at the same time it loses its quickness. 
We commenced our investigations with an element of 
0:005 mm. thickness and 15 mm. long. It needed 12 seconds 
to come to equilibrium. As compared with other vacuum 
thermoeclements this result was not bad *, but we aimed at a 
quickness of the same order as was attained with the thermo- 
piles mentioned above. 

We now tried to refine the process of rolling out, and 
with mach care and a great loss of material we succeeded in 
preparing small pieces of thermofoil with a thickness of 
only (*001 mm. 


Fig. 1 represents a piece of thermofoil on an enlarged 
scale. PQis the narrow seam of solder. A strip A B cut 


* There exists in the literature a communication about a vacuum 
thermoelement with a formidable quickness. Pettit and Nicholson 
(Astroph. Journ. lvi. p. 295 (1922)) prove by calculation that their 
element kas a quickness of 0-006 sec.! They made a mistake in their 
reasoning. An experiment would have shown that the quickness of this 
element isiof the order of 30 sec. 
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from this foil forms a linear element *. For some appli- 
cations it was desirable to have a receiving area of greater 
extension, and for that purpose we constructed elements of 
the form C D. It will be clear that cutting such elements 
would be practically impossible. We succeeded by covering 
the whole back surface of the foil and on the front only the 
part C D with a varnish, and dissolving the surroundiny foil 
in nitric acid. 

One side of the sensitive part of the thermoelement had to 
be blackened. Soot was inappropriate for this purpose, as 
its heat conduction in vacuo is too small. We applied 
an aqueous solution of colloidal carbon, spread out in a layer 
of about 0:001 mm. thickness. 

An element of one or the other form is now mounted 
within a glass tube, in the same manner as is usual in 
the construction of electric lamps. The two electrodes 
are heavy wires, and the element is soldered at A and B 
(see fig. 2). The narrow part of the tube is connected to a 


high-vacuum pump, and the evacuated thermoelement is 
heated during an hour to 300? C. in order to expel all gas 
residues from the glass and the metal parts. Mercury 
vapour and other impurities are frozen out with liquid air, 
and finally the tube is melted off at C. 

The heating during the evacuation is necessary as without 
this precaution the vacuum is not durable. With the older 
types of thermoelements this heating was impossible, since 
the solder used had too low a melting-point. The thermofoil, 
however, is soldered with silver and sustains a heating to 
400°. 

The sensitivity, the quickness, etc. of these thermoelements 
differs somewhat for the various specimens. But we will 
mention some average data, in order to give an impression 
of the features of the instrument. 

The sensitivity of the element with an extended junction 
(of form C D, see fig. 1) is from 50 to 70 per cent. of the 
ideal. The linear elements have a relatively greater heat 


* Such an element of 0:05 mm. breadth and 8 mm. length has a 
resistance of 15 ohms, and weighs only 0:003 milligram. 
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conduction, though even in this case the loss through con- 
daetion is not much greater than that through radiation. 
An element of form C D, with a receiving area of 1 mm.?, 
required ;;.1079 cal. sec. ! for giving 1 microvolt. A 
linear element of 0-05 breadth, when receiving radiation 
from the same source as the former one, and along the same 
length of 1 mm., gives only 4 microvolt. But as compared 
with the former thermoelement, the receiving area of the 
linear one is only } mm.2 Accordingly it needs only 5. jz- 
1078 cal. sec.^! to give 4 microvolt, i.e. 1075 cal. sec. ! per 
microvolt. 

The mean error of the palvanometer we used was T 
microvolt, corresponding to less than jo erg per sec. 

The quickness of response is quite satisfactory. When 
radiation is admitted, the element reaches its final temper- 
ature within two or three seconds. 

The resistance of these thermoelements is about 10 to 
20 ohms. 


Physical Laboratory 
of the University. 
Utrecht, June 1925. 
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LXIV. The Thermo-Relay. By Dn. W.J. H. Moi 
and Dr. H. C. BURGER *. 


T? measure a small angle through which a body rotates, 

use is very frequently made of a little mirror fixed to 
the body, the mirror reflecting a beam of light, and 
projecting a spot (provided with an index) on to a scale. 
The great advantage of this method lies in the possibility 
of using a large scale distance, and therefore getting great 
displacements ot the spot tor relatively small rotations. 
But it is of no use to exaggerate this distance. Enlarging 
the scale distance above a certain limit yields fora given 
rotation a greater displacement it is true, but the sharpness 
of the index is worse, and the accuracy obtained remains 
practically the same. It is for the same reason that a scale 
is never subdivided in tenths of a mm. and the spot read 
off with a magnifying glass ; if magnified, the image loses 
its sharpness and no gain in accuracy would have been 
reached. As a matter of fact, in all measurements of this 
sort the accuracy attainable is limited by the defective 
sharpness of the light-index. 


* Communicated by Prof. O. W. Richardson, M.A., D.Sc., F.R.S. 
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In the following lines we will describe a simple method of 
measuring rotations so small as to be unmeasurable in the 
usual way. This method makes use of the above-mentioned 
reflecting mirror, but its accuracy is absolutely independeut 
of the sharpness of the spot. It may even be applied in 
connexion with a mirror of quite bad quality. Moreover, it 
permits a photographic registration 

The principle of the new method is the generating of a 
thermo-electric current by means of the spot of light. This 
current is indicated by a galvanometer, and the deflexions 
mov either be read olf or recorded photographically on a 
recistering drum. 

The new apparatus (the thermo-relay) is constructed in 
the following way. From a piece of “thermofoil” *) a strip 


ABCD (fig. 1.) is cut out. The parts AB and CD are of 


Fig. 1. 


constantan, the part BC of manganin. This strip is 
blackeued and mounted in an evacuated glass vessel, in the 
same manner as is usual in the construction ot electric lamps. 
The thermo-relay is enclosed in a double brass tube provided 
with slits in front of the strip. 

When now a spot (sharp or unsharp) is projected upon 
the middle part of the strip, both junctions will be heated, 
and a galvanometer connected to the relay will show a 
deflexion. By shifting the relay in the direction ot the 
strip, this deflexion can be made zero, both junctions having 
then the sine temperature. A small rotation of the mirror 
which gives a displacement of the spot, e.g. to the right, 
will raise the temperature of the right junction above that 
ef the left, and will cause a galvanometer deflexion. A 
rotation of the mirror in the other direction will give an 
opposite deflexion. If the displacements of the spot are not 
too great, the valvanometer deflexion is proportional to the 
rotation. 

Itis a matter of course that the source of light must have 
an invariable intensity. An ineandescent lamp with short 
spiral connected to some accumulators will do perfectly 
well. If the mirror is small, it is advisable to use the 


* Supra, p. 618. 


626 Dr. W. J. H. Moll and Dr. H. C. Burger on the 


following arrangement. The spiral of the lamp is projected 
by a lens on to the little mirror ; a second lens, placed in front 
of the mirror, converges the reflected beam of light, and a 
cylindrical lens, placed in front of the slit of the brass tube, 
makes an elongated image or the mirror on the strip. 
The thermo-currents generated by an arrangement of this 
sort will be strong enouph for most applications. With an 
incandescent lamp of 16 candles, a mirror of only 5mm. 
diameter, and a good coil-galvanometer, a rotation of the 
mirror through un angle of ,5 sec. gives a measurable 
galvanometer deflexion. 

This very high sensitivity of the thermo-relay is due to the 
fact that there 1s no loss of energy through the air, and that 
the loss by conduction along the very thin strips (thickness 
about 0:001 mm.) is quite small. The vacuum excludes, 
moreover, all disturbances which would arise if the strip 
were surrounded by air, and consequently the thermo-relay 
is practically free from perturbations. If necessary, it can 
be used in connexion with a very sensitive galvanometer. 

A second advantage of the extreme tninness of the strip is 
the quickness in response of the thermo-relay. In combina- 
ation with a quick and aperiodic galvanometer, a detlexion 
reaches its final value withiu three seconds. 

One of the applications of the thermo-relay will be 
described in the following paper, viz. the amplification of the 
sensitivity of a galvanometer. It will be shown there that 
a tenfold or a hundredfold amplification can easily be reached 
by throwing the spot reflected by the galvanometer mirror 
on a thermo-relay, and connecting the relay to a second 
galvanometer. 

Physical Laboratorv 

of the University. 
Utrecht, June 1925. 


LXV. The Sensitivity of a Galvanometer and its Ampltjication. 
By Dr. W. J. H. Mott and Dr H. C. BURGER”. 


AC. important property of ths galvanometer is its 
sensitivity. Fer most applications it is the volt- 
sensitivity that matters—tliat is to say, the deflexion on a 
scale at one metre for one microvolt. The importance of 
this figure, however, is generally over-estimated. In all 
publications about investigations where the highest achieve- 
ments of the galvanometer are wanted, this figure is 


* Communicated by Prof. O. W. Richardson M.A., D.Sc., F.R.S. 
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mentioned as its most salient feature ; in the coustruction of 
a new galvanometer the main object is usually to attain 
an extreme sensitivity. 

Yet it will be evident that the essential feature of a 
galvanometer intended for the study of the weakest eflects 
is not the bigness of the detlexion for one microvolt, but 
the smallness of the electromotive force which can be read 
off with certainty. It is true that the latter specification is 
not independent of tlie conditions under which the galvano- 
meter is used, and that therefore it is necessary to detail 
these conditions; a reference, on the other hand, to the mere 
sensitivity has for practical purposes no value at all. In 
all galvanometer work one has to struggle with disturbances. 
A galvanometer with a high sensitivity, but strongly subject 
to perturbations, will be of little use for the measurement 
of small electromotive forces. 

The disturbances which limit in practice the efficiency of a 
galvanometer mav be divided iuto two kinds : disturbances 
peculiar to the valvanometer as such, and those acting in the 
outer circuit. The first are dependent in a high degree on 
the place where the apparatus has been installed ; but under 
the same circumstances of location various galvanometers 
are affected by perturbations to a quite different degree, 
and thus the necessity presents itself of characterizing the 
quality of the galvanometer in this respect. For this 
purpose one could proceed in the following way. The 
galvanometer in question is installed in a cellar-vault, placed 
on a wall-bracket or suspended, and short-circuited. During 
the night one observes the zero, and an estimation is made 
of the mean deviation. When the sensitivity of the galvano- 
meter is known, one can derive from these observations the 
mean error, expressed in microvolts, of the galvanometer 
under most favourable conditions. This mean error has 
to be considered as the most valuable information about 
the galvanometer. 

“As compared with the disturbances met with by the 
galvanometer itself, those originating in the outer circuit 
are usually predominant. In so fur as they have a regular 
course, they may be taken into account; a skilled experi- 
menter can take account as well of suddenly arising 
perturbations. There remains, however, a mean error 
resulting from the outer disturbances, which frequently is 
much greater than that peculiar to the short-circuited 
galvanometer. 

Now the amount of this mean error is ceteris paribus not 
the same for different galvanometers. In this respect the 
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quickness of the galvanometer plays an important part which 
is usually under-estimated. While a very slow apparatus 
integrates the various disturbing effects, it often becomes 
possible with a quick one to discover disturbances of short 
period. Once recognized as such, they may be taken 
into account. 

There is still another reason why with a quick galvano- 
meter the mean error caused by disturbances in the outer 
circuit may be made smaller than would'be possible with 
a slow one. With a suiliciently quick apparatus it is 
possible to distinguish the different disturbances from each 
other. The closing of a door, the passing in the street 
of a carriage, currents caused by induction by a faultv 
insulation or a bad contact, thermo-currents, etc.—all give 
their characteristic fluctuations of the spot. The difter- 
ences iu their aspect appear in a striking manner when 
the fluctuations of the spot of a quick galvanometer are 
registered. Not infrequently one succeeds in tracing in 
this manner the presence of known and unknown distur- 
bances, and can then exclude them. 

We think, therefore, that the efficiency of a galvanometer 
for the study of weak effects should not be judged by its 
sensitivity. The mean error, expressed in microvolts, of 
the galvanometer when short-circuited and installed under 
the most favourable conditions is one criterion, and the 
galvanometer’s quickness is the second. 


It is possible to amplify the sensitivity of a galvanometer 
by means of a “ thermo-relay i 

A beam of light, emerging from a little incandescent 
lamp, is reflected by the mirror of the galvanometer and 
thrown on a thermo-element of special construction ; it 
generates a thermo-current, which is indicated by an auxiliary 
PAO E: The size of amplification depends on the 
intensity of the spot projected on the thermo-relay, and 
can be adjusted at will by regulating the lamp’s current. 
Even with a galvanometer-mirror of small dimensions 
(e.g. 9 mm. diameter) it is easy to attain a hundred- fold 
amplification. 

When this method is applied to one of the usual very 
sensitive valvanometers, an enormous sensitivity mav be 
reached. The proceeding, however, as a rule has no 
meaning, because the errors are magnified to the same 
amount, and the mean error expressed in. mierovolts usually 


* Supra, p. 624. 


Sensitivity of a Galvanometer and its Amplification. 629 


remains the same. The method will give only a real 
advance if used in combination with a valvanometer the 
zero of which is so steady that the irregular fluctuations 
of the spot are smaller than the least readable deflexions. 

We investigated the efficiency of this method of amplifi- 

cation with a coil-galvanometer of special construction, 
designed by one of us *. lts great zero-steadiness is 
principally ‘due to the fact that the coil is not suspended 
as is usual, but stretched between two wires. When used 
in the ordinary way, and giving a spot on a scale at one 
metre, readings can be made witha pareigu of 4h or 55 mm. 
Its steadiness would permita reading to 4), mm. and less; 
but even with the best mirror the precision of the reading 
is limited by the defective sharpness of the light-index. 
This galvanometer has a time of indication of less than 
two seconds; its resistance is about 50 ohms. 

We installed the apparatus on a wali-bracket in a room 
on the second floor of our Institute, which is situated within 
the town and a short distance from the traffic. The outer 
circuit was formed by a resistance-box, by means of which 
small electromotive forces could be inserted. 

Fig. la gives a reproduction on a true scale of a 
photographical registration of the zero during eight minutes. 
Two minutes after beginning, an electromotive force of 
ten microvolts was inserted during ten seconds, and four 
minutes after that an electromotive force of one microvolt. 
The reading is certain to about h}, mm., corresponding to 
a mean error of 25 x 107? volt. 

Fig. 1^5 gives the line when a 5-fold amplification had 
been applied. This curve has been recorded therefore by an 
auxiliary galvanometer, the latter being of the same type as 
the primary es Ardovo on. diie picture, the 
quickness of response has Deco somewhat smaller, but the 
reading is still certain to Jy mm. The mean error has been 
reduced to about 5 x 107? volt. 

Fig. Le shows a 25-fold amplification of the sensitivity. 
The zero-line is no longer smooth ; tie error of reading has 
become greater, and amounts to about j'; mm., corresponding 
to 2 x 107? volt. 

When the sensitivity is still. more amplified, the real 
progress is but small, as fig. 1d, a 100-£old amplification, 
shows. The mean error “is here about 1x10-* volt. 
Further amplification of the sensitivity would be of no use. 

The conspicuous disturbance, visible in this figure (fig. 1 d), 


* Proc. Phys. Soc. xxxv. p. 253 (1023). 
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has been caused in all probability by microseismic perturba- 
tions. It has a period of about six seconds, and has the same 
character at daytime as in the night. That a slow motion to 
and fro of the walls entails rotations of the mirror must be 
a consequence of a slight asymmetry of the coil. We are 
hopeful to succeed in reducing this asymmetry, and to 
raise by that means the efficiency of our galvanometer still 
considerably. 

That it has been possible to attain such a high sensitivity, 
and to overcome all other disturbanees, is principally 
due to the quickness of our combination. Indeed, various 
perturbations became manifest as we gradually increased 
the sensitivity, but by recording the zero photographically 
they could be identified and eliminated one after the 
other. 

Physical Laboratory 


of the Mniversity. 
Utrecht, June 1925. 


LXVI. The Piezo-Llectrie Oscillograph *. 
By A. B. Woop, D.Se., F.Inst.P. t 


[Plates XXI. & XXII] 


N the February issue of the Philosophical Magazine an 
account is given by C. E. Wynn-Williams, M.Sc. 
(pp. 289-313) of a piezo-electric oscillograph. Mention is 
made of more or less unsuccesstul attempts to utilize quartz 
strips for the purpose in view, but these have been abandoned 
as being too insensitive. Rochelle salt, on the other hand, 
is considerably more sensitive, but possesses certain disagree- 
able features mentioned in the paper. The paper concludes 
by a statement: “ If sufficient magnification could be obtained 
a quartz oscillograph would probably, owing to the very 
definite physical properties of this substance, be superior to 
one of rochelle salt." 

It is the object of this note now to point out that the 
quartz oscillograph is bv no means so impracticable as 
might be supposed. In 1920 the author designed and tested 
two types of quartz strip oscillograph which gave very 
satisfaetorv results. A description of these instruments is 
given in Patent No. 180,787, March 1921, but it may not 

* The oscillographs described were designed and constructed in 1920, 


and the paper is now published by permission of the Admiralty. 
+ Communicated by Mr. F. E. Smith, C.B.I,, F.R.S. 
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be out of place to make further reference to them here. 
The two types will be described as the single-strip and the 
double-strip oscillographs *. 


I. Single-Strip Oscillograph. 


In principle, this is essentially the same as that described 
by Mr. Wynn-Williams (and illustrated in his paper in 
fig. 4, p. 296), but differs in important details. The strip 
of quartz is cut with its thickness ‘e’ in the direction of the 
electric axis, its length ‘2’ in the third direction, and its 
breadth ‘b’ in the direction of the optic axis. When a p.d. 
of V electrostatic units is applied aeross the electric axis then 
the dilatation à in the direction of its length is given by 


5-k! v, 
e 


where K is a constant depending on the piezo-electric 
properties of the crystal. 

In the case of quartz K = 6°45 x 1075. 

It will be seen that the change of length of the crystal is 
direetly proportional to the applied voltage, and to the 
ratio of length to thickness. See Table I. In Mr. Williams’s 
experiments a slab of erystal 5 cem. long and 0:3 em. thick 
was employed, whence 

6=1:07 x 10795 V em,, 
or if V is expressed in volts, 
6—35x10-7? V em. ; 
i. e., for V=1000 volts 
6=3°5 x 1079 cm. 


This is a very small deflexion, but it is possible to increase 
it considerably. Jn the first place, by reducing the thickness 
of the slab from *3 em. to*03 em. the value of 8 is multiplied 
10 times. Dy means of a simple optical lever devie“, shown 
in fig. la, the resulting dilatation of the slab may again be 
magnitied 10* times. In the arrangement shown, an oscillo- 
graph mirror (about ‘Ox 1 mm.) is pivot d on parallel 
knife-edges spaced about 01 mm. apart, and a spot of light 
reflected from it on a scale or on a photographic film at 
say 1 metre distance. One of the knife-edges is attached to 
the top of the slab, whilst the other is fixed firmly to the 

* The properties of single and double piezo-electric strips, as utilized 


in the desin of these Oscillegriphs, are described in * QZuvres de Pierre 
Curie,’ Paris (Gauthier Villars, 1908), pp. 35-55. 
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base of the oscillograph. The magnification factor of this 
arrangement is therefore 2x 100/01=2x10*. Thus the 
deflexion * d? per 1000 volts will be 2 x 10'3, which becomes 
0°43 cm. for a crystal slab of thickness 0'5 mm. An 
oscillograph constructed on this principle gave results in 
accordance with the theory. The mirror was held on the 
knife-edges by an elastic cement (see fig. 1b) (a spring 
would probably serve the same purpose). 


Fig. 1. 


Single-Strip Type. 


It is to be noted that in this arrangement the inertia of 
the moving parts is very small, but it should be observed also 
that the force holding the mirror on the knife-edges must 
be considerable in order that the acceleration of the vibrating 
strip of quartz should never exceed that due to the restoring 
action of the spring. ‘The natural frequency of this type of 
oscillograph is high, corresponding to the longitudinal 
vibration of the strip Gf */' 25 em. frequency 25,000 app.). 
The insulation is of course exceptionally good, and both 
positive and negative deflexions are strictly proportional to 
voltage. In these respects quar£z is superior to rochelle 
salt. 


II. Double-Strip Oseillograph. 


The sensitivity of the single-strip quartz oscillograph 
referred to above is inversely proportional to the thickness 
of the strip and directly proportional to the length. Limits 
are set to the former by the mechanical and electrical 
strength of the crystal, whilst the length is limited by the 
" maximum size of crystals obtainable. By employing a 
device, well known in the study of thermal expansion, it is 
possible to increase still further the sensitivity of the quartz 
strip oscillograph. This is accomplished as follows. If two 
strips of crystal (of the nature just described) are cemented 
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together in opposite senses—so that one layer expands whilst 
the other contracts—the bi-plate assumes a curvature whose 
radius depends on the amount of dilatation. If */" and ‘e’ 
represent the length and thickness of each of the lavers 
and V electrostatic units the p.d. applied to the outer faces, 
then the lateral displacement of the unclamped extremity of 
the compound strip will be 


| a 
6—1iK. 2e . Vj 


the method of mounting being illustrated in fig. 2 (sectional 


Fig. 2. 


Double-Strip Type. 


elevation in a, plan in b). The dilatation is now pro- 
portional to the square of the ratio //e—indicating a greatly 
increased sensitivity. 

i, It quartz is used, K2645x 107%. Taking (=5 cm. and 
e-—(05 cm., 


6—1:0x1079 V em. if V is expressed in volts, 


With an optical magnification of 2 x 10! the deflexion ‘d’ at 
1 metre will be *032 V cm., i. e. 022 mm. per volt. 

It wil at once be seen that this represents a very 
considerable increase in sensitivity over the single-strip 
type of oscillograph, in the example given tle increase 
bemz in the ratio 3 le, i.e. 75 times. (See Table II.) 

The natural frequency of this type is of necessity rather 
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low *, for now we are dealing with the transverse vibrations 
of the piezo-electric strip. The pronounced resonance is 
very apparent when an A.C. voltage of continuously variable 
frequency is applied. The band of light produced by the 
mirror oscillations widens out rapidly near resonance, and 
the strip itself emitsa loud note corresponding to the applied 
frequeney. This resonance can be reduced in several ways, 
one of the most simple depending on the choice of tlie medium 
for mounting the mirror on the knife-edges. Photographs 
of two early patterns of quartz oscillograph are shown in 
Pl. X XI. fig. 3—Single Strip (a), Double Strip (b). 

With either tvpe of oscillograph the dimensions of the 
erystal slab employed are determined by the voltage-range 
for which the instrument is to be used. "The thinner the 
slab, the lower will be the voltage-range that it will detect. 

The fact that crystals of rochelle salt show much greater 
piezo-electric effects than quartz was realized from the first, 
but owing to the somewhat irregular behaviour of rochelle 
salt as regards sensitiveness and insulation and its liability 
to breakdown under electric stress, it was considered desirable 
to develop the quartz type for metrical purposes. 

The following tables are inserted as a convenient means 
of comparing the sensitivities of the single- and double-strip 
oscillographs, and to provide a basis of comparison with 
observations of tlie behaviour of the two oscillographs 


illustrated in fig. 3 a and b (Pl. XXI.). 
TABLE I. 


The table indieates the increase of sensitivity with the 
ratio length/thiekness in the case of the single-strip quartz 
oscilloaraph. 

Optical magnification assumed = 10*. 

Length / 25 em. 

K for quartz = 6:45 x 10-*. 


Thickness Sensitivity (at 1 metre). 
te : le — — 
cm., cm. per volt. Volts per em. | 
0:5 10 215x107? 46500 | 
2 25 pix ie | 18500 | 
1 50 1071074 9350 
‘05 100 245x101 4650 
02 250 54 x10" 1850 
‘Ol 500 L07 x10 ? 935 


* E. g. 1350 ~ /sec. in one oscillograph, 
rm c 
al 
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The single-strip oscillograph shown in fig. 3a has a 
length of 51 cm., thickness ‘06 cm., i.e. l/e = 85. The 
deflexions obtained by the application of positive and 
negative potentials up to +6000 volts indicated a linear 
relation and a sensitivity of approximately 6000 volts 
per em., which is in moderately good agreement with the 
tabulated values in Table I. The natural frequency of the 
oscillograph was not determined experimentally, but calcu- 
lation indicates a value of the order of 20,000 ~/sec. 

In fig. 3 c is shown a single-strip rochelle salt oscillograph, 
the strip having a length of 5:2 em., thickness 0°47 em., 
whence le 10° 6. The D.C. sensitivity is approximately 
10 volts per cm. at a metre, corresponding to about 4000 
times the equivalent sensitivity of a quartz strip of tlie same 
dimensions. The natural frequenev of the rochelle salt 
strip shown is between 3000 and 4000 ~/sec. 


TABLE II. 


The table indicates the increase of sensitivity with the 
ratio length/thickness in the double-strip or bi-plate quartz 
oscillograph. 

Optical magnification assumed — 10*. 

Length l=5 em. 

K for quartz = 6'45 x 1075. 


fiicbness | Sensitivity. | 
‘e’ lje. | Oje. 
| cm. | em. per volt. Volts per cm. | 
05 10 , 100 0:00016 6250 | 
3 25 | Al 25 01 1000 
2 50 ze 004 250 | 
'05 | 100 10000 016 62 | 
02 =: 250 =! 62500 10 10 | 
| ‘01 | 500 Í 950000 | 4 25 — | 


The double-strip saen shown in fig. 3 b consists of 
two quartz plates each of length 5 em., thickness -08 cm., 
i.e. the length/thickness ratio= 62:5. 

As in the ease of the single-strip type, the deHexions 
varied linearly with voltage, positive or negative, and a 
sensitivity of 170 volts per cm. at one metre was observed— 
in good agreement with values given in Table II. The 

atual frequeney of this oscillograph was 1350 ~/sec. 
approximately, When opportunity offers, it is proposed to 


Statistical Investigation concerning Sub-electrons. 637 


construct a double-strip rochelle-salt oscillograph. It is to 
be anticipated that this would be extremely sensitive even at 
high natural frequency. 

‘A number of A.C, records obtained with the piezo-electric 
oscillographs are shown in fig. 4 (Pl. XXII). (A dropping- 
plate camera was used.) 

The excellent paper of Mr. Wynn-Williams and the 
oscillograph records obtained by him using rochelle salt 
serve without further remarks here to emphasize the advan- 
tages of the piezo-electric oscillograph. Of course there 
are certain obvious limitations as compared with other 
forms of electrostatic oscillograph, the sensitivity, for 
example, being considerably less than that of the E.S. string 
oscillograph. On the other hand, its simplicity and cheapness 
of production are points in its favour. 


LXVII. A Mathematical Statistical Investigation concerning 
Sub-electrons *. By HEnsERT DakckE, Dr. ver. mat. 
of Hamburg t. 


P controversy concerning sub-electrons has by no means 

been definitely decided, either i in favour of Ehrenhaft f 
or of Millikan $ in spite of the fact that this controversy has 
been of sixteen years’ duration. The lack of agreement 
between Ehrenhaft and Millikan is indeed to-day partly 
removed by the fact that all physicists who have measured 
electrical charges of particles of a sufficiently small radius 
according to the method of Ehrenhaft have found charges 
that substantially fall short of the value e— 477 x 107! 
E.S.U. for the elementary quantum of electricity. The 
difference consists only in the fact that whereas the one 
group regards the sub-electrons as actual, the other believes 
that the ‘shortage i in value is only an apparent one produced 
by various causes. So many different things are indeed 
cited as causes, that it seems entirely ont of the question 
to take up a clear and unique position on the matter. 
One physicist refuses to accept as an explanation the causes 


* Of. Phys. Zeitschr. xxv. pp. 624-63 (1924), and the detailed treat- 
ment in Zeitschr. f. Phys. xxxi. pp. 552-575 (1925). 

+ Communicated by the Author. 

f EF. Ehrenhatt. Anz. Wiener Akademie, March 4, 1909; April 21, 
1910; May 12, 1910; Wiener Der. cxix. p. 815 (1910) ; Phys. Zeitschr. xi. 
P. 940 í 1910); Ann. d. Phys. xliv. p. 657 (1914); lvi. p. 1 1918); lxii. 
p. 773 (1920). 

" R. A. Millikan, Phys, Zeitschr. xi. p. 1097 (1910) ; Phys. Rev. xxxii. 
p. 949 (1911); Phys. Zeitschr. xiv. p. 736 (1913); Phil. Mag. xxxiv. 
p. 1 (1917). 
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cited by another, and indeed partly for good reasons. Some 
intimations are given in the following *. 

O. W. Silvey t, working with Millikan, regards the particles 
which give charges smaller than e as impure mercury or as 
dust particles, and simply disregards them for subsequent 
computations. M. Königf and E. Radel$, following 
E. Regener ||, put the responsibility for the shortage in value 
upon the gas which is supposed to surround the particle in 
the layer of 1075-1075 cm. thickness. In a more recent 
paper of E. Wasser T, the proofs for this are made to appear 
unquestionably dubious. The hypothesis of Regener is 
likewise in other respects but weakly supported. This is 
shown not only by the decisive refutation on the part of a 
student of Ehrenhaft, Th. Sex] **, but also by the rejection of 
this assumption by R. Bür tf. Bir, however, also observed 
shortages. As K. Wolter 1t had shown that these could not 
be explained by the invalidity of the Stokes-Cunningham law 
of resistance, Biir resorted for their explanation to the 
assumption of altered abnormally small densities. — This 
assumption of Bür's has, however, met much the same fate 
as he himself imposed upon the hypothesis of Regener. 
F. Ehrenhaft $$ not only advances convincing opposing 
arguments, but L. Schiller || || likewise finds densities of 0-2 
for platinium, for example, highly improbable. Schiller 
believes the shortages in charge to be explained by departures 
from spherical form. 

One contradiction is here seen to foliow upon another. A 
fitting treatment hence seems to me to be one which, 
unburdened by prejudice, examines the entire complex of 
facts not by purely physical, but by mathematical statistical 
methods. 

The observations applied for our investigations are those 
of M. Konig "If on mercury in air and carbon dioxide gas, 
and those of E. Radel *** on mercury in air. Onarranging 


* In more detail in the articles cited in the first footnote on p. 637. 

T O. W. Silvey, Phys. Rev. vii. pp. 87-105 (1916). Cf. also Y. Ishida, 
Phys. Rev, xxi. p. 661 (1923). 

t M. Konig, Zeitschr. fiir Phys. xi. pp. 253- 259 (1022). 

$ KE. Radel, Zeitschr. für Phys. ii. pp. 62-88 (1920). 

| E. Regener, Sttzungsber. d. Preuss. Akad. (1920), pp. 632-641. 

q E. Wasser, Zeitschr. für Phys. xxvii. pp. 226-236 (1924), in. par- 
ticular p. 231 et seq. 

** Th. Sexl, Zeitschr. für Phys. xvi. p. 39 (1923). 

Tt R. Bär, Ann. d. Phys. Ixvii. pp. 157-200 (1922). 

tt K. Wolter, Zeitschr. für Phys. vi. p. 339 (1921). 

$8 F. Ehrenhaft, Naturw. x. p. 980 (1922). 

WI L. Schiller, Zeitschr. für Phys. xiv. pp. 6-13 (1923). 

«4 M. Konig, l c. *** J. Radel, lc. 
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their observations in order of decreasing radius, these 
observers record a point under which the charge is sub- 
stantially less than e= 477 x 1079 E.S.U. (M. Konig gives 
the limiting radius 1:2 x 1075 cm. for mercury in air, and 
2 x 1075 em. for mercury in carbon dioxide gas; E. Radel 
the limiting radius 9 x 1075 for mercury.) As my investi- 
gations are designed to make clear the relationships among 
the sub-electrons, I have applied this fact as a natural basis of 
classification for my statistics. The great significance of this 
step, which avoids using as statistical material those charges 
which lie close to 4:77 x 10-71 E.S.U. or multiples thereof, 
will be made clear on discussing tlie results obtained. 

Of all the substances upon which observations of charge 
have been made with the Khrenhatt condenser, mercury has 
been selected because a number of sources of error which 
are present for other substances disappear for mercury. 
Substantial shortages have not been established by all 
observers for oil and paraffin. Copper, sulphur, and selenium 
have firstly been comparatively little investigated, and 
secondly cannot lay the same claim to chemical definiteness 
and stability as can the noble metals*. Although it can 
hardly be expected that platinum, gold, and silver particles 
depart very strongly from spherical form, the sphericity of 
form of mercury particles is an indisputable fact f. 
Furthermore, mercurv particles can, on account of their 
high coeflicient of reflexion, be made visible in sizesin which 
particles of other substances (oil, glycerine, water) are 
completely imperceptible optically. 

Let us now take from König’s experiments those 24 values 
of the charge on mercury in air which substantially fall 
short of e—477x 1071? E.S.U. We may then propose the 
following question :—How great is the probability that these 24 
values are integral multiples of a fundamental charge (e. g. of 
6:50 . 10719 Ej. S.U.), this fact being concealed only by the error 
dispersion? This question is similar to the more previous one 
which inquires into the hvpothetical fundamental charge of 
which the observed charges are integral multiples. It can 
be answered very well by means of a criterion for integers 
that R.v. Mises has set up by means of the cyclical theory 
of errors. He applied itat the time to atomic weights. If, 
namely, the 24 values ot charge be plotted on a line which 1s 
then wound upon a circle of circumference 0:50, the criterion 

* F. Ehrenhaft, Sitzunzysbr. d. Wiener Akad. cxxiii. [2a], p. 62 (1914). 

t Cf. F. Ehrenhaft, 4 c. pp. 87-95 and Table III.; also E. Wasser, 
Zeitschr f. Phys. xxvii. pp. 208-209, 211, figs. 1 & 2 (1924). 

t R. v. Mises, Phys. Zeitschr. xix. pp. 490-500 (1918). Here is also 
given the exact meaning of the various quantities. 
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for integral multiples is given by the magnitude 
K= 2m C(kna)e*n4 re 

(n number of observations, a and a polar coordinates of the 
centre of mass of the statistical distribution, Æ coetlicient of 
precision). The more K exceeds the value 1, the more 
plausible is the assumption that the values are integral 
multiples. If K «1, this assumption is to be repudiated. If 
K is exactly equal to 1, either assumption is equally 
justifiable. 

For our problem concerning sub-electrons, we propose the 
following more far-reaching question: For what value of € 
does A attain a relative maximum? To answer this question 
it would be necessary to compute K for many values of e. 
As this would require an immense amount of work, we 
introduce a quantity Q which seems to give an excellent 
preliminary orientation concerning the maxima of K : 


4 TZ, 
(Lat 
(Z; number of observations in the ith quadrant after winding 


upon the circle.) Q is seen to be easily computable. At 
those points at which Q is a maximum K is to be more 
exactly computed. 

Fig. 1. 


o q$ 


Konig. Hg m Arr. 


| —-£ aA 
100 140 160 220 260 300 340 380 420 460 500 


We must finally say something concerning the justification 
of applying the evclical theory of errors to a definite group of 
observations. This is demonstrated by the agreement of the 
theoretical error integral with the summation corresponding 
to the actual error distribution, this summation being 
representable as a step-like curve. 
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Fig. 2. 
Konig, Hg in Air. 
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We give as an example the results for the observations of 
König on mercury in air. The Q-curve is shown in fig. 1. 
The maxima of Q are distinctly recognizable. The values of 
a, a, and K are more exactly computed for four points. 


(Figs. 2-5.) 
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Konig, Hg in Air. 
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Fig. 5. 
Konig, Hg in Air. 
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One immediately notices the following remarkable fact :— 
The four values of € for which K is a maximum very nearly 
coincide with numbers obtained by dividing the elementary 
quantum 4°77 by small integers, the deviation being well within 
the limits of the ace uracy of observation. The fact that these 
integers are small is to be emphasized. Compare Table I. 


TABLE I. 

Maximum for K. ejN. | % error. 
€—02534. 19 5°30 4:77; 19-0251 0:956 
e—0:5242 461 471: 9-093 1:094 
e— 0074 1:97 477: 7=0 6814 1:086 
e=0 937 1:95 477: 5200954 1:732 


Even by means of the Q-curve (fig. 1) further maxima are 
noticeable at the points 


0:30 (corresponding to 0:2981— [,) 
0:36 ( » » 0:3069 — ) 
0:3975 ( » » 0:3915 =;,) 
045-046 ( 5 , 04542 23) 
0°79-0°795 ( » » 0799 =; 

1:20-1:30 ( - 5119252) 

1:80-1:90 ( T , 1908 =%) 
2-30-2:40 ( » » 2385 =;) 


For an exhaustive discussion of the foregoing as well as 
for the confirmation by means of the linear ewy. of errors of 
the remarkable conformity to order, reference may be made 
to Zeitschr. f. Phys. xxxi. pp. 564-567 (1925). 

Fig. 6 illustrates the brilliant agreement between theoretical 
and experimental integrals of error. 

That this conformity does not result from the particular 
chance circumstances surrounding Konig’s arrangements for 
his experiments, but that it possesses objective value, follows 
from ilie fact that the same results appear not only for Kónig's 
observations on mercury in CO,, but also for the entirely 
independent experiments of Radel. 
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Konig, Hg in Air 
U=0-67256 
K=0°3107 


Summary of the results.—The assumption that the sub- 
i ; m s 
electrons may be represented in the form — e, where n is not 
x 71 


large and im « n, possesses greater probability than any other 
assumption. 

Conclusions mav be drawn in either of two directions. If 
the observations of shortages of the elementary quantum of 
electricity are to be reconciled with the proof for the 
existence of such a quantum, then it must be possible in 
some manner to refer these shortages to 4:27.10719 E. S.U. 
The fact that the apparently irregular shortages stand in the 
above mentioned relationship to 4:27.107'? E.S.U. can 
perhaps be useful in this connexion. 

Another conclusion, however, is forced upon us as being 
at least equally probable: namely, that for small radii a 
division of the electron actually occurs, and in z parts. Of 
these n parts, m (<n) can occur as united *. 

[ have to thank Dr. phil. Frederick Doermann of 
Washington for his great kindness and trouble in translating 
this article from German into English. 

Hamburg 23, May 11th. 


* F. Ehrenhaft expressed this supposition as early as 1913; cf. 
F. Ehrenhaft, Verhandl. d. Deutschen Phys. Ges. xv. p. 1201 (1913), and 
his remarks in discussion of my paper at Innsbruck, Phys. Zeitschr. 
XXV. pp. 629-7530 (1924). 
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LXVIII. Absorption of Light by Vapours of Pb, Sn, Bi, Sb, 
and Mg. By Prof. A. L. NARAYAN, DSe., F.Inst.P., and 
K. R. Rao, M.A., Madras University Research Scholar * 


[Plate XXIII. | 
Abstract. 


ABSORPTION of light by non-luminous vapours of Pb, Sn, Bi, Sb, 
and Mg has been studied, and it has been found that the absorption 
spectrum of lead shows, besides the fundamental line A 2833, a 
banded spectrum at about 1100? C., degraded towards the red and 


spaced at intervals of 32 AU. nearly, Absorption spectrum of 
tin showed only a faint reversal of A 27966. That of bismuth 
showed, besides A 3067, 2524, 2276, and 2230 & 28, a typical 
banded spectrum containing about 20 bands. The absorption at 
each of these bands is very diffuse and complex, consisting of a 
number of finer bands, With increase of vapour density all these 
bands gradually fuse together (beginning trom the short wave- 
length side) to form a region of continuous absorption. At about 
1200? C. another typical banded spectrum appeared in the visible 
region extending from A 6500 to A 4500. The absorption spectrum 
of antimony showed fine lines at 2312 and 2306 and a banded 
spectrum extending from A 2305 to A 2250, while at higher 
temperatures there was deo banded spectrum in the region 
28530-53000 and a fine lineatA 2770. Theexistence of the banded 
spectra in the case of these metals of the higher groups of the 
periodie table leads us to the conclusion that the molecules of 
these elements are polyatomic. A 4571, the single line spectrum 
of magnesium, has been for the first time photographed as an 
absorption-line by using a long column of the vapour. 


URING tlie past few months the authors have continued 
their studies on tlie absorption of light by vapours ot 
different metals. It is the purpose of the present paper to 
give an account of the absorption spectra of Pb, Sn, Di, Sb, 
and Mg. 

No line series have been found in the spectra of the metals of 
IVth and Vth groups of the periodic table, nor is there any- 
thing known of the lines appearing at low volt: apes, as it is 
found very difficult to determine directly the critical poten- 
tials of such highly refractory elements. McLennan f has 
investigated the absorption spectrum of Pb and found that 
there was well-marked absorption at A 2833 and A 2170, and 

* Communicated by Prof. A. W. Porter, F.R.S. 


t McLennan and Zumstein: Roy. Soc. Canada, Tra s. xiv. Ser. 3, 
Sect. 3, pp. 9-17 of 1921. 
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that no absorption was indicated at 10291 as shown by the 
resonance potential of the elements. Foote and Mohler * have 
pointed outthatan isolated group of infra-red lines observed by 
Randall bv thermopile measurements falls within this region. 
J. J. Dobbie and J. J. Fox t have studied the absorption of 
light by vapours of As, P, Bi, and several other metals up 
to 3100, and found there were no traces of any kind of 
selective absorption in the case of As, P, and Bi. Recently 
Grotrian ł has published an account ‘of his experiments on 
the absorption of light by vapours of these and some other 
metals. In all these experiments, the investigators used an 
absorbing column of metallic vapour maintained in a quartz 
tube heated electrically by a coil of nichrome ribbon. In 
the present experiments the authors used a charcoal furnace 
through which a powerful blast of air was maintained, to 
avoid any possible magnetic effect on the absorption lines. 
and the metal was enclosed in vacuum in an iron tube 
furnished with quartz windows. The absorption tube is 
exactly similar to the one used by the authors $ previously 
and in their experiments on Thallium Vapour, 

In all these experiments Kahlbaum's pure metals were 
used. 

Fig. 1 represents the absorption spectrum of Pb at 1100? C. 
Fig. 2 s " Bi; a, b.c, d 
junge the photographs fan at gradually increasing vapour 
densities, d being the photograph at 1250 showing the 

banded spectrum in the visible region (Pl. XXIII.). 

The absorption spectrum of Sb at 1150? C. has also been 
obtained. Owing to the low iutensitv of the carbon are in 
this region, a good negative cannot be obtained. 

The absorption of 1S— 2p» the single line spectrum of 
magnesium, has been obtained, but the photograph will not 
stand reproduction. 


LEAD. 


The absorption spectrum of lead shows the asymmetrical 
nature of the fundamental line, X 2835 being sh: arply defined 
on theshort wave-length side, m with Increase of tempera. 
ture gradually spreads towards the other end. This line 


* Origin of Spectra, p. 69. 

t loy. Soc., Proc. xeviii. pp. 147-153, Nov. 3, 1920. 

t Zeis. f. Physik, xviii, 2-4. pp. 159- 12 (1925). 

$ Phil. Mag. May 1925 ; aud " Absorption ot Lithium V apour," Proc. 
Rov. Soc., de A, July 1924, and * Absorption and Dispersion of TI 
Vapour,” A ‘cently Golnmuaieated to the Royal Society of London. 
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obviously corresponds to the normal state of the atom and is 
probably the first of the series. 

At about 11009 C, the vapour shows a faint banded 
spectrum, which has not been described previously, extend- 
ing from 3100 to 3400. At still higher temperatures these 
bands become stronger and wider. The approximate wave- 
lengths of the band heads are as follows :— 


3352:3 ALU. 3230:2 A.U. 
3321:5 ,, 39041 ,, 
329070 ,, 31750 , 
3260-0 ,, 3140:3 ,, 


By using spark under water between two copper electrodes 
as the sonrce of light, the authors found the vapour absorbed 
2577, 2613, and 2614. Owing to the very low intensity of 
these absorption lines, these could not be successfully 
reproduced in the positives. 


TiN. 


The absorption spectrum of this element showed a faint 
reversal of the line X 2706:6. No absorption was obtained 
at A 30092 and X 2863-4 as indicated by Grotrian, probably 
due to the fact that sufticiently high temperatures could 
not be obtained. 


BISMUTH, 


The spectrum of this element shows besides the “raie 
ultimo " A 3067 a typical banded spectrum extending from 
X 2600 to 12900 ACU. This banded spectrum is degraded 
towards the red and is spaced at intervals of about 15 À.U. 
We have succeeded in photographing 20 of these bands. 
The absorption at each o£ these bands is verv diffuse and 
complex, consisting of a number of finer bands. With 
increase of vapour density all these bands gradually fuse 
together (beginning from the short wave-length side) to 
form a region of continuous absorption. To find if there 
are any absorption lines in the region covered by the banded 
spectrum, photographs were taken at gradnally Increasing 
densities. A careful examination of the absorption spectrum 
at about 800? C. shows that at 2721:5, 2730, and 2745 there 
are fine absorption lines probably not in any way connected 
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with the banded spectrum. With the dispersion available, 
though the wave-lengths of the fine lines composing the 
bands could not he accurately measured, the approximate 
wave-lengths of the band heads have been determined and 
are as follows :— 


2855°9 A.U. 2744:8 ALU. 
2849-9 ,, 27326 ,, 
28282 ,, 27220 ,, 
28135 , 27123 , 
27998 ,, 9101:9 ,, 
27850 , 26932 ,, 
211270 p 2081:5 ,, 
27596 ,, 26700 ,, 


At about 1200? C. another typical banded spectrum 
appeared in the visible region extending from about A 6500 
to A 4500. The interval betweengtlie band heads varies 
approximately from 90 Á.U to 35 A.U. as we go from the 
red end to the violet end. "These bands show a distinctly 
fine structure. These bands also become stronger and wider 
with increase of temperature. Put temperatures sufficiently 
high to develop these bands could not be obtained. Fig. 2 d 
shows the banded spectrum in the visible region at about 
12509 C. At this temperature the transmitted light was 
light violet in colour. By using spark under water between 
two stout copper electrodes as the source of light, the authors 
found that at 900? C. the vapour absorbed 2524, 2270, 
2220, and 2228. 


ANTIMONY. 


The absorption spectrum of this element shows fine lines 
at X 2312 and A2306 and a banded spectrum on the short 
wave-length side of these lines extending from 2305 to 
2250 with a constant interval of 15 A.U. nearly. The line 
A 2312 is probably the same as A 2313 noticed by Liveing 
and Dewar as a reversal line in the arc. At higher 
temperatures continuous absorption begins from the short 
wave-length side and extends into this region. As the 
temperature was raised still further the absorption spectrum 
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showed another banded spectrum in the region A 2830—3000 
and a fine line at X 2770. 

The existence of the banded spectra in the case of these 
metals of the higher groups of the periodic table leads us to 
the conclusion that the molecules of these elements are 
polyatomic. 


MAGNESIUM. 


The absorption spectrum of this element at high temper- 
atures clearly shows A4571, 1S—2p, the single line 
spectrum of the element which McLennan * was not able to 
observe. But the fact remains that this line appeared only 
at high temperatures, although one would expect from the 
quantum theory that this single line spectrum of the element 
should be first absorbed by the non-luminous vapour of 
the metal. 


Our thanks are due to Messrs. G. Subrahmanyam and 
D. Gunniah, of the Department, for the assistance they have 
given in taking the photographs. 

Research Laboratories, 


H.H. The Maharajah’s College, 
Vizianagrum. 


Note added in Proof, June 20th.—Since these results were 
communicated, further experiments have been conducted in 
this laboratory on ** Fluorescence and Channelled Absorption 
of Bi Vapour,” the results of which were published in a recent 
number of the Royal Society. Prof. McLennan and his 
collaborators have recently studied the are reversals of 
Pb and Sn with a fluorite spectrograph (Roy. Soc. Canada, 
Trans. xviii. Sect. 3, 1924, pp. 57-75 & 77-78). 


* Roy. Soc. Proc. vol. xcii. p. 574 (1916). 

Absorption of this line, 4571, was consistently observed by the authors 
in their experiments on magnesium vapour, and the fact was communi- 
cated to the Astrophysical Journal, in a short note, on account of the 
considerable interest that centres round this line. But we have now 
succeeded in photographing this line, and therefore this portion also is 
included in this paper. 


Phil. Mag. S. 6. Vol. 50. No. 297. Sept. 1925, 2U 


LXIX. The General Nature of Band Spectra. By J. W. 
NicRoLsoN, M.A., D.Sc., F.R.S., Feld of Dalliol College, 
Orford *. 


$ present paper proposes to suggest, in an introduc- 

tory manner, the mathemati: al relation between band 
and line spectra. t ollowin g on the investigation of Curtis f, 
the theory of band spectra “has recently received much de- 
velopment, and their origin, in the light of the quantum 
theors, is at least partially understood. Investigations have 
so fat been restricted to an analysis of the spectral effect of 
the rotations of the molecule as a whole, constituting a 
special case of the quantization of the motions of a svstem 
containing more than one nucleus, but a case worked out in 
strict accordance with the opinion, now generally held, that 
a band spectrum can only arise froma system of a non-atoanic, 
or at least doubly- nuclear structure, In a later paper, the 
analytical treatment, at least in an approximate manner, of 
the motions in a molecule which are consistent with less 
special motions of the nuclei, will be developed, with the 
type of spectral formula for bands to which it leads. At 
present we confine attention to a general aecount of a 
formula which appears to be capable of supplying the link 
between band and line spectra, with the consequent sugges- 
tion of the meaning of the appearance of Rydberg’s constant 
in the former—as in Fowler's investigation uË the band 
spectrum of IIelium, where alone it has appeared hitherto 
in the precise manner of series spectra—and the manner 
in which its mode of occurrence may be looked for. 

We must, in the first instance, review the mais properties 
of band spec etra in their many ramilic: itions o£ ly pre, its de duced 
entirely from the experimental sidle, with sucvestions, at 
various points, as to the probable ioe sivnificance, on 
the lines of the quantum theory, of the complex phenomena 
which they present. Deslandres, to whom so much or the 
empirical work on band spectra is due, would apparently 
still regard a band spectrum as a possible emission from 
atoms, but if we accept the principles o£ the quantum theor Y 
of emission in their entirety, this possibility disuppears—as 
can, in fact, readily be shown analyticaily—and «we are 
compelled to regard even the band spectrum of Helium as 
due to a temporary molecular association of lielium. with 
itself, or Hydrogen, which exists under the conditions etfec- 
tive in a vacuum tuhe during the passage of a discharge, 


* Communicated by the Author, 
T Proe. Roy. Soc. A, ciii. (1323). 
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Band spectra appear most usually when the source is only 
feebly excited, and tend to disappear with a further excitation 
strong enough to develop the line spectra, although there are 
certain exceptions, as, for example, the band spectrum of 
Helium, an! at least certain portions of the secondary 
spectrum of Hydrogen which are probably of a banded 
type—the “lines” not showing a normal Zeeman effect, 
Ina case like Helium, where any excitation at all is neces- 
sary to form temporary molecular aggregates which can 
exist for a sufhcient time during the discharge to develop a 
charucteristic spectrum, it may well occur that a stronger 
excitation may be capable of developing and maintaining 
more complex aggregates, with a consequent, actual increase 
in the intensity of some of the bands from such sources, 
Hydrogen, again, is known to form the aggregate H3 mole- 
cule, but RIO condit uns not very clearly defined. It is 
possible that this and others require a specific degree of 
excitation and consequent ionization for their optimum pro- 
duction. Many of the extremely weak lines in the secondary 
Hydrogen spectrum may proceed trom such origins of a 
temporary kind. 

Deslandres, in 1887, proposed that all band spectra should 
be repre-euted by the very general formula 


n = f(n?p!)s? + Dm? + $( p?), 


where a is the wave-number of the line in a band, (m, s, p) 
are integers, and /, $ quite arbitrary functions, but B con- 
stant throughout the band. At the same time, (f, $), though 
arbitrary, were expected to be comparatively simple functions, 
Generally speaking, after the manner of use of this formula, 
it might be said that a band spectrum was viewed as a net- 
work of liues whose wave-number intervals formed three sets 
of arithmetic progressions, determined, at leastapproximately, 

by three integers. In other words, it was presumed that f 
and @ were effectively quadratic functions only, in m or p. 

A consequence is that the spectrum can usually be subdivided 
into sets of lines following formule of the simple type 


n = À t Bm’, 
though it is now more usual to require the type 
= At+tBm+Cm’, 
Deslandres subsequently put forward the simpler formula 
= A+ B(m+a)?—C(r+ 8)’, 
where m and r are integers, us representing tho positions of 


2U: 
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the “heads” of a complete band, where B and C are both 
necessarily positive. 

As regards the general effectiveness of this formula, the 
following classical instances will suffice :— 


(1) The * Swan! spectrum of Carbon is given by 
n = lL6i(n4-0:83)*—19-60(r + 0:03)? + 2407, 


where m ranges from 63 to 69, both inclusive, and r from 
45 to 53 inclusive. 


(2) The first group of Cyanogen bands satisfies : 
n = 12:90(m--0:6)? —8:60(r-F0:8)* —974, 


with m ranging from 73 to 79 and r froin 56 to 66. 
(3) The first group in the spectrum of Nitrogen is given 


n = 22785-1 +.14°6815(m 0:5)! — 1515955? 


with m ranging from 34 to 48 and r from 37 to 53. 

The first formula is due to Jones and Watts, the second to 
Fowler and Shaw, and the third to Deslandres. 

The actual number of band spectra which have been thus 
represented by three parameters is about 17. It is of interest 
to note the nuniber of individual band-components thus taken 
account of, which in the preceding cases is as follows :— 


Case 1, 62; Case 2,77; Case 3, 255. 


So that itis quite clear that this simple Deslandres's formula 
is very frequently a close approximation to the actual laws. 

The first comment which the quantum view of spectra 
must suggest relates evidently to the large values of the 
integers concerned. On this view, an integer occurring in 
a spectral formula means, of necessity, that some possible 
motion of a system, or a part of it, has been quantized, and 
that if the motion can be defined by a generalized coordinate 4, 
the phase integral of the momentum with respect to q is the 
product of Planck’s constant A and the integer concerned. 
We are not, at this point, necessarily supposing that the 
motion is of the type ordinarily called ** pseudo-periodic," in 
that the coordinate q repeats itself in a specific period with 
no necessary relation to the periods of repetition of other 
coordinates which, in the Lagrangian sense, are formally 
independent of g in an analytical manner. Yet, of course, 
it may be contended that the analytical formulation 


$ pas = nh 


by 
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is, at present, our only basis for the introduction of integers 
by the quantum theory, and that all spectra which are fune- 
tions of integers necessarily proceed from pseudo-periodic 
motions to which this mode of formulation can alone apply— 
even if, by our failure to separate the variables in Jacobi’s 
sense, such motions cannot be found, or even shown to exist, 
except in the simplest cases. The existence, as shown by the 
late Sir George Darwin and others, of the so-called “ periodic 
orbits’? in cases of the problem of three bodies as it occurs 
in astronomy, with variables completely unseparable by any 
known analytical method, is, in our view, a sufficient indica- 
tion that such orbits must be presumed to exist in any 
problem of a set of moving gravitational masses (or 
electrical charges, such as nuclei and electrons) which can 
retain a configuration appropriate for a continued existence 
in the form of the “steady states” necessary for a considera- 
tion, by the quantum theory, of emission spectra, and that 
such states are required by the mere existence of such 
spectra. 

Certain. suggestions towards the generalization of the 
phase-integral specification have occasionally been put 
Forward, but, if the preceding argument be granted, it would 
seem that there is no necessary generalization, but only the 
recognition that pseudo-periodie motions exist even if they 
cannot be determined exactly, and that any radiating atom 
or molecule is necessarily passing between two such states, 
which are the only possible configurations for an atom or 
molecule not temporarily subject to radiation or absorption 
of energy. We are implying, in other words, that the 


formulation 
b dq = nh, 


which, in the hands of W. Wilson, Sommerfeld, and others, 
has been completely effective in interpreting extreme detail 
in all cases where Jacobi’s analytical method is applicable, 
remains the final generalization which regulates the dynamics 
of the atom or molecule: and that, for example, it we could 
find a suitable analvtical procedure, it would be equally 
effective in giving a strict numerical interpretation of the 
are spectrum of Helium. 

The large integers involved in the representation of band 
spectra, according to this view, presuppose motions in the 
emitting system which involve enormous multiples of A in 
their phase integrals. We only need to consider the simple 
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hydrogen atom in order to show that they cannot be motions 
which : appreciably depend on the outer electrons. l 
Any system containing an electron on its outer * rim," if 
that electron participates essentially in a motion of quantum 
number 50, must have a general “ radius” Pig iiu with 
2500 times that of a Hydrogen atom—which is a quite 
impossible value. If T is the "quantum number and m the 


moving mass, the radius is of order determined by aA If, 


however, the moving mass is a nucleus, of mass M 
with M, that of a Hydrogen atom, this is at once reduced to 
a relative order 


7? /1830m, 


and a number like t=50 has no effect on the order of 
magnitude of the distance between nuclei in a molecule, 
and consequently does not affect the order of magnitude of 
the molecular radius. 

The conclusion is almost irresistible that such large integers 
constitute an effective proof that the motions of nuclei in 
molecules are to be quantized like those of electrons, and that 
such a procedure does not violate the restrictions to the radius 
of emitting systems which are imposed by other physical 
considerations. 

Moreover, while, on the quantum theory, there is a severe 
limitation to the possible integers, dependent on the pressure 
of a gas, in its atomic state emitting a line spectrum, no such 
restriction operates in the case of a band spectrum. It is 
clearly possible, in a quantitative manner, for even a thousand 
members of a band to be shown without any interference 
with the size of the molecule which the pressure imposes. 

Such a supposition is, of course, inherent in the work 
whieh has been done on band spectra arising solelv from 
rotations of a molecule as a whole. The preceding argument 
shows that it is quite general when the nuclei are allowed to 
move in any manner consistent with the pseudo-periodic 
tvpe of motion and the quantizing principle in its ordinary 
form. 

If band spectra are subject to the quantization of nuclei, 
it follows that no band spectrum contains any new absolute 
constant of nature not already inherent in line spectra. Apart 
from tlie fine structure of the latter, determined solely by the 
relativity correction for a moving mass, this implies that 
the universal constant of bands is still that of Rydberg only, 


though, at present, 1t has only been demonstrated in the case 
of Helium. 
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The only writer who, till recently, attempted to obtain a 
universal form of relation between band and line spectra 
was Halm ^, who gave, on purely empirical grounds, a 
formula of some significance, capable of including, on the 
one hand, line spectra and, on the other, band spectra, as 
limiting cases. Its significance, at the time of its develop- 
ment, really lay in the fact that it provided bands with a 
“tail” as well as a head—a phenomenon which actually 
occurs in certain cases. Further knowledge of band spectra 
has not confirmed the type of formula suggested by Halm, 
but his investigation is still classical as the first definite 
essay towards a relation between spectra of the two forms. 
Recent knowledge has only served to enhance the funda- 
mental importance of a somewhat neglected memoir. 

We have already said tiat the first connexion between 
line and band spectra, in an ultimate sense which brings 
theory into play—though itself founded on a purely experi- 
mental study,—was due to Fowler in 1915. Fowler showed f 
that in the special case ot Helium bands (now believed 
generally to be due toa temporary Helium compound or mole- 
cule), the “heads” satisfied a formula of the Rydberg 
type—not very accurately, but effectively if the Ritz or 
Hicks modifications of Rydberg’s formula were used. These 
heads are doublets, and Nicholson f showed later that the 
separations in wave number of these doublets vanished at 
the limit of the series, so that the series obtained by Fowler 
were “ Principal Series” in the strict sense of line spectra. 
Although the details of the bands have been discussed 
further by Curtis, it is not yet possible, on the basis of this 
spectrum alone, to develop a composite formula which shall 
exhibit the whole band spectrum ina formula of the type 
Halm attempted to obtain, which will indicate the precise 
nature, from the point of view of atomic theory, of the 
constants involved. 

But we may argue from the Helium band spectrum, which 
in many respects is quite a typical one, to other band spectra, 
and we may conclude with sume certainty that the Rydberg 
constant 1s, in fact, present in all band as well as line 
spectra, though not necessarily in the simple and strictly 
analogous manner in which it occurs in line spectra. We 
may, indeed, go further, and say that if the “ heads ” of the 
bands—not always directly visible as strong parts of 
the bands, and often only calculable when the appropriate 

* Trans. Roy. Soc. Edin. 1805. 
t Proc. Roy. Soc, A, xci. (1915). 
t Proc. Roy. Soc. A, xci. (1915). 
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mathematical representation of the band has been previously 
elucidated —were known, they might be expected always to 
obey a Rydberg type of formula suitable for the heads as 
members of a line spectrum. Uniformity in physical phe- 
nomena would alone preclude any uniqueness regarding the 
heads of such a typical band spectrum as that of Helium. 

Sinee the constant in the series formula for the Helium 
band heads is N, that of Rydberg, the principles of the 
quantum theory compel us to suppose that, whatever be 
the emitting system, it is one in which one electron is more 
remote than all the others. It would, therefore, be expected 
that this spectrum should be subject to the Zeeman effect — 
a matter in urgent need of test. For such a test would be a 
strong confirmation of the essential correctness of the quantum 
theory even in its predictions of the existence of ** 4N " and 
* ON " series in atomic systems which have lost two or three 
electrons respectively while one is returning. If molecular 
structures, as we may expect, are capable of similar losses, it 
is necessary for the returning electron to be very remote 
compared with others—the molecule thus behaving roughly 
towards this electron as a eharged atom might do,—in order 
that a whole number multiple of Rydberg’s constant should 
determine the spectrum as an external multiplier. 

Otherwise, if the electrons all remain at similar distances 
from the nuclei in the initial and final stationary states, no 
such simple multiple can be expected. As an illustration, it 
is sufficient to consider an atom with a single nucleus ve and 
n electrons in a ring, which passes to another ring. 

The spectrum, in wave number, is 


1 1 
n = No 1$,» E -=}, 


where 7, and 7, are integers, and the multiplying constant is, 
not Rydberg’s N, but 

N(v —18,)*, 
which may be an incommensurable multiple. $S,, of course, 


is here the usual 
5n-1 


S, = X cosec Sm n. 
8-1 


Such incommensurable multiples are clearly to be expected 
in the usual band spectra, if due to molecules, for such mole- 
cules must contain many transitions between states in which 
—for both original and final states—no electron is less inti- 
mately associated with the nuclei than any other. In our 
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view, it is almost probable that the seareh for Rydberg's 
constant in band spectra, except in peculiarly special cases, 
like that of Helium where it oecurs without such a multi- 
plier, has failed for this reason. But it would seem clear 
that the heads of bands in any such spectrum, if they are really 
the true “heads "—a matter sometimes in doubt, —should 
always follow a Itydberg type of formula, 


"E Nef o-oo} 
c (ritu) (Tat My)? J’ 


where T, and 7, are integers, and æ is a purely numerical 
constant with a significance like that of (v—15,)? in the 
preceding discussion of atoms. 

It is, perhaps, only necessary to add that, even for the 
purpose of preserving N as the constant of the ordinary 
are spectrum of Helium, we have to suppose that, of the 
orbits of the two electrons in the neutral State, one 1s very 
much larger than the other. 

We conclude, therefore, that incommensurable multiples 
of the Rydberg constant may be the prevailing factors in the 
majority of band spectra, and if these factors are elucidated 
and identified in simple cases, such as the band spectrum of 
Hydrogen, they give valuable knowledge in themselves as to 
the nature of the molecular configuration. Moreover, an 
ordinary Zeeman ettect should only be expected when the 
constant is N itself, 

We now return to the more descriptive portion of some of 
the phenomena characteristic of band spectra. The large 
integers are quite general, and it is rarely that any integer 
less than 30 is found. Deslandres, in fact, considers that 
the bands corresponding to small integers are usually in the 
unexplored part of the infra-red region. 

If, to the preceding formula, we: add a term to take account 
of the ^ degraded ” part of the band, towards red or violet, 
the complete formula becomes 


n=+A+B(m+a)?—C(r4+ 8B)? + (s+ y)?/(m’, 1°), 


where all the coefficients are positive in known bands, and 
(m, r,s) are three integers, The coefficient. f(m’, 7?) varies 
from one band to another, and is invariably very small, at 
least 50 to 200 times smaller than B or C. 

Sometimes the term with B is absent, and sometimes that 
with C. For example, in tlie absorption spectrum of Oxygen, 
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there are 5 bands, whose representative formula may be 
written as 


= 48788-8— L£-112(r - 0-2775)* 
(r = 46, 47, e... 50), 


without the additive term, and, on the other hand. Fowler 
has shown that the so-called * Fourth group of Nitrogen 
bands” has no coefficient C, but only the additive term. 
Moreover, only two or three values of one ot the integers 
may appear. 

The carbon monoxide spectrum, as shown in comets, for 
example, gives bands corresponding to seven values of r, but 
only two values of m. Instances of the converse, if less 
frequent, are nevertheless ava‘lable, and there is no real 
distinction, on this basis, between the integers m and r in 
the nature of their occurrence in spectra. 

Now the absence of any partieular integer, or its mere 
restriction, for purposes of visual spectra, to a very limited 
number of consecutive values, should, on the general view 
we are developing in accord "with the quantum theory of 
spectra, indicate only that the effective degrees of freedom 
of the stationary states of the molecule, associated with the 
bands, are restiicted—perhaps by the physical conditions 
which prevail. This ean easily be seen i we consider that 
such states must fall into distinet types, in which, on passing 
from one state to another—both being defined, as indicated 
previouslv, by pseudo-pertodic. motions, —no motion, or 
change of motion, takes place in certain coordinates, and 
no corresponding quantum numbers can therefore appear in 
the formula for the bands. Such motions are, in fact, so 
infrequent that at any time there cannot exist a number of 
molecules, in the region examined, effective for the produc- 
tion of a r: adiation capable of affec ting a photographie plate. 
For examp'e, if à molecule contains only two nuclei, sets of 
stationary states must ordinarily exist in which the arranjre- 
ment eontinues to be symmetrical about the line joining the 
nuclei—as, in fact, in the purely rotational band spectra 
hitherto dis ussed Seni in tliis eventualitv, passage from 
one state to another only involves motion of nuclei along 
the line joining them, and not in their other degrees of 
freedom. 

This is, of course, equivalent to a statement that such 
incomplete band spectra result from passages between mole- 
cular stationary states which belong to the * degenerate 
cases”? of the general orbits, which are theoretically possible 
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for a molecule under the fundamental quantum principle— 
which we consider to be the essential formulation,—that 


bou = nh 


for every degree of freedom of every electrical charge, 
positive or negative, in the molecule. 

Again returning to the general descriptive formula of 
band spectra, we note that the functions J(n?, p?) are very 
frequently constant—within the limits of experimental 
error,—especially if the starting-points of the integers m 
and r, which are never, by experiment, entirely determinate, 
are chosen suitably. This has been shown clearly by a some- 
what fundamental inve-tigation of Heurlinger * We could, 
however, refer back even so far as to Moseley? s classical 
investigation of the X-ray spectra of the elements, where an 
exactly similar mathematical difficulty appears. The leading 
lines of these spectra had wave numbers proportional to 
(N—a)*, where N increases from element to element by 
unit steps, and æ is an incommensurable, and not small, mag- 
nitude. The absolute value of N cannot be determined by 
any experiment, and it remains as a magnitude which in- 
creases by unit steps, and can only, as now generally believed, 
be the atomic number, determined by nuclear char ges of the 
element. But the absolute value of N has only been con- 
firmed by the Bohr theory of the Hydrogen spectrum, 
according to which we know the absolute scale of measure- 
ment. Previous to the existence of this theory, Hicks and 
Rydberg showed independently that a better agreement 
with the experimental results, as they were then known, 
could be found by supposing the existence of elements with 
atomic weights between those of Hydrogen and Helium. 

The ditte My thus defined continues to exist, however, in 
the case of the band-spectrum formula. No ex perimental 
information can be presumed to be sufficiently precise to 
allow a specification of the exact intever—in the quantum 
specification,—which really determines the wave- -length of 
any component member, and only ditferences of such integers 
can be determined precisely. It follows that if a spectrum 
contains a term like (in +a)’, where m goes up in unit stages, 
the meaning and value of a are, at present, entirely undefined 
in any band. spectrum. They change according to the value 
of m adopted, and, in this respect, Heurlinger’s investigation 


* Dissertation, Lund, 1918. 
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js strictly parallel to those of Rydberg and Hicks to which 
we have referred. And, at this point, the formula for band 
spectra, as a function of integers, becomes analogous to that 
for line spectra as originally given by Rydberg, who con- 
tended that the line spectra did not depend on integers, but 
on expressions of the form (m--&), where m is an integer 
and u an atomic constant whose nature could net be eluci- 
dated without an atomic model—with the consequence that 
the absolute value of m was also indeterminate. 

We propose to suggest, leaving analytical treatment of the 
theoretical basis fora further paper, that the general formula 
for band spectra is of the type, 


7 l : 
SN TETN. ^rB(rrg)-.. É 


1 2 
PEE 
gi t+ pta(m’ tay) --8(r-8)-4..)" 

where N' is a Rydberg constant, modified or not by a purely 
numerical multiplier ; ; and (9, q', m, m’, r,7’) are integers. 
It is also presumed that (aj, B5, ...) are at least approximately 
constants as regards the varying integers, and that the 
coefficients (a, 9, ...) are verv small and. dependent on 
the ratio m/M of the mass of an electron to that of a typical 
nucleus in the molecule. 

The integers (q, 9’) arise as in tlie ordinary quantum 
theory applied to electronic orbits, but (m, m', r, r’) are 
integers arising from the quantization of (RE of freedom 
of ihe nuclei. This. of necessity, contines the neh al motions of 
the nuclei to a range dependent on m/M in comparison with 
the range of electronic motions, and tlie etfect is therefore a 
multiplication of such a factor into any terms of the formula 
which involve these integers. 

It is, of course, only contended that this is the appropriate 
first approximation to the true formula in exactly the same 
sense and with the same physical significance as Rydberg’s 
form is the first approximation to line spectra. 

From the smallness of a and 8, a binomial expansion of | 
the formula is possible in powers of (a, B, ...), and it follows 
that if (y, 9’) are kept constant, a Deslandres formula ensues 
approximately for passages between states characterized by 
variations only of the quanta inherent in nuclear motion. 
Moreover, a band head corresponds to specific constant values 
of the nuclear integers, and all the heads, as (g, 9’) vary, form 
a Rydberg line series. The formula, in fact, appears to con- 
form to all the present existing knowledge of series relations, 
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In view of the preceding argument regarding the smallness 
of (a, B, ...) itis very significant that bands due to the lighter 
elements are represented with much greater difficulty by a 
Deslandres formula, and, in fact, in the Fulcher bands of 
Hvdrogen—the element for which m/M is greatest—no 
such formula ean be regarded as quite satisfactory. The 
meaning would appear to be that a’, 8?, ... are no longer 
sufficiently negligible in the binomial development. Nume- 
rical investigation, which we do not consider it necessary to 
include in this paper, fully confirms this, and by retaining 
a? in the case of the Fulcher bands and in other spectra 
incompletely interpreted by Deslandres’s simpler formula, 
we can find some of the constants if they are expressed in 
the new form suggested. The resulting values of a and q, 
in that form, are in all cases of the order of magnitude which 
would be expected for spectra given by such a formula in 
the visible region. This is a valuable confirination of the 
type. 

In conclusion, we inay briefly indicate certain of the less 
general properties of some band spectra which theory must 
ultimately account for. 

In the main, band spectra form three classes. Those of 
the first class fall off, or are degraded on one side only, red 
or violet, and come to a sharp end on the other side, with 
their head-ditferences arranged nearly in arithmetic progres- 
sion, and the components associated with any head also so 
arranged. This group contains the majority of known 
spectra. In the second class, tlie heads degrade again on 
one side only, but the heads are not readily seen unless the 
dispersion is weak, and in other cases ure in no respect out- 
standing and are perhaps not even visible. Some of the 
components of each band have, in this case, differences in 
arithmetical progression, but sometimes the differences are 
actually constant; other portions, again, may have no 
apparent order, although the individual bands of these com- 
ponents are precisely like the others. Secondary Hydrogen, 
in its lines which show no Zeeman eflect, belongs to this 
class, and is probably the most difficult member to elucidate. 
Other cases are the band spectrum of Iodine, investigated 
by Hasselberg, and Croze and Birge’s “first group of 
Nitrogen bands.” 

The third class of bands contains those which have no 
“heads” in the ordinary sense, but which degrade on both 
sides of the maximum intensity. These are found to follow 
a Deslandres formula on each side, reckoned from the 
maximum point as an origin. 
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Bands are known with a constitution yet more simple, but 
these are, ordinarily, absorption-bands of very complex com- 
pounds. Perhaps t the most noteworthv are the very extensive 
absorption spectra of sulphurous acid and of toluene. In 
the former case, Daly and Garrett * have succeeded in 
representing tlie band by the formula 


= 33751°6 + 2°73m + 22:22 


not involving the squares of the integers m and r—but not 
thereby conflicting with the general suggestion of a formula 
we have made,—involving, in fact, very small « and very 
large aj, but no more extensive modification. This is a case 
of equidistant components, and the band degrades on both 
sides. In actual fact, sulphurous acid also has a group of 
bands in the ultra-violet, and six more, found by Coblentz, 
in the infra-red. All may be included in the single fürinula 


with three integers (s, m, T) 
n = 2°73m4+ 223257 + 192°866s, 
where m ranges from —44 to +37, n trom —7 to +13, and 
s = 5,0, 7, 9, 13, 16, 175 


—-a very remarsable collection of integers. This formula 
can simultaneously represent 12,000 components. B: aly and 
Garrett, in other papers, have applied certain quantum con- 
sider: ations to this band, but not, as we consider, in a form 
whieh is in accord with the general function of quanta in 
relation to spectra, At the same time, it is not to be pre- 
sumed that such complicated and, if the term may be used, 
luosely-bound molecules as those ef sulphurous acid neces- 
sarily behave in an analogous way to the simpler molecules 
with only two or three PaA It is noteworthy that all 
cases in whieh this simple type of law appears to be satis- 
faetorv appear to correspond to very complex molecules, as 
again in the case of toluene, and frequently to very unstable 
compounds like sulphurous acid, probably associated with 
water in a very large molecular aggregate, Such molecules 
provide. indeed, an extreme limiting case in one direction, 
and their study is not quite germane to our present object. 


* Phil, Mag, xxxi. pe 512. 
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Tables Annuelles de Constantes et Donnéce Numériques de Chimie, 
de Physique et de T'echnoloqie, Vol. v., part 1 (pp. xli. + 804]. 


(English agents: Cambridge University Press; 1925. Price 
not stated). 


THE fifth volume of the well-known tables of constants pub- 

lished under the patronage of the International Researeh 
Couucil and of the International Union of Pure and Applied 
Chemistry covers the literature of the years 1917 to 1922 
inclusive. The next volume to appear will deal with the years 
1923 and 1924. The liquidation of the arrears of publication 
arising during the War period will then lave been completed, and 
thereafter annual publication will be resumed. 

The tirst part of the fifth volume, published recently, contains 
over 800 pages; the data given have been extracted from more 
than 400 scientific journals and publications, and many additional 
public itions, not enumerated in pus volume, have been searched 
for relevant data. These ferures emp! Yasiz- not only the enormous 
volume of scientific work published in these days, but also the 
im possibility of collecting complete observational data relative to 
any particular point without tables of reference such as those 
under review. No scientific brary can afford. to be without 
these voiumes, 

Full references to the original publications are given throughout. 
The Table of Contents, printed m Fench, German, Enelish, and 
Italian, is sullieiently detailed to enable the particular section in 
which the data required are given to be easile found. Cross- 
references are given Where necessary. Readers of tiie Masaziue 
desirous 0? obtaining more detated information about the Tables, 
with specimen pages, ean obtain such on appliertion to the 
General Secretary, Dr. C. Marie, 9 Rue de Bazueux, Paris (Vie. 


LXXI. Proceedings of Learned Soviel ies. 
GEOLOGICAL SOCIETY. 
(Continued fron vol, xlix. p. 1080.] 
January 21st, 1925. Dr, J. W. Evans, CBOE. E.R.S., 


President, m the Cenir, 

Dr. Lion W. Conner, For Corr. G.S., Professor of Geology 
and Dean of the Faculty of Seienee in the University of Geneva, 
delivered a lecture on * The Latest Ideas on the Formation 
of the Alpine Range.’ 

In 1905 Prof. E. Argand determined in the Pennine Alps the 
existence of six great recuunbent folds or nappes. He started 
from the notion of the geosyncline. so splendidly developed. by 
pr. E. Haus, and destined to remain for all time the basal con- 
ception of teetonies. His equipment included a very detailed 
strativraphic ‘al knowledge, and, armed with this. he has succeeded 
in straightening out the recumbent folds, and iu thus reconstituting 
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the Pennine region at various stages of its development, when the 
general geosynclinal depression was subdivided by geanticlinal 
ridges. 

On the base of Argand’s results Dr. R. Staub found in the north- 
eastern part of the Swiss Alps the same tectonic elements, covered 
by six higher nappes belonging more to the type of the ‘ thrust- 
masses’ of the North-Western Highlands of Scotland than to the 
type of the recumbent folds of the Pennine Alps. This new series 
of nappes has been named by Staub the Austrides, for they 
form the main part of the Austrian Alps. 

For many years the Austrian geologists regarded the Tauern as 
a gneissic massif surrounded by schists and shales. Lately Prof. 
L. Kober, of the University of Vienna, has recognized instead a 
window: that is, a horizontal cut, due to erosion, in the nappes 
of the Austrides, which reveals deeper nappes belonging to the 
Pennine series. Therefore, this discovery shows that the nappes 
of the Austrides have been thrust over the Pennine nappes in the 
Austrian Alps, just as in the north-eastern part of Switzerland. 

This was excellent, but a satisfactory co-ordination of the work 


done by Austrian and Swiss geologists was needed. That was ° 


accomplished at the end of last year by Dr. Staub. He published 
a memoir on the formation of the whole Alpine chain, from the 
French Alps to the Austrian, including the Swiss Alps, and 
summarized his views in a splendid geological map. 

A capital point is the employment of Wegener's ideas on the 
drifting of continental masses, to explain the movement of the 
Hinterland towards the Foreland of the geosyncline. Foreland 
and Hinterland constitute the boundaries of the great Alpine 
geosyncline: together they recall the two jaws of a vice. Prof. P. 
Termier, Director of the French Geological Survey, has shown 
how the approach of the two jaws has led to the compression 
of the geosyncline, and thus to the development of the Alpine 
chain. Prof. Argand, at the Session of the International Geolo- 
gical Congress in ‘Brussels, showed that the nappes of the Austrides 

belong to the Hinterland: that is, to Africa or Gondwanaland. 
— Therefore the Austrides, with the Préalpes, represent a small part 
of Africa resting on Europe or Eurasia. These important views 
are accepted by Dr. Staub and by the Lecturer. Alpine tectonics 
are a great support to Wegener's theory on the drifting of conti- 
nental masses. 

The Lecturer presented the results arrived at, with the help of 


an enlargement of Dr. Staub's geological map, drawn by his ' 


Assistants for this lecture and others that he had ar ranged to 
give at the University of Cambridge, at the University College of 
Wales, Aberystwyth, and to the Geological Society of Edinburgh. 

At the end of the lecture Prof. Collet showed lantern-slides with 
views of the Pennine Alps (to illustrate Argand's standard work) 
and views of the Mont Blane Massif, where he has been working in 
recent years with his collaborators, Prof. Reinhard and Dr. Parejas. 
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